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We generalize the study of standard Lyndon loop words from [16] to a more general class of orders on
the underlying alphabet, as suggested in [16, Remark 3.15]. The main new ingredient is the exponent-
tightness of these words, which also allows to generalize the construction of PBW bases of the
untwisted quantum loop algebra Uq(Lg) via the combinatorics of loop words.

1 Introduction
1.1 Summary

An interesting basis of the free Lie algebra generated by a finite family {e;}i; was constructed in the
1950s using the combinatorial notion of Lyndon words. A few decades later, this was generalized to any
finitely generated Lie algebra a in [11]. Explicitly, if a is generated by {e;}ic;, then any order on the finite
alphabet I gives rise to the combinatorial basis e, as ¢ ranges through all standard Lyndon words.

The key application of [11] was to simple finite-dimensional g, or more precisely, to its maximal
nilpotent subalgebra n*. According to the root space decomposition:

n=@PaQe, A= {positive roots}, (1.1

aeAt
with elements e, called root vectors. By the PBW theorem, we thus have
keN
Ut = @ Qe ...ey (1.2)
Vlz"'ZVkEA+
for any total order on A*, with N = Z.(. Furthermore, a triangular decomposition
g=n"®hon" (1.3)

induces the corresponding triangular decomposition of the universal enveloping:

Ug) =U@H @Um) @ Un"). (1.4)
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2 | S.Khomych et al.

Moreover, the root vectors satisfy (R* shall denote nonzero elements of a ring R)

lew, e8] = €ntp — epea € QF - €yip (1.5)

whenever o, 8 € A satisfy a + 8 € At. Thus, formula (1.5) provides an algorithm for constructing all the
root vectors (1.1) inductively starting from e; = e,,, where {a;}ic C AT are the simple roots of g. Therefore,
all the root vectors {e, }oea+, and hence the PBW basis (1.2), can be read off from the combinatorics of A*.

The above discussion can be naturally adapted to the quantizations. Let U,(g) be the Drinfeld-Jimbo
quantum group of g, a g-deformation of the universal enveloping algebra U(g). For one thing, it admits
a triangular decomposition similar to (1.4):

Uq(g) = Uq(n+) ® Uq(b) ® Uq(n_) . (1-6)

Here, Uy (n™) is the positive subalgebra of Uy (g), explicitly generated by {&;}ic; subject to g-Serre relations.
There exists a PBW basis analogous to (1.2):

keN

U = @ Q@-2,..5,

y1zzpeAt

The g-deformed root vectors g, € Uy(n*) are defined via Lusztig’s braid group action, which requires
one to choose a reduced decomposition of the longest element in the Weyl group of g. It is well-known
([18]) that this choice precisely ensures that the order > on A* is convex, in the sense of Definition 2.17.
Moreover, as follows from the Levendorsky-Soibelman property [13], the q-deformed root vectors satisfy
the following g-analogue of the relation (1.5):

Eﬂtvgﬁ]q = Eagﬂ - q(mﬂ)‘éﬁ‘éﬂt € Q(q)* 'Ea+/3 (1-7)
whenever «, 8,a + B € A satisfy o < « + B < B as well as the minimality property
Ad feAt st a<d <p <B and a+B=d +p,

and (-,-) denotes the scalar product corresponding to the root system of type g. Thus, similarly to the
Lie algebra case, we conclude that the g-deformed root vectors can be defined (up to scalar multiples)
as iterated g-commutators of & =&, (i € I), using the combinatorics of A* and the chosen convex order
on it.

Following [7, 21, 24], let us recall that Uy(n*) can be also defined as a subalgebra of the g-shuffle
algebra:

keN
11,.., Ik €l

where F has a basis I*, consisting of finite length words in I, and is endowed with the quantum shuffle
product. As mentioned above, there is a natural bijection

AT {standard Lyndon Words}, (1.8)
established in [11]. This induces the lexicographic order on A* via
a<pf << {a) <) lexicographically.
As shown in [12, 22] this total order is convex, and hence can be applied to obtain quantum root vectors
ey € Ug(n') for any positive root «, as in (1.7). Moreover, [12] shows that the quantum root vector ¢, is

uniquely characterized (up to a scalar multiple) by the property that ®(e,) is an element of Im® whose
leading order term [i; ... 1] (in the lexicographic order) is precisely £(a).
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It is natural to ask if the above results can be generalized from simple g to affine Lie algebras g. The
main complication arises from the fact that not all root subspaces of § are one-dimensional. In [1], an
analogue of (1.8) was established and all standard Lyndon words were explicitly computed for g with
g of A-type. On the other hand, considering a different (new Drinfeld) “polarization” of quantum loop
algebras

Uq(Lg) = Ug(Ln™) ® Ug(Lh) ® Ug(Ln7),

the above complication disappears as Uy(Ln*) is a q-deformation of the universal enveloping algebra of
n*[t, t71] all of which root subspaces are one-dimensional. In particular, many of the above results were
adapted to the loop setup in [16].

In this note, we are interested in the generalization of all combinatorial aspects of [16] (we shall be
using the results of [16, Section 5] that are omitted in its journal version [17]), excluding all shuffle
algebra considerations, to the so-called “weighted” version. To this end, we order the infinite alphabet
I={{D)|ieldeZ)via

i@ <j© = d/ci> e/ or d/ci=e/gandi<], (1.9)

for any fixed collection of “weights” {ci}ie; € ZL, (the case ¢; = 1 Vi recovers the setup of [16]). This
induces the lexicographic order on the loop words [i{"” ... i{"'] with respect to which we may define the

notion of standard Lyndon loop words by analogy with [11], which though requires some preliminary work
similar to [16]. Then, there exists a one-to-one correspondence:

AT X7 {standard Lyndon loop words}.

The lexicographic order on the right-hand side induces a convex order on the left-hand side, with respect
to which one can define elements

Cead) € Ug(Ln™) (1.10)

for all (a,d) € AT x Z. We have the following analogue of the PBW theorem:

keN
Ug(Ln®) = b Q@) -e, ... ep - (1.11)

€1>--->¢; standard Lyndon loop words

There are also analogues of the constructions above with + <> — and e < f.
By analogy with the results of [12, 22], the total order on A* x Z given by

(,d) < (B,e) < {(a,—d) <£(B,—e) lexicographically (1.12)

is convex, cf. Proposition 3.18. In fact, this order comes from a certain reduced word in the affine Weyl
group associated to g (= the Coxeter group associated to §), in accordance with Theorem 4.7. Therefore,
the root vectors (1.10) exactly match (up to constants) the classical construction of [2, 4, 15], once we
pass it through the “affine to loop” isomorphism of Theorem 5.14.

1.2 Outline

The structure of the present paper is as follows:

e In Section 2, we recall the notion of (standard) Lyndon words, their basic properties, and the
application to simple Lie algebras through the bijection (1.8).

o In Section 3, we study the loop Lie algebras Lg and generalize the results of the previous section
to the loop setup with the order given by (1.9). The key new ingredient, in comparison to [16], is
played by Theorem 3.6 and Proposition 3.8.

