HOMEWORK 6: DETAILS FROM LECTURES 13-15

1. Recall the setup of Lecture 13: K = Q(v) D Q[v,v™'] = A, V is either L(\) or L)) (A e
P—dominant Weight), and VA = Z[ AF[U)\, VH’A = Z[:wt(]):)\—u AF]U)\, VM = V,u,A/(U — 1).
Verify that V,, and V), 4 are free A-modules. Show that V), 4 ®4 K — V,, are isomorphisms.

Deduce the equalities dimg (V,) = rka(Va, ) = dime (V).

2. Consider an embedding Q(v) — k given by v — ¢ € k, where ¢ is transcendental over Q.
For a dominant weight A\ € P, verify that L(A\)g() ®q(u) k is a simple Ugy) @q(v) k = Uk-
module. Deduce the equality L(\)g(,)®g(v)k = L(A)k (thus completing the proof of [Theorem
1 of Lecture 13)).

3. Complete the arguments in our proof of [Theorem 2 of Lecture 13] by proving
(a) L(A)* = L(—wpA) for dominant \ € P,
(b) exhibiting an explicit formula for the isomorphism V—(V*)* of U,(g)-modules.

4. (a) Generalize the results on (~Jq (sl2) of Lecture 5 by defining an algebra ﬁq(g) generated
by {Eq, Fa, KT, Lo }aen with an explicit list of the defining relations such that

o If g% # 1 (Va € II), then the assignment Ey +— E, Fy = Fy, Ko — K, gives rise to an
isomorphism U, (g)—=U,(g),

o For ¢ =1, we have an isomorphism ﬁqzl(g) = U(9)[{Kataen]/({K2 — 1}aen).

(b) Verify that the latter induces a Hopf algebra isomorphism ﬁqzl (9)/({Ka—1}aen) =~ Ul(g).
5. Prove Lemma 5 of Lecture 14: f;(E;K,) = f;(Er) and f;(Er) = 0 if wt(I) # wt(J).
6. (a) Verify the equality (o(y),o(x)) = (y,z) for any y € U, ,x € U} (here o is the

anti-automorphism of U,(g) determined by E, — E,, Fo — Fy, Ko — K;Y.
(b) Verify the equality (S(y), S(x)) = (y,z) for any y € Uqg,:n € qu (here S is the antipode).

7. Prove Lemma 6 of Lecture 15, that is,

(qi(yia’a)ra (Y Eota — 10 (yY) Kr—a)z
Go — o'

g ) Kyl (x) — ¢ 2Ky yara(@))

ad(Ey)(yKyx) = yKA(q_O"O‘)Ea:U — q(“_”’a)an) +

)

ad(Fo)(yKnz) = qf(“’a)(Fay—q*(A’o‘)yFa)KAmvay( Go = o
for any o € LA € Q,z € (US),y € (U)o

8. Verify that Proposition 2 of Lecture 15 is equivalent to the following result: the linear
map Uy(g) ® Uy(g) — k given by v @ v’ + (v,0') is a Uy(g)-morphism.
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