HOMEWORK 9 (DUE NOVEMBER 2)

1. Let {e;}!"_; be the standard orthonormal basis of R". Verify that
R:={+e,+2¢;[1<i<n}U{tetej[1<i<j<n}

is a non-reduced root system in R™ (the so-called BC,-type root system).

2. (a) Let R C E be a root system. Verify that the set
R :={a"|a € R} C E*
is also a root system (called the dual root system of R C F), where the coroot a¥ € E*

is defined via
2(a, )

(v, @)

(b) Verify that the root systems (RY)Y C (E*)* and R C E are isomorphic.

a’(z) = VeeE.

(c) Let IT = {a1,...,an} C R be the set of simple roots of a reduced root system R with
respect to a polarization given by ¢ € E*. Verify that IV := {ay, ..., )} is the set of simple
roots of RY with respect to the polarization given by ¢tV = 771(t), where 7: E — E* is the
isomorphism induced by the inner product.

3. (a) Given a collection of vectors {v;}? ; in a Euclidean space E which satisfy:
e (v;j,vj) <0 for any i # j
e t(v;) >0 forsomet e E*and all1 <i<n

prove that the vectors {v;}!' ; are linearly independent.

Hint: assuming we have a nontrivial linear combination of v;’s equal to 0, rearrange the
terms so that ) .. 4 civ; = ) ;g civ; for some disjoint subsets A, B C {1,...,n} with ¢; > 0.
Show that A, B # (). Then compute the inner product of the left-hand and right-hand sides.

(b) Use (a) to show that the set of simple roots II in a root system R C E is a basis of E
([Lecture 19, Theorem 2]).

4. Let h be a Cartan subalgebra in a complex semisimple Lie algebra g. This naturally gives
rise to a reduced root system R C by (see Propositions 1-2 of Lecture 19).

(a) For g = sp,,,(C) one gets the so-called C,,-type root system [Homework 8, Problem 4(b)]
Re, ={+2¢|1<i<n}U{+tetej|l1<i<j<n}CR".
Describe the simple roots II C R¢, for the polarization given by t € (R™)* such that
tle1) > t(ea) > --- > t(ey) > 0.

(b) For g = s02,(C) one gets the so-called D,,-type root system [Homework 8, Problem 4(c)]

Rp,={teitej|]1<i<j<n}CR".
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Describe the simple roots II C Rp,, for the polarization given by ¢ € (R™)* as in (a).

(c) For g = 502,,1+1(C) one gets the B,-type root system [Homework 8, Problem 4(d)]
Rp, ={%e|l<i<n}U{fete|l<i<j<n}CR".

Describe the simple roots II C Rp, for the polarization given by ¢ € (R™)* as in (a).

5. (a) The Fy root system Rp, C R* is defined as the union of the By root system Rp, and
1 1 1 1
j:§61 + 562 + 563 + 564 S R4

for all 16 choices of signs. Verify that it is a reduced root system. Describe the simple roots
II C Ry, for the polarization given by t € (R*)* with t(e1) > t(es) > t(e3) > t(eq) > 0.

(b) The Eg root system Rg, C R® is the union of the root system Rp, and

1
§<:i:61:|:62:|:---:|:68> e RS

even number of — signs

(there are 128 of such vectors). Verify that it is a reduced root system. Describe the simple
roots Il C Rp, for the polarization given by ¢ € (R8)* with t(e1) > --- > t(eg) > 0.

(¢c) The E7 root system Rp. is defined as the intersection of Rp, with the hyperplane
{(z1,...,28) € R®| 21 + 29 = 0} in R®. Verify that it is a reduced root system. Describe the
simple roots Il C Rp, w.r.t. the polarization induced from (b).

Hint: The simple roots for Rg, form a subset of simple roots for Rg.

(d) The Eg root system Rp, is defined as the intersection of Rg, with the codimension two
subspace {(z1,...,28) € R®|x1 + 22 = 0,29 — x3 = 0} in R®. Verify that it is a reduced root
system. Describe the simple roots IT C Rp, w.r.t. the polarization induced from (b).

Hint: The simple roots for Rg, form a subset of simple roots for Rg. .

As you will learn next week, any irreducible reduced root system is isomorphic to one of:
An(n21)7 Bn(n22)a Cn(nz?))a Dn(n24)a EG) E7a E87 F4a G2-

This also provides a complete classification of complex simple Lie algebras.