G20 UdJBIN 20 U0 158NB Aq 85/9¥08/0E0KEU/S/SZ0Z/I0IE/UIWI/L0D dNO DIUSPED.//:SARY WO} PAPEOJUMOC



4

| S.Khomych et al.

o In Section 4, we show that the order (1.12) on A" x Z corresponds to a certain reduced decomposi-
tion in the extended affine Weyl group of g. We further refine this result in Propositions 4.9-4.10.

e In Section 5, we construct PBW-type bases (1.11) of the quantum loop algebra Uy(Lg) by adapting
the arguments of [16] with the help of Proposition 4.10.

e In Section 6, we adapt most of our results to more general orders (6.1) on Z.

¢ In Appendix A, we provide a link to the C++ code and explain how it inductively computes standard
Lyndon loop words in all types, and present some examples.

2 Combinatorial Approach to Lie Algebras

In this section, we recall the results of [11] and [12] that provide a combinatorial construction of an
important basis of finitely generated Lie algebras, with the main application to the maximal nilpotent
subalgebra of a simple Lie algebra.

2.1 Lyndon words

Let I be a finite ordered alphabet, and let I* be the set of all finite length words in the alphabet I. For
u=[i1...1] € I*, we define its length by |u| = k. We introduce the lexicographic order on I* in a standard

way:
i1 =J1,..-,1a = Ja, lat1 < jat1 fOr some a >0
fix.. %) <[j1...n] if Jor
il :jl,...,ik :jk and k <1
Definition 2.2. A word ¢ = [i;...I¢] is called Lyndon if it is smaller than all of its cyclic
permutations:
[ilu-ia—lian-ik] < [ia-nikil-uia—‘l] Vae {2,,k}

For a word w = [iy ...1] € I*, the subwords

Wq = [11 . ia] and Wia = [ik—a-#l .. lk]

with 0 < a < k will be called a prefix and a suffix of w, respectively. We call such a prefix or a suffix proper
if 0 < a < k. Itis straightforward to show that Definition 2.2 is equivalent to the following one:

Definition 2.3. A word w is Lyndon if it is smaller than all of its proper suffixes:

W < W VO<a<|w|.

The following simple result is well-known:
Lemma 2.4. If ¢; < ¢, are Lyndon, then ¢1¢; is also Lyndon, and so €18, < £y¢5.
We recall the following two basic facts from the theory of Lyndon words:
Proposition 2.5. ([14, Proposition 5.1.3]) Any Lyndon word ¢ has a factorization
£=1t10y 2.1)

defined by the property that ¢, is the longest proper suffix of ¢ which is also a Lyndon word.
Under these circumstances, ¢; is also a Lyndon word.

The factorization (2.1) is called the costandard factorization of a Lyndon word.
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Proposition 2.6. ([14, Proposition 5.1.5]) Any word w has a unique factorization
W= 6, (2.2)

where ¢4 > - .- > ¢ are all Lyndon words.

The factorization (2.2) is called the canonical factorization of a word.

2.7 Standard Lyndon words
Let a be a Lie algebra generated by a finite set {e;}i; labelled by the alphabet L.

Definition 2.8. The standard bracketing of a Lyndon word ¢ is given inductively by:

oe[i]=eieaforiel,
o e, = [eg,, €] € a, Where £ = £14; is the costandard factorization (2.1).

The major importance of this definition is due to the following result of Lyndon:

Theorem 2.9. ([14, Theorem 5.3.1]) If a is a free Lie algebra in the generators {e;}ic;, then the set
{e, | ¢-Lyndon word} provides a basis of a.

It is natural to ask if Theorem 2.9 admits a generalization to Lie algebras a generated by {e;}i; but

with some defining relations. The answer was provided a few decades later in [11]. To state the result,
define ye, ey € U(a) for any w € I*:

e For a word w = [iy...1Ix] € I*, we set

we=¢e, ...¢ €U(a). (2.3)

e For a word w € I* with the canonical factorization w = ¢; ... ¢ of (2.2), we set

ew =ey ...e € U(a). (2.4)

It is well-known that the elements (2.3) and (2.4) are connected by the following triangularity
property:

ey = c,-ve with ¢, ez and cf=1. (2.5)

v=w

The following definition is due to [11]:

Definition 2.10. (a) A word w is called standard if ;e cannot be expressed as a linear combination
of ye for various v > w.

(b) A Lyndon word ¢ is called standard Lyndon if e, cannot be expressed as a linear combination
of ey, for various Lyndon words m > .

The following result is nontrivial and justifies the above terminology:

Proposition 2.11. ([11]) A Lyndon word is standard iff it is standard Lyndon.

The major importance of this definition is due to the following result:

Theorem 2.12. ([11]) For any Lie algebra a generated by a finite collection f{ej}i, the set
{e¢ | ¢-standard Lyndon word} provides a basis of a.

We also have the following simple properties of standard words:
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Proposition 2.13. ([11]) (a) Any subword of a standard word is standard.
(b) A word w is standard iff it can be written (uniquely) as w = ¢;...¢, where ¢ > --- > {; are
standard Lyndon words.

Thus, combining the classical Poincaré-Birkhoff-Witt theorem for U(a) with Theorem 2.12, Proposi-
tion 2.13, and the triangularity property (2.5), we obtain the following PBW-type theorem:

keN
Ua) = &) Qen...e. = P Qe= P Qe (26
£1>-->¢ standard Lyndon words w-standard words w-standard words

2.14 Application to simple Lie algebras

Let g be a simple Lie algebra with the root system A = AT uA™. Let {aj}ie; C AT be the simple roots, and
Q = @;; Za; be the root lattice. We endow Q with the symmetric pairing (-,-): Q ® Q — Z so that the
Cartan matrix (a;);je @and the symmetrized Cartan matrix (dy);je of g are given by

2(at;, o)
aj = (oti,ozi)) and  dj = (e, ).

Explicitly, g is generated by {e;, fi, hi}ie; subject to the following defining relations:

lei, [ei,--- [eng]--- ] =0 ifi#], (2.7)

1—aj Lie brackets

[hi, ] = dyej, [hi,j] =0, (2.8)
as well as the opposite relations with e’s replaced by f’s, and finally the relation:
[el-,fj] = (Sijhi . (29)

We will consider the triangular decomposition (1.3), where nt*, h, n~ are the Lie subalgebras of g
generated by the e, hy, fi, respectively. We write Q™ ¢ Q for the monoid generated by {«;}i;. The Lie
algebra g is naturally Q-graded via

deg e =a, deghizo, degﬁ:—ala

The Lie algebra g admits the standard root space decomposition:

s=hoPa. (2.10)
a€A
with dim g, = 1 for all « € A. We pick root vectors e, € g, so that g, = Q - e,. Thus, the Lie subalgebra
nt decomposes into n* = @, .+ 9, and is QT-graded. Explicitly, n* is generated by {e;}ic; subject to the
classical Serre relations (2.7).
Fix any order on the set I. According to Theorem 2.12, n* has a basis consisting of the e,’s, as ¢ ranges
over all standard Lyndon words. Evoking the above Q*-grading of the Lie algebra n*, it is natural to
define the grading of words via

deg[il...ik]zailJr-quaik eQt.

Due to the decomposition (2.10) and the fact that the root vectors {e, }oea+ C n* alllive in distinct degrees
a € QT, we conclude that there exists a bijection (1.8):

0 AT = {standard Lyndon WOI’dS}

such that deg¢(e) = o for all @ € AT, which we call the Lalonde-Ram’s bijection.
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2.15 Results of Leclerc

The Lalonde-Ram’s bijection (1.8) was described explicitly in [12]. To state the result, we recall that for
aroota =Y kiaj € AT, its height is ht(e) = > ki.

