HOMEWORK 12 (TAKE-HOME FINAL EXAM)

1. Let H be an index 2 subgroup of G, and assume that a restriction of an irreducible G-
representation V' is not H-irreducible. As seen in the class: RestV ~ W'eW", where W, W"
are pairwise non-isomorphic irreducible H-representations. Show that W” is conjugate to W’.

Hint: Verify that if both W', W' were self-conjugate, then V would be reducible.

Recall the bijection between symmetric Young diagrams X of size n and the split pairs (¢, ¢)
of conjugacy classes in A,. We use r to denote the number of hooks in A, while {g;}/_; will
denote the cycle lengths of the corresponding ¢/, ¢” (that is, ¢; = 2\; —2i + 1 for 1 <i < 7).

Theorem: (a) If ¢/,¢” is a pair of split conjugacy classes that do not correspond to A, then

1
XA = () = X4(€) = () = 5 U,

where x) denotes the character of the Specht Sy,-module Vy, while x, x are the characters
of the two irreducible A,,-representations whose direct sum is Resi’; V.

(b) If ¢ and ¢” correspond to A, then
X(¢) = XA () =z, XA () = xa() = v,

with z and y being the following two numbers:

T
) (D)= VD) wherem = >0 -1
=
2. Prove this theorem following the arguments listed below.

Step 1. Let ¢ = (g1 > --- > ¢,) be a sequence of positive odd integers adding to n, and
let ¢ = d(q),¢” = ’(q) be the corresponding pair of split conjugacy classes in A,. Let A
be a self-conjugate partition of n. Assume that x\ and x/ take on the same values on each
element of A, that is not in ¢ or ¢’. Let u = x\(¢/) = XX (") and v = X\ (") = x{(¢).

(i) Show that w, v are real when m is even and @ = v when m is odd.

(ii) Let ¥ = x, — x4. Deduce from the equation (J,9) = 2 that |u —v|* = g1 - ¢.

(iii) Show that A is the partition that corresponds to ¢ and that v + v = (—1)". Deduce
that u,v are the numbers specified in (f).

Step 2. Prove the theorem by induction on n, and for a fixed n, look at that g which has
the smallest ¢ and for which some character has values on the classes ¢/(¢) and ¢”’(¢) other
than those prescribed by the theorem.

(i) If » = 1, so that ¢y = n = 2m + 1, the corresponding self-conjugate partition is
A= (m+1,1,...,1). By induction, Step 1 applies to x’, and x¥.

(ii) If » > 1, consider the embedding H = Ay, x Ap—q, C Ap = G, and let X', X" be the
representations of G induced from the representations Wi KW and Wi KW3, where W{, W/
are the representations of A, corresponding to ¢i, W9 is one of the representations of A,,_4,
corresponding to (ga,...,¢.), and X denotes the external tensor product. Show that X’ and
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X" are conjugate representations of A,,, and their characters x’, x” take equal values on each
pair of split conjugacy classes, with the exception of ¢/(¢),c”(q), and compute the values of
these characters on ¢(q),c”"(q).

iii) Le = x' — x”. Verify that (9,9) = 2. Decomposing X', into irreducibles,
iii) Let o ! ", Verify that (9,9 2. D ing X', X" into irreducibl
deduce that X' ~ Y & W], X" ~Y @ W/ for some self-conjugate representation Y and some

self-conjugate partition A of n.
iv) Apply Step 1 to the characters x4 and x4, and conclude the proof.
iv) Apply Step 1 to the characters x4 and !, and conclude the proof

3. Compute the character tables of PGL2(F,;) and PSLy(F,) (for odd q).

4. Verify that g+ 4 representations of SLy(F,) we established in the last class are indeed irre-
ducible, pairwise non-isomorphic, and exhaust a complete list of irreducible representations.

Recall that representations W', W”, X', X" of those ¢ +4 irreducible SLy(F,)-representations
were constructed implicitly. To be precise, if 7: IF‘qX — C* is the non-trivial character such
that 72 = 1, then we defined W/, W” as the two irreducible representations whose direct sum
is Resgf;(%)) V;1. Likewise, for a character v : FZQ — C* such that its restriction ¢ : C' — C*
(here C = {x € IFqXQ : 2971 = 1}) is nontrivial but ¢% = 1, we defined X’, X" as the two

irreducible representations whose direct sum is Resgf;(giq)) M. The goal of the last problem

is to determine the characters of these four representations.

5. Let H be the index 2 subgroup of GLy(IF,) consisting of those matrices whose determinant
is a square.
(a) Describe the split conjugacy classes in H. Verify that both restrictions ResgLZ(]Fq)Vﬂ

and ResgLZ(Fq)Mw split into sums of conjugate irreducible representations of half their di-
mensions. Deduce that their further restrictions to SLg(F,) remain irreducible and exactly
recover W/ W X' X". Use this to prove that the character values of W/, W” (resp. X', X")
on all nonsplit conjugacy classes are the same as half the character of V1 (resp. My).

(b) Let s,t,s',t" denote the remaining values of the characters of W/, W":

B 11\ L), 1 e 11

s = Xw’ 0 1 = Xw" 0 1 ) = Xw’ 0 1 = Xw" 0 1 ;

, -1 1 -1 € , -1 € -1 1
s=xwl o 1 )=xwl o _1 )t=xwl o 1 |=xwl o _1 )

-1
Show that s +¢ = 1. Using ( (1) } ) = < (1) _11 ) and the equality x(¢7!) = x(g)
for any character, deduce that s,t are real if ¢ = 1 (mod 4) and s = ¢ if ¢ = 3 (mod 4).
Use the equality x(—g) = x(g) - x(1)/x(—e) to prove s’ = 7(—1)s,t' = 7(—1)t. Finally, use
{(xw, xw’) = 1 to determine st + t3. Combining all the above, deduce that

L 1 ifg=1 (mod4),
7t:*i7 ) h - b=
s 5 QW where w = 7(—1) {_1 if ¢ =3 (mod 4).

(¢) Use analogous arguments to compute the characters of X', X”.



