HOMEWORK 5, EXTRA PROBLEMS 1

The goal of this extra homework is to provide examples with explicit constructions of
simple finite dimensional U,(g)-representations.

1. Explicit construction of representations L(rwy) in type Aj.
Consider a polynomial algebra S = k[z1,...,2,11] in n + 1 indeterminates {x;}?1]'. For
every 1 < i <n+ 1, we define endomorphisms D;, M;, X; of S via

m i—1 m
D, xflmxn:# — [mi]q'x?l"'xrl "'xn-ﬁlv
L. i Mn+41 m; my Mp41
Myt e, M g™y
oo Tt my ,mi+l Mpga
Xi: o s x; T,

(a) Verify D; o M; = ¢°M; o D; and X; o Mj = ¢ % M; o X;.
(b) Verlfy ®z o X] = X] o Dz (Z 75 j) and Dz OAXVZ = q_le o DZ + Ml
For any 1 < i < n, define endomorphisms e;, f;, k; of S via

ei=Xi0Dit1, fi = Xiy10D4, ki = Mo M.

(c) Let us label the simple roots IT = {ay,...,a,} of sl,41 in the standard way. Show that
the assignment E,, — e;, Fo, — fi, Ko, — k; gives rise to the action of Ugy(sl,+1) on S.

(d) Let S™ C S be the subspace of all degree r polynomials. Verify that S™ is a Uy(sl,41)-
submodule of S. Prove S ~ L(rw;), where w; denotes the first fundamental weight of sl,,41.

2. Ezplicit construction of representations L(\) for minuscule dominant weights \.
Recall that a dominant weight A € P.\{0} is called minuscule if (A, &) € {—dq,0,ds} for

every root a € A, where we define d, := O‘Ta) as always.

(a) Verify that the weights of the simple U,(g)-module L(X) with the highest weight \ are
precisely the conjugates of A under the Weyl group W, each occurring with multiplicity 1.

Let us now provide an explicit construction of such L(\). Consider a vector space L with
a basis {z,},cw(n). We define endomorphisms eq, fo, ko (o € IT) of L as follows:

o i (p,a) = —d, Ty—o if () =dq
ka = gl@) ) Ca = ek 1 ’ yJa = g 7
(zn )=4q s Caly) {0 otherwise Jalwy) 0 otherwise

for any p € W(\).
(b) Show that the assignment E, +— eq, Fo = fo, Ko — ko defines the action of Uy(g) on L.
c) Prove that L ~ L()\). Verify that L is simple even if ¢ is a root of unity.

(
(d) Derive explicit formulas for the vector representations in the classical types A, By, Cp, Dy,
(actually, those are just L(wy)).
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3. Ezxplicit construction of quantum analogues of the adjoint representations.

Consider a vector space L with a basis {2 }yea U{hg}gern. Define endomorphism &, of L
via ko(hg) = hg, ko(z) = q(a"Y)xV. Next, we define endomorphisms e,, f, of L as follows:

0 co (o) =0, ea(r_a) = ha, ealha) = [2]axaaea(h7) = [—dil(aﬁ)h - xq for v # a,

® fo(Ta) = ha, fa(r—a) =0, falha)= [Q]Qx‘*a’fa(h’}’) = [—d;l(a,’y)]’y “T_q for v # a,

e All the remaining roots A\{#a} split into a-strings of the form {v,v — «,...,v — ma}
with v+ a,y — (m+ 1)a ¢ A (note that m = d_! - (v, a)). For each such a-string, we define

m+1—da Ty_(i_1a H0<i<m
e"‘(w“"""”‘)_{o ey if =0

)

[Z —+ 1]0{ . :L"y—(i—l—l)oc lf 0 S 7 <m

fa(@y—ia) = {0 if i =m

Show that the assignment E, — eq, Fo — fo, Ko — kq defines the action of Uy(g) on L.
This is the quantum analogue of the adjoint representation.



