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proof). Denoting by e,(z) and e*(2) the characteristic functions
of the sets E, and E*, we have e,(z) — e*(2) and

_ [f@) [1 — e¥(@)] = f(z) for x€C E*

Pal®) (1 = enlt)) >7¥ @) = e we B,

The step functions g,(x) belong to the first Baire class, as do
the characteristic functions of the open sets E,. It follows that
the products @,(x) [1 — eq(z)] also belong (at most) to the first
Baire class, hence f*(x) belongs (at most) to the second Baire
class. But obviously f*(z) differs from f(z) only on the set of
measure zerc B¥,

5.3.7. The theorems of Egoroff and Lusin.

The concepts of measurable functions, and of pointwise
convergence almost everywhere of measurable functions, are
of course far reaching generalizations of the concepts of con-
tinuous functions and of uniform convergence. However, these
generalizations are strongly related to the concepts of classical
analysis, which they generalize, as shown by the following
theorems which are due to Egoroff (1911} and Lusin (1912).

Eaororr's THEOREM. If the sequence of measurable functions
Jnlz), defined on the interval (a, b), converges pointwise on a set
E < (a, b), of finite measure, we can remove from E a subset of
arbitrary small measure in such a way that on the rest of E the
convergence is uniform.

Proor. Denote the characteristic function of the set E by
e{z}. The functions g,(x) = e(x) - fu{x) are measurable: we have
gn(x) == fulz) on E, and ¢,(x) = 0 elsewhere. The functions
gn(x) converge everywhere, and their limit g{z) is also measurable.

Let {e,} be a decreasing sequence of positive numbers, tend-
ing to 0. Since the functions in question are measurable, the
sets
Fpy={x: |glx) —gnle) | <&} n,r=1,2...)




"¢ > aumspaw fo o8 © uo wow w (z)f wouf bursaffep puv (g ‘v) fo
purod Aiaas v snonurguoo “@)6 uoypounf v pusf uvo sm 0 < ¢ fuzas
aof uayy ‘(9 ‘D) pwaseru 24} uo uoyounf spquinsvous v sv (x)f T

w10y Suraorioy sy ur WII0a}
§ WISTUT 992[NULIOY OSe Wed 04 SYT, *{'e"Z “Jo ‘Waroay} sazery,
Jo ‘sjes Ieour 1of ‘oseo repmorred) A —(9 D) uo (z){ gym
SOPIOUIOd UM PUR (g '7) [BAIOJUI SINUS OYF UO SNONUTIUOD ST
oy (x)8 uonouny ® jonnsuos 0 Lseo SIS —{q ‘D) 0} poy
“OLIISOL UOYM. SRONUUOD ST (3)f 00uIg ¢ > (,7)w YoTy4 J0y pus
uonsenh ur F 308 97 sosopUL Yorym 7 198 uado ue puiy weos om
‘¢ weqy ssof yIusy 18303 jo speArequr uedo Jo woysds v Lq pero
-AOD 9Q UED @ UBY) SSO] 0INSBOWL JO 195 £19A0 QOTIY ‘HIB TS
"posoad st werooyy oyT, 7 — (¢ ‘D) 908
OU3 03 UOBIUGOP S3L 4OL1YS0T 94 JT SNONUFU0D oq T (2){ soueyy
(2’2 "p) snonunuoo ospe sy SUOKOUNJ SNONUNTUOd JO Iy
wHIopun suy geqy weloetyy oy Adde weo om sngy ‘snonunuoo
918 (7)“b swonouny oy [v F-— (D) 198 oqy uQ ‘¢ > (&
U N = g eaoum g — (¢ ‘D) uo wIoyun. s1 (T)f<— ()4 voun
-S104u00 043 puB ¢ > (%7)w 18y Yons Ty — (g ‘v) jes a3 Jo °g
Josqus ® ‘Weroem) 8330108y Aq ‘puIr weo em g < ¢ ® TaAI) "(
QINsBOW Jo Y7 g08 ® ULIOY (X)Yd Suonouny oY} Jo £3murpwoosip jo
spurod oy pue (2)/ o3 eS10Aucy j0u sa0p souenbas oy) oreym
syurod oy, “(z)f 04 ezeqmAions jsowrye Jurpuoy suonoung degs jo
{(x)=d} souonbes & systxe 210} ‘S[qeanseot st (x)f eourg ‘opus/ ST
(¢ ‘D) 2I9yM 8580 9T} IOPISUOO 04 $99IINS A[SNOIAGO 9T "ZOOWJ
SRONUIU0O $1 ‘(Q ‘D) fo sa4
aYp OF pegoragsod uayar (x)f uospunf syp pyr yons sumsvous UL
fippavapgin fo 198 v (q D) wousf saowss uve e usyl (q ‘v) vassrun
MYy uo uoyounf sqUinsvew v sy (x)f JT MAZOTE], 5, qISOT
SONpIP TIBYS M WoI0oY} S, Jorofy Woig
‘peaord st wezoemy oyp snyy,
9> — gk pus g D 7 198 eqy wo A[wioy
-Tun sedreauod {{x)%f} ospe eousy {(x) 6} oouonbes ey sny L

182 . SHTAVIYLVA TVHHATS 40 SNOIIONNA +°¢

U a0p 5 > | (@5 — (@)p |

A 398 943 J0 & quiod yoro 4w 2ABY om Uy — A eouig

1=

15 . =
= ﬂw > —nul S g — pw

Anusnbesuoo puw

Fy

1
T —mN=g—g

I

8

9A®Y om ety

oy T=
AV
3nd moN “zequinu oansod ueArd ‘reurs Lureniqae we Bureq ¢

4G .
|%| =~ Au ?vﬁ_m. .I.Q‘vs

FEUL Yous (4)u we yoryie uve om 4 Jo8S 03 eouey
(Te'e P) o —u USUM ()t < (“Ugrioy

. ¥B4} smoqror 91 (3g) pue (1g) woLy ‘ofre] Apuomryms
¢ J01 ‘¥ oo sfuoeq 7 w 2 jutod Lross yery sarpdwr oxoym
-A10489 (2)6 01 soS10AT00 ()5 souonbas oy ¥eY) 308} oUy eours

I=u
{ze) g ="y N

) ) pPue
:m..v ...Ug.n._.z_ng:_@U...Uhﬂ.@Ug._ﬁN
‘Alreary
uZa g > | ()6 — (@)

Uargam 103 I yo z symod 980Y] 10 $)818U0D L.:.ﬂ
mﬁ... ,N .H ”&.QV PPN C u.n+:&m. Cu.._I.Erm. Cu.:r\N C _ﬁw”k.t_m
8198 oY1 e gm ‘S[qrInsTeW ore

TVEHRINT TNOSTIAT °S
e 0¢g