Proposition 2.16. ([12, Proposition 25]) The bijection ¢ is inductively given by:

o for simple roots, we have £(«;) = [i],
o for other positive roots, we have the following Leclerc’s algorithm:

{(a) = max {E(yl)ﬁ(yz) ‘a =py+y. y,reldt ()< E(yz)} . (2.11)

The formula (2.11) recovers ¢(x) once we know £(y) for all {y € A™ |ht(y) < ht(e)}. We shall also need
one more important property of ¢. To the end, let us recall:

Definition 2.17. A total order on the set of positive roots AT is convex if:
a<a+pB<p

forall @ < B € AT such that o + B is also a root.

Remark 2.18. It is well-known [18] that convex orders on A" are in bijection with the reduced
decompositions of the longest element wy € W in the Weyl group of g.

The following result is [12, Proposition 26], where it was attributed to the preprint of Rosso [22] (a
detailed proof can be found in [16, Proposition 2.34]):

Proposition 2.19. Consider the order on A* induced from the lexicographic order on standard
Lyndon words:

a<pf < {a) <) lexicographically.

This order is convex.

3 Standard Lyndon Loop Words

We will now extend the description above to the Lie algebra of loops into g:
Lg=g[tt] = g®o Q[ 1]

with the Lie bracket given simply by

ket yet'=[xyet™" forany x,yeg, mneZ.
The triangular decomposition (1.3) extends to a similar decomposition at the loop level
Lg = Lnt @ Lh @ Ln~, and our goal is to describe Ln* along the lines of the previous section. To this
end, we think of Ln™ as being generated by el.(d) =e@tiforalliel, d ez Associate to 91@ the letter i@,
and call d the exponent of i@,

We thus obtain the infinite alphabet Z = {i® |i € I, d € Z} and any word in these letters will be called
a loop word:

[i‘ld“ . ifjﬂ . (3.1)

We shall now introduce a family of total orders on Z, which will thus induce lexicographic orderings on
loop words (3.1). To this end, we fix a total order on I and choose a tuple of positive integers {c;}ic; € Z%,
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(we call ¢; the weight of i). Following [16, Remark 3.15], we shall compare the loop letters of Z via (1.9):

. . d d e o
@ < j®© — o> o —=—andi<j.

Ci Cj G j

Due to its importance, we shall call the ratio d/c; the relative exponent of i e Z. We also define the
weighted height of roots via:

fy=>ki-ci forany a=> kejeAt. (3.2)

iel iel

All the results of subsection 2.1 continue to hold in the present setup, so we have a notion of Lyndon
loop words. Since Ln* is Qt x Z-graded via deg efd) = (¢, d), it makes sense to extend this grading to loop
words via

deg[ig@... i}f”] = (o + o, dy 4ot di).

The obvious generalization of (1.1) is:

ot = D oo

aeAt deZ

with efxd> =e, @t foralle € A*,d € Z. We note that Ln* still has one-dimensional Q* x Z-graded pieces,
which is essential for the treatment of [11] to carry through.

On the other hand, the definition of standard (Lyndon) loop words in the present setup is a non-trivial
task since the alphabet 7 is infinite. Motivated by the treatment of [16] in the case when all ¢; = 1, we
shall likewise consider a filtration by finitely generated Lie algebras L®n* of (3.4), corresponding to the
finite alphabets

I<5J:{i(d)‘iel,—s-cisdgs-q} VseN. (3.3)

We will establish some basic properties of the corresponding standard Lyndon loop words for L®n*
which ultimately imply that the notion of a “standard Lyndon loop word” does not actually depend on
the particular L®n* with respect to which it is defined. We shall thus obtain the loop analogue (3.13) of
the bijection (1.8).

3.1 Filtration and basic properties

We now wish to extend Definition 2.10 in order to obtain a notion of standard (Lyndon) loop words, but
here we must be careful as the alphabet 7 is infinite. In particular, the key assumption “for any word v,
there are only finitely many words u of the same length and > v in the lexicographic order” of [11,§2]
clearly fails. To deal with this issue, we consider the increasing filtration:

oo
ILnt = U L(S)n+
s=0

defined with respect to the finite-dimensional Lie subalgebras (see notation (3.2)):

sf(@)
>l =P P Qe vseN. (3.4)

a€AT d=—s-f(a)

As a Lie algebra, L®n* is generated by {e® |1 € I, |d| < s-¢;}. We may thus apply Definition 2.10 to yield a
notion of standard (Lyndon) loop words with respect to the finite-dimensional Lie algebras L®n*, with
the words made up only of iV € 7,

The following result is proved completely analogously to [16, Proposition 2.23] (which in turn is an
adaptation of the analogous results from [12], cf. (2.11)):
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Proposition 3.2. There exists a bijection:

e {(Ol, d) ce AT x7Z ‘ |d| <s f(ot)} N {standard Lyndon loop}’ (3.5)

words for L®n*
determined by £(«;, d) = [i”] and the following (generalized) Leclerc’s algorithm:

t d) = concatenation £(y1, d1)¢(y2, dg)}. (3.6)

max {
(r1,d1)+(y2,d2)=(r,d)
re€A*, |del<s:f (%)
L(y1,d1)<€(y2,d2)

Since standard Lyndon loop words give rise to bases of the finite-dimensional Lie algebras L®n*, then
the analogue of property (2.6) gives us:

keN

UL®nt) = &b Q-ep...0 =

£1>-->¢; standard Lyndon loop words
with all relative exponents in [—s,s]

b Q-ey = b Q-we. (37)
w-standard loop words with w-standard loop words with
all relative exponents in [—s,s] all relative exponents in [—s,s]

We shall next establish some properties of the bijection (3.5). We start with the following monotonicity
property:

Proposition 3.3. Fix s € Z.(. For any positive root « € A* and any integer d € [-s - f(a) + 1,5 f(@)],
the bijection (3.5) satisfies the following inequality:

Lo, d) < €(a,d—1). (3.8)

Proof. The proof is completely analogous to that of [16, Proposition 2.25]. |

3.4 Exponent-tightness
While many properties of the bijection (3.5) can be established very similarly to the special case (when
¢; = 1 for all i) of [16], the naive generalization of [16, Proposition 2.26] shall not suffice. We discuss the
key upgrades in this subsection.

We start with the following definition:

Definition 3.5. A loop word w = [igd” .. iild“)} is called exponent-tight if

@ > @+ forall 1<kr<n. (39

When w is a Lyndon loop word, it clearly suffices to verify (3.9) only for k = 1. The following is the
main result of this subsection:

Theorem 3.6. For any root « € A™ and any integer d € {—s - f(«),...,s - f(«)}, the standard Lyndon
loop word £(«, d) is exponent-tight.

The proof of this result relies on Lemma 3.7 and Proposition 3.8 proved below. In what follows, we

writei® e w to denote that w contains the letter i e Z.If a loop word w has a Q xZ-degree degw = («, d),
then we will use the notation

hdegw =« and vdegw=d, (3.10)

and call these two notions the horizontal and the vertical degree, respectively.
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Lemma 3.7. Any two exponent-tight loop words v and w of the same Q x Z-degree contain the
same multisets of letters.

