HOMEWORK 5: U,(g)

1. Recall the algebra [7(1 (sly) from Lecture 5, generated by {F, F, K=!, L} with a certain list
of the defining relations. In Lecture 5, we established its following properties:

(a) Uy(sly) = Uy(sly) for g # £1,

(b) Uy=1(sly) is well-defined and is isomorphic to U(sly)[K]/(K? —1).
Verify that the resulting algebra isomorphism U (sly) ﬁqzl(slg) /(K —1) is actually a Hopf
algebra isomorphism (see [Lecture 9, Remark 1]).

2. Recall the intertwiner @{OTI~M2®M1 L)Mg@Mg from [Lecture 8, Theorem 2|, depending

on the choice of a map f: A x A — k* (with A := {+¢"|n € Z}) satistying the equalities
FOum) =X fON @) = - f(@*A 1) ¥ A i€ A

(a) Classify all such maps f: A x A — k*.

(b) Evaluate the matrix of ©f in the case M; = My = L(1, +) (choose the natural bases).

(c) Classify all such maps f: A x A — k* (resp. f: Ax A — k* with A := {¢"|n € Z}) which
in addition satisfy the equalities of [Lecture 9, Proposition 2]: f(A, uv) = f(X, p) f(A,v) and
FOu,v) = f(\v)f(u,v) for all A\, u,v € A (resp. A\, u,v € A).

3. For a pair of positive simple roots o # (3, recall the following elements uaiﬂ of Uq(g):

l—aa[; 1—610[3

11— aap l—ag5—i S 11— aap l—agg—i ;

u;rﬁ = E (—1)1[ ; @ :|aEa P EBELZI, Uy = E (—1)2[ ; @ }QFO[ s FgF}.
=0 =0

Prove [Lecture 10, Lemma 4] claiming the following two formulas in U,(g) @ Uy(g):

A(uty) =ufy @1+ Ko "“"Kg@uly, Alugs) =ug,® Ko K +1®ug,

4. Verify the following equality for r € Z~o (used in the proof of [Lecture 11, Lemma 4]):
S )
—1)? +i(l-r) _ 0.
vl

5. Choose k(a) € Z and m(a),n(a) € Z~o for every positive simple root «, and let I be

the left ideal of U,(g) generated by E(T(Q),Fg(a), K, — ¢"9)_ Prove that E,, F, act locally
nilpotently on the Uy(g)-module Uy(g)/I (this is [Lecture 12, Lemma 5]).



