HOMEWORK 3 (DUE FEBRUARY 14)

1. Let A\, u € C and i := /—1. Define linear operators {En}nez on the Fock module F), via
~ 1
L, = 3 Z DQ_jQnyj t Fidnay if n # 0,
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Verify the following equalities in End(F),) (this proves Proposition 1 of Lecture 5):
(a) [Ln, Gm] = —mMan 1m + iA28,, _n1d for all m,n € Z.
(b) (Lo, Lin) = (0 — 1) Lyt + 6 - o5 (1 + 12A2) for all m,n € Z.
Thus, we obtain an action of Vir on F),, with the central charge ¢ = 1 + 12)2.

2. Let 6 € {0,1/2}. Recall the algebra Cs (generated by the fermions {1} c517) acting
on the vector space Vs (polynomials in anticommuting variables {§;}jes+z,) of Lecture 6.
Define linear operators { Ly, } ez on Vj via

1—-25 1 )
Ln=bno g5 5 D J:%=tnes
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where the normal ordering is defined by
Yy i<y,
sy = T T
—iji if ¢ > j.
Verify the following equalities in End(Vy) (this proves Proposition 1 of Lecture 6):
(a) [¥m, Ln] = (M + %) Ypgn for all m € 6 4+ Z,n € Z.

(b) [Lny Lin) = (1 — 1) Ly + 8 —n g for all m,n € Z.

3. Prove that {A™V,S"V},,>1 (and more generally, the m-th Schur module S;(V) =
Homg, (7, V®™) for any n > 1,7 € Irr(S,,)) are irreducible representations of gl .

4. Verify that the action of gl on AZ TV constructed in the class is indeed an action (this
proves Proposition 2 of Lecture 6).

5. For the Heisenberg algebra A, consider the quantum field a(z) := >, ., anz "1 Let Fy
be the Fock module of A (with ag acting trivially), and let 1 denote its highest weight vector,
while 1* will denote the lowest weight vector of the dual representation. Show that
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where the right-hand side means the expansion in the region |z1| > ... > |22,].
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