Proof. First, let us show that if i® € w then also i® e v. Assuming the contradiction, we must have
i®) e v for some k' # k, as hdeg v = hdeg w. Without loss of generality, we may assume that k¥’ > k + 1,
so that i®) < i®+D As vdeg v = vdeg w, there are two letters j© € w and j©) € v, such thatt’ <t — 1, so
thatj® <j®+D. Since both words v and w are exponent-tight, we also have

HE Sj(t) and j(t’+1) < i®)
Combining the above inequalities, we obtain:

j(t) S}'(t’+1) < l'(k') < l'(k+1) S}'(t) ,

so that j® = j+D = {®) = {*+1 Hence, i® = € v, a contradiction.

Thus, any letter of w is contained in v and vice-versa. It remains to show that multiplicities of all
letters in w and v are the same. Since hdeg v = hdeg w, the sum of all multiplicities of i® € w is the
same as that of i e v for any i € I. Thus, the claim is obvious if both w and v contain i® and no other
i®) for k' # k. Assume now that w (and hence also v) contains i®,i®) for ¥’ > k. Then k' = k + 1, due
to i®) > {®*+D In this case, we may not have jO,j™D e w for any j # i and t € Z. Otherwise, we would
have i®+D > j&D > {k+1 due to exponent-tightness, and so j® = i®, a contradiction with j # i. Thus,
for any j # i, there is only one value of exponent such that j©® is contained in w (and hence in v). As
degu = degw, we thus also conclude that multiplicities of i®,i*+D in w and v are the same. |

Proposition 3.8. Letv = [igd” . iiff*“] andw = [j ... j%"] be two exponent-tight loop words such
that hdeg w = hdeg v, vdeg w = vdeg v 4+ 1, and j < j{*’ for all . Then:

(a) The first letter j™ of the loop word w equals max;<q<n {i*};

(b) The multisets of the other letters coincide: {iéd”)}g;l - {jﬁ“’l)} = {jét“)}g’:?

Proof. Let i%*Y = max;_gp, {i®+?

}. Since v is exponent-tight, so is any loop word u formed by the
letters {iéd“)}a# U (i%*Vy (a loop word is exponent-tight iff any loop word formed by the same multiset
of letters is exponent-tight). But then w and u must have the same multisets of letters, according to
Lemma 3.7. Since the loop word u satisfies (b), v is exponent-tight and w starts with its smallest letter,

we obtain both properties (a) and (b). |

Remark 3.9. Following the setup of Proposition 3.8, one may vice-versa express the multiset of
letters of v through the one for w: (if*}m, = {1~y u iy,

Now we are ready to present the proof of Theorem 3.6.

Proof of Theorem 3.6. The proof proceeds by induction on the height n = ht(«).

The base case of the induction is n = 2. Let £(a,d) = [i(ld“i(zd“], where i(ld“ < iéd” and i; # 1. We
claim that i~ > {%*D a5 otherwise we would get £(a, d) = [{“Pi%] < [{=~Di%+D] 3 contradiction
with Leclerc’s algorithm (3.6). But then, invoking (3.6), we obtain £(a, d) > igd”l)igdl’l% This implies the
desired inequality i(ld“ > i(zd”l), establishing the base of the induction.

Let us now prove the step of the induction, assuming the assertion holds for all roots of height < n. If
not, then for some roota € A* of height nand some d € Z, we have {(a, d) = [igdl) ... iild")] with iﬁd'“) > igdl)
for some 1 < r < n. Let us consider the costandard factorization of £(«, d):

La, d) = £(y1, R1)L(y2, k2),
where o = y1 4+ 32, d = k1 + ko, €(y1,k1) < £(y2, k2), and roots yi1, y» have height < n. By the induction
hypothesis, i ¢ £(y1, k1), so thatih” € £(y,, ko). Arguing as above, we claim that £(y1, ki —1) > £(y2, ko+1),
as otherwise according to (3.8) we would get €(a,d) = €(»1,k1)l(2,k2) < €(y1, k1 — Dy, ko + 1), @

contradiction with (3.6). The inequality £(y1,k1 — 1) > £(y, k2 + 1) implies

€, d) = €ys, ko + D,k — 1), (3.19)
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due to (3.6). Since ht(y,) < n, both words £(y», ko) and £(y,, k2 + 1) are exponent-tight by the induction

hypothesis. Therefore, the first letter of £(y,, ko +1) is iid‘“) = maxmmkain{i&d”“)}, due to Proposition 3.8.

Note that i®*? < i®) according to (3.11). Therefore, we get i®™+V < {@*D <i® 3 contradiction. |

Remark 3.10. Let us emphasize that applying directly the argument from the proof of [16,
Proposition 2.26], one rather gets a weaker statement:

. . . d dy d
Lo, d) = [1(1d1)... lild“)} with L%J < o < ’V)%—I vi<r<n (3.12)

with f(a) defined in (3.2). In particular, if ¢; = N > 1 for all i € I (thus, the order on 7 is the same
as for ¢; = 1 and so ¢(«, d) are the same as in [16]), then (3.12) only implies |d, — d;| < N, while
Theorem 3.6 implies a much finer bound |d, — d;| < 1.

The following is a simple corollary of Theorem 3.6:

Corollary 3.11. (a) For « € A*,d > 0, the first letter of £(«, d) has exponent > 0.
(b) For @ € A*,d < 0, the first letter of ¢(«, d) has exponent < 0.

Proof. Let {(a,d) = [i‘f“ ... iﬁld")]. Then igd“ < iﬁd') and so ffl > éi' for any r. Thus, if d; <0, then d, < 0 for
i ir
anyr,andsod = >, d, <0, implying part (a).
To prove (b), we note that 1'<1d” > i@+ for any r by Theorem 3.6, thus ffl < dcil Ifdy >0,thend, >0
i v

forallr,andsod=>_,d; > 0, a contradiction. [ |
3.12 Stabilization

As an important consequence of Theorem 3.6, we obtain:

Proposition 3.13. Any loop word w with relative exponents in [—s, s] is standard (Lyndon) with
respect to L®n* iff it is standard (Lyndon) with respect to L&+ n+,

Proof. While the proof of [16, Proposition 2.28] can be directly generalized with the help of Theorem 3.6,
let us present a shorter argument. Consider loop words

£ = €(a,d) of (3.5) with respect to L&n*,
¢ = £(a,d) of (3.5) with respect to L6+Dn*

Combining (3.12) with Theorem 3.6 and Proposition 3.8, we see that both words ¢ and ¢ contain the
same multisets of letters (all thus being elements of Z©). Additionally, their standard bracketings e,, e,
are both nonzero multiples of e@. By the very definition of standard Lyndon loop words, this implies
that ¢ = ¢'. |

The above result implies that the notion of a “standard Lyndon loop word” does not depend on the
particular L®n* with respect to which it is defined. We conclude that there exists a bijection:

AT XZ = {standard Lyndon loop Words} (3.13)

satisfying property (3.6) with s = co as well as Theorem 3.6 and Proposition 3.8.

3.14 Periodicity
While ¢ of (3.13) is a bijection between infinite sets, it is actually determined by the values of ¢ only on
a finite “block” of AT x Z:

L={(a,d)‘aeA+,O§d<f(a)}, (3.14)

cf. notation (3.2). More precisely, we have the following periodicity property:
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12 | S.Khomych et al.

