HOMEWORK 8: DETAILS FROM LECTURES 18-20

1. Given any finite-dimensional g-representation V', consider an endomorphism §, € End(V)
defined by 5, = exp(eq) exp(—fa) exp(eq). Verify that it maps V), isomorphically onto V;_,.

2. Complete the proof of [Lecture 18, Lemma 1] by establishing the following equality:
Z (1)t gt (bmac—j(i+1)) [%] [j + c] |:] + a] L foranyib30.
0<a,c<i algl € Jqlt—Cly

Hint: You may want to prove first [“;gb]q = Zf:o g bk—1) [?]q[k‘ii]q for any a,b,k > 0.
Provide both algebraic and combinatoric proofs of the latter equality.

3. Prove Lemma 4 of Lecture 18.

4. Given a # (8 € II, a finite-dimensional U,(g)-representation V, and v € V, verify

To(Egv) = (ad(E&T))E5> Ty (v), where r:= =2(5,a)/(a, a).
This is Proposition 1 of Lecture 18:

5. Consider an algebra homomorphism “ad: Uy(g) — Endk(Uy(g)) given by x +— ooad(z)oo,
where o denotes the anti-automorphism of U,(g) from Lecture 10.

(a) Prove T, (“ad(Eq)u) = ad(Fo)Ta(u) and T, (“ad(Fo)u) = ad(Eqy)Tw(u) for any u € Uy(g).
(b) Deduce that T, is surjective and obtain explicit formulas for 7, 1(Eg) and T, ! (Fp).

6. Given o # 3 € II such that s,sg € W is of order 4, prove:
(a) TWTT\ T = TgToTgT, in Aut(Uy(g)), cf. [Lecture 19, Theorem 1].
)

(b) Given w € (sq,58) C W such that wa > 0, verify that T,(Es) € (Fa, Eg) C U and
Tw(Es) = Eyq if wa € 11, cf. [Lecture 19, Lemma 1].

(c) The span of the products (*) in Lecture 20, corresponding to the longest element w of
(8a,s3) C W coincides with the subalgebra <Ea, Eg) of U, cf. [Lecture 20, Lemma 1].

7. Given w € W and a # B € 1I satisfying wa > 0 and w8 < 0, prove that there exists a
decomposition w = w’ - w” such that (1) I(w) = l(w') + I(w"), (2) w” € (sa,58), (3) W'a>0
and w'f > 0 (this result was used in our proof of [Lecture 19, Proposition 1]).

8. Given a € I, z € Ut [squo],y € U™ [sqwp] and i, j € N, verify

(Ta(y)F(i, Ta(x)Eé) = 0i; (Ta(y), Ta(z)) (Fozu E;)
This is Lemma 5 of Lecture 20.



