HOMEWORK 2 (DUE FEBRUARY 20)

1. Let ¢: M;r — M j be a nonzero homomorphism of Verma modules over a Z-graded Lie
algebra g (with an abelian gg). Prove that ¢ is injective.

Hint: You may wish to use the PBW theorem (stated in the form grU(n_) ~ S(n_)).

2. Recall the notion of a character chy(q,z) := ) ;¢ g ¢ Try(q(e*) for any V € Ot, where
q is a formal variable and z € hh = gg. Prove the formula

Ala)

" [ dety_ (1 — ghesd®)
where the C-grading on the Verma module M ;“ is such that deg(vj\r) =0.

Hint: Use the PBW theorem, together with the equality >, ~,¢"Trgny (S™A)
for any endomorphism A of a finite-dimensional vector space V.
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3. This problem is aimed at verification of two simple statements made in Lecture 6.

(a) Verify that for all Z-graded Lie algebras discussed in Lectures 1-2, the map w specified in
Lecture 6 is indeed an involutive automorphism such that w(gy) = g—; ¥k and wlg, = —Id.

(b) Verify that the definition of the semidirect product g x a indeed endows the vector space
g ® a with a Lie algebra structure.

4. Let g be a Lie algebra over C with a real structure . Define
gR = {aeg‘aT:—a}

It is usually called the real form of g, due to the following result:

(a) Prove that gg is a Lie algebra over R and gr ®r C ~ g as Lie algebras over C.
Assume now that g is Z-graded with g = @, gr, and gz = g_ for all k.

(b) Verify that (M~,)~t ~ M, as modules over g iff X is real (that is, A € 9or)-
(c) Prove that M ;r has a nonzero Hermitian form iff X is real.

5. Let A\, € C and i := v/—1. Recall linear operators {En}nEZ acting on F), from Lecture 7:

~ 1 . . ~ A4 P
L, = 3 Z a—jlpyj + idna, if n#0, Lo = 5 + Za_jaj .
JEL >0
(a) Verify the following equality in End(F),): (Lo ] = —manm +iAm26,, _pId Vm, n € Z.

(b) Show that L,, define an action of Vir on F,, with the central charge ¢ = 1 + 12)?, i.e.
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Note: This proves Proposition 2 of Lecture 7.
1

[Ly Lin] = (0 — m) Lyym + 0 —m (14+12)%) Vm,neZ
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6. Let € {0,1/2}. Recall the algebra Cj5 (generated by the fermions {1;};es47) acting on
the vector space Vs (polynomials in anticommuting variables {{;};jes+2.,) from Lecture 8.

"y i<
Define the normal ordering :4;1);: = Vit 1 Z - ‘7 and recall L,, € End(Vjy) defined via
—ﬂyﬂﬁ 1f2:>]
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(a) Verify the following equality in End(Vs): [¥m, Ln] = (m + %) ¥min Ym € 6 + Z,n € Z.

(b) Show that L,, define an action of Vir on Vs with the central charge ¢ = %, ie.

n3—n

[Ln, Lm] = (n — m)Ln+m + 6n7_m o

VYm,n € Z.

Note: This proves Proposition 1 of Lecture 8.

For any algebra €, we can split any quantum field A(z) = ., A,z 1 with A,, € €, into:
A(z) = Ap(2) + A(2) with Ap(2)= D Anz "' A(2) =) Azl
n<-—1 n>0
Given A(z), B(z) € C[[z, 27 Y]], define :A(2) B(w): = A4 (2)B(w) + B(w)A_(z).
7. Let a(z) =Y ez anz "1, T(2) = Y ,cz Lnz"""2 be the quantum fields with coefficients
in the universal enveloping of the Heisenberg (A) and Virasoro (Vir) algebras, respectively.

(a) Compute the difference a(z)a(w) — :a(z)a(w): on the Fock representation F),. Present
the corresponding power series by rational functions (depending only on z — w).

(b) Evaluate the difference T'(2)a(w) — :T'(z)a(w): on the Fock representation F),, viewed as
a Vir X A-module. Present the answer as a linear combination of a(w) and its derivatives
with coefficients being rational functions in z — w.

(c) Evaluate the difference T'(2)T'(w) — :T(z)T(w): on the highest weight Vir representation
with central charge c¢. Present the answer as a linear combination of T'(w) and its derivatives
with coefficients being rational functions in z — w.

Recall the delta-function from Lecture 8:
1 1 1
Sw—2)=)Y 2" "= ——+ with Ry
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8. Express [a(z),a(w)], [T(z),a(w)], [T(2),T(w)] via a(z),T(z),(w — z) and its derivatives.

9. Let Fp be the Fock module of A, 1 € Fy denote the highest weight vector, 1 € Fj denote
the lowest weight vector of the dual representation, and a(z) be as in Problem 7. Prove:

<1*,a(z1)~-a(22n)1> = Z H (_1
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