Proposition 3.15. For any («,d) € AT x Z, the standard Lyndon loop word ¢(«, d + f («)) is obtained
from the standard Lyndon loop word ¢(«, d) by increasing all exponents of its letters i® by ¢
(i.e., increasing all relative exponents by 1).

Proof. Let Y denote the aforementioned bijective map on the set of loop words:
B GOV R (it (et
T: [11 R } — [11 N } . (3.15)

Note that u < v iff T(u) < Y(v) in accordance with (1.9). Thus, (3.15) preserves the property of a loop
word being Lyndon. Likewise, if £ = ¢1¢, is the costandard factorization of ¢, then Y(£) = Y(€1)Y(£2)
is the costandard factorization of Y(¢). This also implies that ey = Y(e;), where T is the Lie algebra
isomorphism:

Y:Lnt = Ln* givenby @ s e@H @)
Hence, (3.15) also preserves the property of a Lyndon loop word being standard. |
Similarly to [16, Proposition 2.31], we also note the following simple property:
Proposition 3.16. The restriction of (3.13) to A™ x {0} matches (1.8).
Proof. This is simply the s = 0 case of Proposition 3.13. |

Since U(Ln*) is the direct limit as s — oo of the U(L®n*), then (3.7) implies:

keN
+y — —
= cep ... =
U(Ln™) D Q-ey ...
£1>-->{ standard Lyndon loop words
122 Y. P (316)
@ Q cly = @ Q cwe.
w-standard loop words w-standard loop words

3.17 Convexity and minimality

We conclude this section with a few fundamental properties of the total order on A* x Z induced
by transporting the lexicographic order on loop words via the bijection (3.13). A straightforward
generalization of [16, Proposition 2.34] establishes that this order is convex, a notion that is a direct
generalization of Definition 2.17:

Proposition 3.18. For all («,d), (B,e), (@ + B,d + e) € AT x Z, we have:
La,d) < la+B,d+e) <t(B,e)

if (e, d) < £(B, ).
This result admits the following natural generalization:
Corollary 3.19. Consider any k, k' > 1 and any
1,00, Ve G, (7, A1), - (v, i) € AT X Z
such that (y1,d1) + -+ 4+ (n, de) = (¢4, d9) + -+ - + (5, d},). Then we have:

min {Z(yl,dl),,..,f(yk,dk)} < max {ayl’,dg),...,Z(yk’,,d;,)}.

Proof. The proof is completely analogous to that of [16, Corollary 2.37]. |
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An important consequence of this Corollary is the following result, which will play a crucial role in
our proof of Theorem 5.8 below:

Proposition 3.20. If ¢; < ¢, are standard Lyndon loop words such that €14, is also a standard
Lyndon loop word, then we cannot have:

o<ty <tl,<t

for standard Lyndon loop words ¢/, ¢} such that deg¢, + deg¢, = deg¢/ + degt,.

Proof. The proof is completely analogous to that of [16, Proposition 2.38]. |

4 Lyndon Words and Weyl Groups

In this section, we show that the order (1.12) on A* x Z induced by (3.13) is related to the construction of
[19, 20] applied to a reduced decomposition of a translation element in the extended affine Weyl group
encoding the weights c;.

4.1 Affine Lie algebras

In this subsection, we recall the next simplest class of Kac-Moody Lie algebras after the simple ones,
the affine Lie algebras. Let g be a simple finite-dimensional Lie algebra, {«i}i; be the simple roots, and
6 € A* be the highest root. The labels of the Dynkin diagram of g are the positive integers {6;}i; such
that

0="> 6. (4.1)

iel

We defineT = Iu{0}. Consider the affine root lattice ﬁ with the generators {«;}; which admits a natural
identification

Q = QxZ with o (@,0 Viel, oo (=6,1). 4.2)
We endow Q with the symmetric pairing defined by:
(@m,Bm)=@ph Va,pecQ nmeZ
As opposed from the non-degenerate pairing on Q itself, the pairing on affine type root systems has a

one-dimensional kernel, which is spanned by the minimal imaginary root § = ag+6 = (0, 1) € Q x Z. This
implies the fact that:

(@+0,-)=0 <= dy+ . 6dj=0 Vjel, (4.3)

iel

where {djj}; it is the symmetrized affine Cartan matrix. Let (ay);;er be the affine Cartan matrix, giving
rise to the affine Lie algebra g generated by {e;, fi, hi};g with the defining relations (2.7)—(2.9). We note that
(4.3) implies that

c=ho+ Zeihi is a central element of g.

iel
The associated affine root system A = A+ L A~ has the following description:

Z+ = {AJr X Zzo} o {O X Z>o} L {A7 X Z>0},

3_ = {A_ X Zgo} u {O X Z<o} ] {A+ X Z<0}.
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14 | S.Khomych et al.
With this notation, we have the following root space decomposition, cf. (2.10):

§=he s, where b C § — Cartan subalgebra.

LYEZ
The rich theory of affine Lie algebras is mainly based on the following key result:

Claim 4.2. There exists a Lie algebra isomorphism:
§/(© — Lg
determined on the generators by the following formulas:

o> e @to fir fiot® hihet Viel,

eo > fo @t for> e @t ho > —[eq, fo] ® 0,

where ey and f, are root vectors of degrees 6 and —6, respectively.

4.3 Affine Weyl groups

We have already mentioned in Remark 2.18 that convex orders of A* are in 1-to-1 correspondence with
reduced decompositions of the longest element of the finite Weyl group W associated to g. To define
the latter, consider the coroot lattice:

v v
Q' =Pz o,
iel
20

where for any « € A* the corresponding coroot ¥ is defined via «¥ = %% The finite Weyl group W,

that is, the abstract Coxeter group associated to the Cartan matrix (a;);je1, acts faithfully on the coroot
lattice QY and the root lattice Q:

WA~ QY and W~ Q (4.4)

via the following assignments (Vie I, u € Q¥, A € Q):

i) = o — (o, ey’ and  si(A) =i — (o )e;.

In the present setup, we need the affine Weyl group, defined as the semidirect product W = W x QY
with respect to the action (4.4). It is well-known that W is also the Coxeter group associated to the
Cartan matrix (ay); ¢ [n other words, the affine Weyl group is generated by the symbols {s};; defined
by:

So = (Sg, —0") and si=(s;,0) Viel.
The affine analogue of the action W ~ Q from (4.4) is
WAQ, (4.5)
where the generators of the affine Weyl group act by the following formulas:

sid) = (A= o)a, d) Viel,

soh, d) = (A —(1,60V)0,d+ (1,0Y))
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forall (A, d) € QxZ ~ Q, see (4.2). An important feature of the affine Weyl group is that it contains a large
commutative subalgebra 1 x Q¥ C W which acts on the affine root lattice Q ~ Q x Z by translations:

A d) = (A, d— G, w) VueQ¥, 2 eQ, deZ. (4.6)
Henceforth, we write 7i for the element 1 x u € W and call it a translation element.

