
HOMEWORK 5 (DUE MARCH 4)

1. (a) Prove that ΛmV and SmV are irreducible representations of gl∞ for any m ∈ N.

(b) More generally, show that the π-th Schur modules

Sπ(V ) = HomSn(π, V ⊗n) with n ≥ 1 and π ∈ Irr(Sn)

are all irreducible representations of gl∞.

Hint: You may wish to use the classical Schur-Weyl duality.

2. Verify that the action of gl∞ on Λ
∞
2
,mV constructed in the class is indeed an action.

Note: This proves Proposition 1 of Lecture 9.

3. Recall the linear map ρ̂ : a∞ → End(Λ
∞
2
,mV ) from Lecture 10. Following our notations,

we represent A ∈ a∞ as a 2 × 2 block matrix A =

(
A11 A12

A21 A22

)
. For A,B ∈ a∞, define

α(A,B) ∈ End(Λ
∞
2
,mV ) via

α(A,B) := [ρ̂(A), ρ̂(B)]− ρ̂([A,B])

Verify the following formula:

α(A,B) = Tr(A12B21 −B12A21) · Id

Note: This proves Proposition 1 of Lecture 10.

4. For γ, β ∈ C, recall the Lie algebra embedding ϕγ,β : W ↪→ a∞ constructed in Lecture 10.

(a) Verify the following formula (with α as in Problem 3):

α
(
ϕγ,β(Ln), ϕγ,β(Lm)

)
= δn,−m

(
n3 − n

12
cβ + 2nhγ,β

)
where

cβ = −12β2 + 12β − 2, hγ,β =
γ(γ + 2β − 1)

2

(b) According to part (a) (see also Lecture 10), we get a Lie algebra embedding

ϕγ,β : Vir ↪→ a∞

determined by
C 7→ cβK, Ln 7→ ϕγ,β(Ln) + δn,0hγ,βK

Hence, there is a natural action of Vir on Λ
∞
2
,mV (depending on γ, β ∈ C). Verify that

ψm = vm ∧ vm−1 ∧ vm−2 ∧ · · · ∈ Λ
∞
2
,mV is a Vir highest weight vector of the highest weight(

(γ −m)(γ + 2β −m− 1)

2
,−12β2 + 12β − 2

)
.
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