HOMEWORK 5 (DUE MARCH 4)

1. (a) Prove that A"V and S™V are irreducible representations of gl for any m € N.
(b) More generally, show that the 7-th Schur modules

S, (V) = Homg, (7, V™) with n>1and 7 € Irr(S),)
are all irreducible representations of gl .

Hint: You may wish to use the classical Schur-Weyl duality.

2. Verify that the action of gl on AZ ™V constructed in the class is indeed an action.

Note: This proves Proposition 1 of Lecture 9.

3. Recall the linear map p: aoo — End(A%’mV) from Lecture 10. Following our notations,

Au Aw ) For A, B € @y, define

we represent A € dy as a 2 X 2 block matrix A =
A9 Ag

a(A, B) € End(AZ"™V) via
a(A, B) := [p(A), po(B)] — p([A, B])
Verify the following formula:

a(A, B) = TI‘(Alngl — BlgAgl) . Id

Note: This proves Proposition 1 of Lecture 10.

4. For v, B € C, recall the Lie algebra embedding ©, g: W < @ constructed in Lecture 10.
(a) Verify the following formula (with « as in Problem 3):

= o nd—n
a (@y,5(Ln), @y,p(Lm)) = On,—m g+ 2nhy
where 5 )
65:_1252+12B_27 h775:’}/(/y_{—2/8_)

(b) According to part (a) (see also Lecture 10), we get a Lie algebra embedding
0,81 VIr = ago
determined by
C > cgK, Ly = 9, g(Ln) + 0nohy s K
Hence, there is a natural action gof Vir on AZ"™V (depending on ~,3 € C). Verify that
Ym = Um A U1 A Um—2 A--- € A2V is a Vir highest weight vector of the highest weight

<(7—m)(7+225—m— 1),—1262+12B—2> _