Finally, we also need to consider the extended affine Weyl group, defined as the semidirect product
Wext = W x P¥, where P¥ is the coweight lattice. Thus, P¥ = @, Z - o with the fundamental coweights
o dual to the simple roots:

(), w) = 8. 4.7)

In particular, Q" is a finite index subgroup of PV. It is well-known that

W~ T x W, 4.8)
where the finite subgroup T of We* is naturally identified with a subgroup of automorphisms of the
Dynkin diagram of §. The semi-direct product (4.8) is such that rs; = s, 7 forany r € 7 and i € 1. Finally,
the action (4.5) extends to

Wext ~ a

via t(a;) = a, fort € T, 1 €T We still have the following formula, akin to (4.6):

G, d) = d=0G,w) VueP' 1eQdeZ. 4.9)

4.4 Reduced decompositions

Recall that the length of an element x € W, denoted by I(x) € N, is the smallest number [ € N such
that we can write x = s;,_,...s;, for various i1_,...,lp € T Every such factorization is called a reduced
decomposition of x. Given such a reduced decomposition, the terminal subset of the affine root system is:

E, = {Siosu s @]0z k> 4} cA. (4.10)

It is well-known that E, is independent of the reduced decomposition of x, and consists of the positive
affine roots (all with multiplicity one) that are mapped to negative ones under the action of x:

Ey = {X c A+ ‘x(i) c Z*} . (4.11)
In particular, we get the following description of the length of x:
I(x) = #{X e AT ‘X(Z) c Z’} .
The aforementioned length function I: W — N naturally extends to W via
l(zw) =l(w) forany reT7T,we W.
Thus, the length I(x) of x € Wext is the smallest number | such that we can write:
X=1Sj ..., (4.12)

for various i;_y,. .., 1o € I and (a uniquely determined) r € 7" Given a reduced decomposition of x € Wext
as in (4.12) with | = I(x), define E, via (4.10). We note that Ey is still described via (4.11) since t acts by
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permuting negative affine roots. Therefore, E, is independent of the reduced decomposition of x and we
still have:

1) = #{X e Eﬂx(i) c 2—}.
The following result is well-known (cf. [16, Proposition 3.9]):

Proposition 4.5. For any p € P¥ such that (a;, u) € Z-o for all i € I, we have
Eﬁ:{(oz,d)‘aeA+,05d<(a,M)}, (4.13)

and consequently

@= 2 (mw.
aeAt

4.6 Identification of orders

We start by recalling the classical construction of [3]. Pick any u € P¥ such that (a;, u) € Z.o forallie L.
Let I = l(@) and consider any reduced decomposition:

ﬁ = TSj;_Si,; -+ -Siy - (4.14)
Extend i;_y, ..., 1o to a -quasiperiodic bi-infinite sequence {iy}rez via:
T = (ip) VkeZ. (4.15)

To such a bi-infinite sequence (4.15), one assigns the following bi-infinite sequence of affine roots:

| sisi, - .Si,, (—aj) ifk>0

B = . 4.16
¢ SigSi_y «++ Sipyy (Oll'k) ifk<0 ( )
According to [19, 20], the sequences:
BL>pBo>p3>--- (4.17)
Bo<pB1<Po<-- (4.18)

give convex orders of the sets At x Z_g and A" x Z.o, respectively. We note that By = () for any
k € Z.Due to (4.9), if fr = (o, d) and Bry1 = (¢', d'), then

a=do and d=d+ (a,p). (4.19)

This reveals a periodicity of the entire set A™ x Z, not just A™ x Z_o and AT x Z.
Evoking the setup of Section 3, let us consider

w= ZCiwiv (4.20)
iel
so that f(a) = (o, u) forany « € A, cf. (3.2) and (4.7). The following is the first main result of this section,
which naturally generalizes [16, Theorem 3.14]:
Theorem 4.7. There exists a reduced decomposition of i € Wt such that:

e the order (4.17) of the roots {(a,d) |« € AT,d < 0} matches the lexicographic order of the standard
Lyndon loop words £(«, —d) via (1.12),
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e the order (4.18) of the roots {(a,d) |« € A*,d > 0} matches the lexicographic order of the standard
Lyndon loop words £(a, —d) via (1.12).

Proof. Recall the finite subsetL = {(a,d) |@ € AT,0 < d < f(a)} C A+ from (3.14), ordered via:
(a,d) < (B,e) = L(a,—d) <£(B,—e). (4.21)

If (@,d), (B,e) € L with («,d) < (8,e) and (« + B,d + e) € A, then clearly (¢ + 8,d +e) € L, as well as
(a,d) < (@ + B,d+e) < (B,e), due to Proposition 3.18.

Furthermore, we claim thatif %, i € AT with X + i € L, then at least one of A or i belongs to L and is
< &+ Ji. There are two cases to consider:

() Ifx = (a,d), I = (B,e) with o, € AT and d,e > 0, we can assume without loss of generality that
£(a, —d) < £(B, —e). By Proposition 3.18, we have £(«, —d) < £(a + 8, —d — €) < £(B, —e). It remains to
prove d < f(e). If not, thene < f(B) as d+e < f(ax+ B). Hence, the first letter of ¢(«, —d) has a relative
exponent < —1 and the first letter of ¢(8, —e) has a relative exponent > —1, due to Corollary 3.11
and Proposition 3.15, which contradicts ¢(e, —d) < £(8, —e).

(2) In the remaining case, we may assume *=(a+8,d), & = (—B,e), so that , B, + B € A" and
d>0,e>0.Thend < d+e < f(a) < f(a+pB),s0 thatx e L.Itremainsto verify £(a+8, —d) < £(a, —d—e).
Since (¢ +8, —d) = (8,e) + (a, —d—e), it suffices to prove £(8, e) < €(a, —d—e), due to Proposition 3.18.
But applying Corollary 3.11 once again, we see that the exponent of the first letter in £(8,e) is > 0,
while the exponent of the first letter in £(«, —d — e) is < 0, hence, indeed ¢(B,e) < £(x, —d — e).

Invoking [18] (which also applies to finite subsets in affine root systems), we get:

(I) there is a unique element x € W such that L = E,,
(IT) the order of L arises via a unique reduced decomposition of x, where the set Ey of (4.10) is ordered
via o, < Sio (0{1'71) < e < Sio Si,l - Si271 (011'171)4

However, as follows from (4.13), we have
L=Ep= {ﬂOyﬂ—lwnyﬂl—l}- (4.22)

There is a unique 7 € 7 such that =1 € W. Thus, we obtain L = Ez = E,-1;. Therefore, in view of the
uniqueness statement of (I), the result of (II) implies that there exists a reduced decomposition (4.14) of
i such that the ordered finite sequence By < B_1 < --- < B1_j exactly coincides with L ordered via (4.21).

The proof of Theorem 4.7 now follows by combining (4.19), Proposition 3.15, and Theorem 3.6,
precisely as in [16]. Indeed, let us split A* x Z into the blocks:

Ly = {((x,d)‘ot eA*, N -fla)<d < (N+ 1)f(a)}
so that

L|iv =A% x Zoo = {Bidezo, | |In =A% x Zoo = {Behiso.
N=0 N<0

According to (4.19) and Lo = L = {Bo, - . ., B1_1}, we have:

Ly = {ﬂle, B-Ni-1, ... ,/317(N+1)1} VNeZ.

