
HOMEWORK 3

1. (a) Show that for a finite quiver Q, the path algebra PQ is generated by {pi}i∈I ∪{ah}h∈E
with the following defining relations:
◦
∑

i∈I pi = 1,
◦ pipj = δijpi,
◦ ahph′ = ah, ahpj = 0 if j 6= h′,
◦ ph′′ah = ah, pjah = 0 if j 6= h′′,

where h′, h′′ denote the “outcoming” and “incoming” vertices of the edge h ∈ E (as in the
class).

(b) Verify that the constructions from the class establish bijections between isomorphism
classes of representations of the path algebra PQ and of the quiver Q.

(c) Justify what the notions of “irreducible” and “indecomposable” representations of Q
should mean, so that they exactly correspond to the “irreducible” and “indecomposable”
representations of the path algebra PQ.

2. Let A = Matd(k). Prove the following two results we used in the class:

(a) A ' Aop as algebras.

(b) A ' A∗ as A-representations.

3. Let A1, A2, . . . , An be n algebras with units 11, 12, . . . , 1n, respectively. Let A = A1⊕A2⊕
· · · ⊕An. Clearly 1i1j = δij1i and 1 = 11 + 12 + . . .+ 1n is the unit of A.

(a) For every representation of V of A, verify that 1iV is a representation of Ai. Vice-verse,
if V1, . . . , Vn are representations of A1, . . . , An, verify that V1 ⊕ · · · ⊕ Vn becomes naturally
an A-representation.

(b) Show that a representation V of A is irreducible if and only if 1iV is an irreducible
nonzero representation of Ai for exactly one 1 ≤ i ≤ n and 1jV = 0 for j 6= i. Deduce the
classification of irreducible A-representations in terms of those of Ai.

(c) Verify in a direct way that the only irreducible representation of Matd(k) is kd and that
every finite dimensional representation of Matd(k) is a direct sum of copies of kd.

(d) Deduce an alternative proof of the classification result of finite dimensional representations
of the algebra

⊕r
i=1 Matdi(k) we had in the class.

4. Given an algebra A and two representations V,W of A, we would like to classify all
representations U of A such that V is a subrepresentation of U and U/V 'W .

Suppose we have a representation U as above. As a vector space it can be (nonuniquely)
identified with V ⊕W , so that for any a ∈ A the corresponding operator ρU (a) has a block
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triangular form

ρU (a) =

[
ρV (a) f(a)

0 ρW (a)

]
,

where f : A→ Homk(W,V ) is a linear map.

(a) What is the necessary and sufficient condition on f(a) under which ρU (a) is a represen-
tation? Maps f satisfying this condition are called 1-cocycles. They form a vector space
denoted by Z1(W,V ).

(b) Let X : W → V be a linear map. The coboundary of X, denoted dX, is defined to be the
function A→ Homk(W,V ) given by dX(a) = ρV (a)X −XρW (a). Show that dX is a cocycle
which vanishes if and only if X is a homomorphism of representations. Thus, coboundaries
form a subspace B1(W,V ) ⊂ Z1(W,V ), which is isomorphic to Homk(W,V )/HomA(W,V ).
The quotient Z1(W,V )/B1(W,V ) is denoted by Ext1(W,V ).

(c) Show that if f, f ′ ∈ Z1(W,V ) and f − f ′ ∈ B1(W,V ), then the corresponding extensions
U,U ′ are isomorphic representations of A. Conversely, if φ : U → U ′ is an isomorphism such
that

φ =

[
1V ?
0 1W

]
,

then f − f ′ ∈ B1(W,V ). Thus the space Ext1(W,V ) “classifies” extensions of W by V .

(d) Assume that W,V are finite-dimensional irreducible representations of A. For any f ∈
Ext1(W,V ), let Uf be the corresponding extension. Show that Uf is isomorphic to Uf ′

as representations if and only if f and f ′ are proportional. Thus, isomorphism classes (as
representations) of nontrivial extensions of W by V (i.e. those not isomorphic to W ⊕V ) are
parametrized by the projective space PExt1(W,V ). In particular, any extension is trivial if
and only if Ext1(W,V ) = 0.

5. (a) Let A = C[x1, . . . , xn], and Va, Vb be the 1-dimensional A-representations in which
the elements xi act by ai, bi (ai, bi ∈ C), respectively. Find Ext1(Va, Vb). Classify all 2-
dimensional A-representations.

(b) LetB be the algebra over C generated by x1, . . . , xn with the defining relations xixj = 0 for
all i, j. Show that for n > 1 the algebra B has infinitely many nonisomorphic indecomposable
representations.

(c) Let Q be a quiver without oriented cycles, and let PQ be the path algebra of Q. Find

irreducible representations of PQ and compute Ext1 between them. Classify all 2-dimensional
representations of PQ.


