
HOMEWORK 11 (DUE MAY 2)

1. Use the explicit realization of the fundamental representation Ld = Lω0 of ŝl2 constructed
in [Homework 9, Problem 4] to get a direct proof of the character formula (see Lecture 20):

chLd(h) = Θ0,1(τ, z, u)/ϕ(q) for h = 2πi(zα/2− τd+ uK).

2. (a) Prove the following product formula for theta functions Θn,m = Θn,m(τ, z, u):

Θn,m ·Θn′,m′ =
∑

j∈Z mod (m+m′)Z

d
(m,m′,n,n′)
j Θn+n′+2mj,m+m′ ,

d
(m,m′,n,n′)
j :=

∑
k∈m′n−mn′+2jmm′

2mm′(m+m′) +Z

qmm′(m+m′)k2 .

(b) Let λ = md+ n
2α ∈ P+, m ≥ n ≥ 0. Use part (a) to prove [Lecture 20, Proposition 1]:

chLd(h)chLλ(h) =
∑
k∈I

ψm,n,k(q)chLd+λ−kα(h),

I :=

{
k ∈ Z| − m− n+ 1

2
≤ k ≤ n

2

}
,

ψm,n,k(q) :=
f
(m,n)
k (q)− f (m,n)

n+1−k(q)

ϕ(q)
,

f
(m,n)
k (q) :=

∑
j∈Z

q(m+2)(m+3)j2+((n+1)+2k(m+2))j+k2 .

(c) For m,n, k as in part (b), define r := n+1, s := n+1−2k for k ≥ 0 and r := m−n+1, s :=
m− n+ 2 + 2k for k < 0. Prove:

ϕ(q) · q−k2 · ψm,n,k(q) = A+B + C, where

A := 1− qrs − q(m+2−r)(m+3−s),

B :=
∑
j>0

q(m+2)(m+3)j2+((m+3)r−(m+2)s)j
(

1− q2(m+2)sj+rs
)
,

C :=
∑
j>0

q(m+2)(m+3)j2−((m+3)r−(m+2)s)j
(

1− q2(m+2)(m+3−s)j+(m+2−r)(m+3−s)
)
.

(d) Use part (c) to provide an algebraic proof of the fact ψm,n,k(q) ∈ Z≥0[q, q−1].

3. Let g be a simple Lie algebra with the generators {ei, fi, hi}ri=1. Set x[n] := x · tn ∈ Lg for

x ∈ g. Find the defining relations between elements {ei[n], fi[n], hi[n]}n∈Z1≤i≤r generating Lg.

4. Prove that for any integrable highest weight ŝl2-module of level k, the current operators
e(z) :=

∑
n∈Z e[n]z−n−1 and f(z) :=

∑
n∈Z f [n]z−n−1 satisfy e(z)k+1 = f(z)k+1 = 0.
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