For any («,d) € Ly, the relative exponent of the first letter in ¢(a, —d) lies in (=N — 1;—N], due to
Corollary 3.11 and Proposition 3.15. Thus, for any («,d) € Ly, (8,e) € Ly with M > N, we have
(a,—d) > ¢(B,—e). As for the affine roots from the same block, consider B,_n, Bs-n1 € Ly with
1-1<s<r=<0.If g =(a,d) and gs = (B,e), then B,_n = (¢, d+ N f(@)) and Bs_n1 = (B, e+ N-f(B)), due to
(4.19). On the other hand, the words ¢(a, —d — N - f(«)) and €(8, —e — N - f(B)) are obtained from ¢(«a, —d)
and ¢(B, —e), respectively, by decreasing each relative exponent by N, due to Proposition 3.15. Since the
latter operation obviously preserves the lexicographic order, and ¢(a, —d) < €(8, —e) as a consequence
of r > s, we obtain the required inequality ¢(a, —d — N - f(@)) < £(B, —e — N - f(B)). [ ]
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Remark 4.8. Since ¢(a, —d) < €(B,—e) if d < 0 < e, a consequence of Corollary 3.11, we actually
have the stronger result that the order of A* x Z given by:

<Pr<Br<Pr<Po<Bai<Poa<--
matches the lexicographic order of the standard Lyndon loop words ¢(a, —d).

In the next section, we shall need a certain generalization of (4.22). To this end, foranyi e Iandd > 0,
we define the subset L_; g of AT x Z via

Lo = {(a,p) ‘a € A*, p e Zso, £(a, —p) < L(c;, —d)},

We also define a collection of nonnegative integers {pj}je; via:

d ifj=i
91 ifl ez
p = L@ ] < (4.23)

Y if%ezandj>i
L4180 ez and j<i

Finally, for any positive root « = Y, kia; € AT, we define p(a) € N via

pla) =D kipi.

1€l
Proposition 4.9. For anyielandd > 0, we have
Lo = |@p|eearo=p<pl.

Proof. First, let us prove that £(a, —p) < £(a;, —d) = i implies p < p(). Let j©9 be the first letter of
£(a, —p), so that j©2 < (=D Hence, e/ < d/c; and the inequality is strict if j > i. This is equivalent to
e < pj, due to the definition (4.23). Then for any letter 1% € £(a, —p), we have :*+D < j9 < D with
the first inequality due to Theorem 3.6. As above, this implies s — 1 < p,, so that s < p,. Summing all
these inequalities, we obtain the desired inequality p < p(a).

Let us prove the opposite implication by contradiction: assume that £(e, —p) > £(e;, —d) for some
a € AT and p < p(e). Let j©2 be the first letter of £(a, —p), so that j©® > i*D . As ¢(a, —p) is Lyndon, any
letter 19 € £(a, —p) satisfies j©® <19, Therefore, s/c, > d/c; and the inequality is strict for: < i. Thus,
s > p,. Summing all these inequalities, we obtain p > p(«), a contradiction. This completes our proof of
£, —p) < £(a;, —d) for any 0 < p < p(a). [ |

In view of Proposition 4.5, the above result can be recast as follows:

Proposition 4.10. For any i e [ and d > 0, we have L_ 4, = Eg, where

wiq = ijwjv e P (4.24)
jel

with p;’s defined in (4.23).

5 Quantum Groups and PBW Bases

In this section, we combine the results of Subsection 4.6 with the PBW-type bases [2, 3] of quantum
affine algebras (in the Drinfeld-Jimbo realization) to produce a family of PBW-type combinatorial bases
of quantum loop algebras (in the new Drinfeld realization), thus generalizing the construction of [12]
for the finite type.
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5.1 Quantum groups

We shall follow the notation of Subsection 2.14, corresponding to a simple finite-dimensional g.
Consider the g-numbers, g-factorials, and g-binomial coefficients:

_d-q" _ _ ny _ [l
= gi—aq '’ L= e (k)i k] — k]

for any i € I, where q; = da

Definition 5.2. The Drinfeld-Jimbo quantum group of g, denoted by Uy(g), is an associative Q(q)-
algebra generated by {e;, f;, 97 }ier Subject to the following defining relations (for all i,j € I):

1-aj

1—aj —a— e
Z(—l)k( . 1})_e{?e)-eil G _o if 1#], (5.1)
k=0 i
ve = qliee;, 0P = i, (5.2)

as well as the opposite relations with e’s replaced by f’s, and finally the relation:

1
9 — ¢,
leifi] = 8- — = (5.3)

The algebra Uy(g) is naturally Q-graded via
dege; = o, degg; =0, degfi = —aj.
Furthermore, it admits the triangular decomposition (1.6):
Uq(g) = Ug(n™) ® Ug(h) ® Ug(n7),

where Ug(nt), Ug(h), and Ug(n™) are the subalgebras of Uy(g) generated by the e;’s, gol-ﬂ's, and fi's,
respectively. In fact, the associative algebra Uy (n*) is generated by e;’s with the defining relations (5.1);
cf., for example, [9,§4.21].

If we write ¢; = q?‘ and take the limit ¢ — 1, then U,(g) degenerates to U(g). It is thus natural that
many features of the latter also admit g-deformations. For example, let us recall the notion of standard
Lyndon words from Subsections 2.1-2.7, and consider the following g-version of Definition 2.8 and the
construction (2.4):

Definition 5.3. ([12]) For any word w, define e, € Ug(n*) by:

em =€
for all i € [, and then recursively by:
€= [e‘?lv e@z]q = €y, €, — q(degll,degZZ)ezz €,
if ¢ is a Lyndon word with the costandard factorization (2.1), and:

€y =€y ... 8y

if w is an arbitrary word with the canonical factorization ¢; ... ¢, as in (2.2).

G20 UdJBIN 20 U0 158NB Aq 85/9¥08/0E0KEU/S/SZ0Z/I0IE/UIWI/L0D dNO DIUSPED.//:SARY WO} PAPEOJUMOC



20 | S.Khomych etal.

We also define f, € Ug(n™) by replacing e’s by f’s in the above Definition. Then we have the following
natural g-deformation of the PBW theorem (2.6):

Theorem 5.4. We have:

keN
Ugnh) = ) QD -e.-e = P Q@ -ew.
£1>--->{, standard Lyndon words w-standard words

The analogous result also holds with n* <+ n~ and e < f.

This result is a consequence of the usual PBW theorem for Uy(n#), since e,’s are simply renormal-
izations of the standard root vectors constructed in [15] using the braid group action, according to [12,
Theorem 28] (cf. also [16, Section 5.5]).

