
HOMEWORK 4A (DUE FEBRUARY 25)

1. Let λ, µ ∈ C and i :=
√
−1. Recall linear operators {L̃n}n∈Z acting on Fµ from Lecture 7:

L̃n =
1

2

∑
j∈Z

a−jan+j + iλnan if n 6= 0

L̃0 =
λ2 + µ2

2
+
∑
j>0

a−jaj

(a) Verify the following equality in End(Fµ) (for any m,n ∈ Z):

[L̃n, am] = −man+m + iλm2δm,−nId

(b) Show that L̃n define an action of Vir on Fµ with the central charge c = 1 + 12λ2, i.e.

[L̃n, L̃m] = (n−m)L̃n+m + δn,−m
n3 − n

12
(1 + 12λ2)

for any m,n ∈ Z.

Note: This proves Proposition 1 of Lecture 7.

2. Let δ ∈ {0, 1/2}. Recall the algebra Cδ (generated by the fermions {ψj}j∈δ+Z) acting on
the vector space Vδ (polynomials in anticommuting variables {ξj}j∈δ+Z≥0

) from Lecture 8.
We also recall linear operators {Ln}n∈Z acting on Vδ via

Ln = δn,0
1− 2δ

16
+

1

2

∑
j∈δ+Z

j : ψ−jψn+j :

where the normal ordering is defined by

: ψiψj : =

{
ψiψj if i ≤ j,
−ψjψi if i > j.

(a) Verify the following equality in End(Vδ) (for any m ∈ δ + Z, n ∈ Z):

[ψm, Ln] =
(
m+

n

2

)
ψm+n

(b) Show that Ln define an action of Vir on Vδ with the central charge c = 1
2 , i.e.

[Ln, Lm] = (n−m)Ln+m + δn,−m
n3 − n

24
for any m,n ∈ Z.

Note: This proves Proposition 1 of Lecture 8.
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