HOMEWORK 10 (DUE APRIL 8)

1. Let A= (aj;)}j—1 € Matyx,(C). Let g(A) be the Lie algebra of Lecture 19, and [
be the Lie subalgebras of g(A) generated by {h;}1,{e;}" 1, {fi}I-,, respectively.

(a) Let n’_ be the free Lie algebra generated by {e;}?_;. Show that the universal enveloping
U(n!.) is a free associative algebra in {e;}?_;.

(b) Let b’ be an abelian Lie algebra with a basis {h;}_,. Construct an action of b on n',
via derivations, so that h;(e;) = a;je;.

(c) Construct an action of g(A) on U(h' x /).

(d) Deduce the Lie algebra isomorphisms b ~§ and ng o~

(e) Show that the assignment e; — f;, fi — e;, h; — —h; gives rise to a Lie algebra automor-
phism of g(A). Deduce that n_ is isomorphic to the free Lie algebra in {f;}7 .

Note: This completes the proof of Theorem 2 of Lecture 19.

2. (a) Establish an isomorphism g(A) ~ g(4’) if A’ = 0 Ac~! for a permutation matrix o.

(b) Establish an isomorphism g(A) ~ g(A’") @ g(A”) if A = A’ @ A” (that is, A has a block
diagonal form with two blocks A’; A” on the diagonal).

Note: This proves Lemma 1 of Lecture 19.

3. (a) Compute explicitly the generalized Cartan matrices and the corresponding Dynkin
diagrams for g with g being a classical simple finite dimensional Lie algebra (series ABCD).

(b) Compute explicitly the generalized Cartan matrices and the corresponding Dynkin dia-
grams for g with g being an exceptional simple finite dimensional Lie algebra (types FFQG).

4. Prove that the positive part ny of the Lie algebras sl3, sp, is generated by e, e2 subject
to the corresponding two Serre relations.

Hint: Write down the bases of the Lie algebra generated by ej,es subject to the corre-
sponding two Serre relations, and compare their cardinality to dim(ng.).

5. Establish (in a straightforward way) Serre relations for affinizations g of simple finite
dimensional Lie algebras g.



