
HOMEWORK 6 (DUE MARCH 11)

1. Verify the second formula from Theorem 1 of Lecture 11:

Γ∗(u) = u−mz−1 exp
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2. Let 1 (resp. ψ0) be the highest weight vector of the bosonic space B(0) (resp. fermionic

space F(0)) and 〈·, ·〉 be the contravariant form on that space.

(a) Compute the inner product 〈1,Γ(u1) · · ·Γ(un)Γ∗(v1) · · ·Γ∗(vn)1〉 by using the explicit
“vertex operator” formula for Γ(u),Γ∗(u).

(b) Compute analogous inner product 〈ψ0, X(u1) · · ·X(un)X∗(v1) · · ·X∗(vn)ψ0〉.
(c) Equating the results of parts (a) and (b), deduce the following identity:∏
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(d) Give an elementary proof of the identity from part (c).

3. Let d be the degree operator in the Fock space B(0) = F0 (so that d multiplies each
homogeneous element by its degree, where deg(xi) = i). Recall the operator Γ(u, v) acting

on B(0) from Lecture 11:

Γ(u, v) = exp

∑
j>0

uj − vj

j
a−j

 · exp

−∑
j>0

u−j − v−j

j
aj


Prove the following equality of formal series:

TrB(0)

(
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)
=
∏
n≥1
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Hint: Compute first the trace of the operator eαxeβ∂qγx∂ on the space C[x].
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