5.5 Quantum loop algebras
To introduce a loop version of the above algebras, consider the generating series

00 +

€ik ik @i

w0=3% jo=31  ge-3%
keZ keZ 1=0

as well as the formal delta function §(z) = >, z*. Forany i,j e I, we set:

o)

w Z—W

Definition 5.6. The quantum loop group (in the new Drinfeld realization) of g, denoted by U,(Lg),
is an associative Q(q)-algebra generated by {eig, fix, wﬁ}?j‘lEN subject to the following defining
relations (for all i,j € I):

€i(2)e; (W) (%) = e (w)ei(2)¢; (%) , (5.4)
14 1—a:
>, Z(fl)k( v 1)) < €i(Zo(1) - - - €1 (Za (k)G (W (Zo ki) - - - €i(Zo1—ay) =0 ifi#],  (5.5)
oeS(1-a;) k=0 !
e @e Wi (2) =gt @ (=), (56)
¢E@e" W) =9 W@,  elw,=1, (5.7)

as well as the opposite relations with e’s replaced by f’s, and finally the relation:

i z _
e(2), i) = ——=8(=) - (¢f @ — o7 W)). (58)
[ J ] qi — ql_ 1 (U}) ( )
The algebra Uy(Lg) is naturally Q x Z-graded via
degei = (o, k), degqﬁ = (0,4, degfiy = (—a;, k)
forielLkeZ,leN.If x € Ug(Lg) has a Q x Z-degree degx = («, d), then we set

hdegx =« and vdegx=d,

and call these the horizontal and the vertical degrees of x, respectively; cf. (3.10).
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Finally, the algebra Uy(Lg) also admits the triangular decomposition (cf. [8,§3.3]):

Ug(Lg) = Uq(Ln+) ® Uq(Lh) ® Ug(Ln7), (59)
where Ug(Ln*), Ug(Lh), Ug(Ln™) are the subalgebras of Uy (Lg) generated by thee;’s, (pi,iI’S’ and fi,'s, respec-
tively. In fact, the associative algebra Uy(Ln*) is generated by e;’s with the defining relations (5.4, 5.5).

Let us now present a loop version of Definition 5.3:
Definition 5.7. For any loop word w, define e, € Ug(Ln™) and f,, € Ug(Ln™) by:
e[i(d,] =€iq and f[ﬂd;] :fi,—d

foralliel, d € Z, and then recursively by:

e = [er,, €], = ev, e, — OBy 0y (5.10)
Jo=lfe. fol, = fefou - ghdegtrhdegtalf, £ (5.11)
if ¢ is a Lyndon loop word with the costandard factorization (2.1), and:
ey =€ ...8p and  fu=fo..-fu
if w is an arbitrary loop word with the canonical factorization ¢ ... £, as in (2.2).

Note that dege,, = —degf,, = degw for all loop words w. The following is the main result of this
section, which generalizes (3.16) as well as Theorem 5.4:

Theorem 5.8. We have:

keN
Ugn®™) = >, Q@ - ey = b Q@ - ew.
£1>--->£; standard Lyndon loop words w-standard loop words

The analogous result also holds with Us(Ln*) < Ug(Ln™) and e < f.

The proof of this result occupies the rest of this section. While it looks similar to the proof of [16,
Theorem 4.24], we shall crucially utilize Proposition 4.10.

5.9 Quantum affine algebras

Let us recall the notion of Drinfeld-Jimbo quantum affine algebras and their relation to quantum loop
algebras U, (Lg). We use the notations of Subsection 4.1.

Definition 5.10. The Drinfeld-Jimbo quantum affine algebra of g, denoted by Uy(g), is defined
exactly as Uq(g) in Definition 5.2, but usingTinstead of I.

Let Ug @), Ug (E), Uq(n7) be the subalgebras generated by the ¢;’s, (piﬂ’s,ﬁ’s, respectively (with i € A)
We have a triangular decomposition analogous to (1.6):

Ug(@ = U@ ® Ug(h) ® Uy (7). (5.12)
The algebra Uy (@) is naturally Q~Qx Z-graded via

degey = ap = (—6,1), degfo = —ao = (6,-1), deggpo =0=(0,0),
degei == (Oll',O) s degﬁ = —a; = (—Dll',O) , deg<pi =0= (O, 0)
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for i € I, where 0 is the highest root of A*. Invoking the positive integers {6;}i¢; introduced in (4.1), we
note that the following element is central in Uy(g):

C=p[]e (513)

iel
Let us now recall the construction of the root vectors of Uy(g), presented in [2, 15]. Following

Subsection 4.6, pick the coweight 4 = 3, ciw; € P¥ asin (4.20),andset i =1 x u € Wext We consider
the reduced decomposition:

H=TS8iSi,,---Sip

from Theorem 4.7 with t € T Following (4.15), let us extend {ix| - | < k < 0} to a t-quasiperiodic bi-infinite
sequence {lk}rez Via iy = (i) for any k € Z. We construct the following set of positive affine roots:

. i Si, ... Si ; ifk>0 - ifk>0
b — Si,Si, -+ - Siy_, (at3,) 1 > _ A 1 =9 (5.14)
SipSi_y - - - S, () 1R <0 B ifk<O

with B, defined in (4.16). Following [2], we shall order those roots as follows:
Bo<Bi<Bao<Ba<--<Pi<Pi<Po<Ppi. (5.15)
Remark 5.11. Formula (5.14) provides all real positive roots of A*:
At = {AJr x Zzo} u {A’ X Z>o} c At. (5.16)
Furthermore, (5.15) induces convex orders on the corresponding halves:
At X Zso = {Bo <f1<Po< ---},A‘ X Zso = { < B3 <P <;§1}A (5.17)

To have a complete theory, in particular for the PBW theorem of [2], one also needs to deal with
the imaginary roots, but they will not feature in the present paper.

We may define the (q-deformed) root vectors:
E.j € Ug(@®)

for all € A™ of (5.16) via

T, ... T; f ifk>0
R (5.18)
TiO ...Tiw (e,) ifk=0
and
T, ...Ty . (fy) ifk>0
E5=1.4 “Tl(f”) o (5.19)
T L. TN () ifk<0

where {T;};; determine Lusztig’s affine braid group action [15] on Uy(g).
Remark 5.12. We note that E_; € Uy(n") for B € A+ in [2] are defined via

E;=Q(Ep, (5.20)
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where the Q-algebra anti-involution  of Uy(g) is determined by:
Qe fi, fim e, o e oF g gt viel.

Formulas (5.19) and (5.20) agree, as  commutes with the affine braid group action:

QoT;=TioQ Viel. (5.21)
According to [16,(5.28)] (based on [2, Proposition 7]), we have
[Esj Etalg = ExjEia — Q%P EraEL; € Q@F -Exgyp) (5.22)

for any real positive affine roots @ < § which both belong to either A* x Z. or A~ x Z. and which also
have the additional property that & + £ is a positive affine root whose decomposition as the sum of &
and B is minimal in the sense that:

Ad B eA™ st a<a& <Bf <pf and a+B=a +p.

A

Let qu(+oo) and Uat(—oo) denote the “quarter” subalgebras of Uy(@) generated by {ELz, |k > 1} and
{E.p, |k < 0}, respectively. According to [16,(5.35, 5.36)] (based on [2]), each of them admits a pair of
opposite PBW decompositions:

+ — S =L =) — . ny

Uitoo) = P Q@-ERE; ... = P Q@-..EfE;, 5.23)
ny,ny,--eN ning,--eN .
Nny+ny+--- <00 Ny +ny+--- <00

+0_ — L Fho ph-1 _ ) -1 pho

Ui-o0) = P Q@ EZE; .= @ Q@-...Ej Ey. (5,24
Nno,N-1,--€N No,N—1,--€N N
no+n_1+--<00 No+N_1+--<00

5.13 Interplay of two algebras

The relation between Uy (Lg) of Definition 5.6 and Uy (g) of Definition 5.10 goes back to [2, 3, 5] and plays
a crucial role in the theory of quantum affine algebras. In the present setup, it amounts to the following
result, cf. 16, Theorem 5.19]:

Theorem 5.14. There exists an algebra isomorphism:
Uglg) — Ug@/(C-D (5.25)

with C of (5.13), determined by the following assignment forallie I and d € Z:

0()Ee, ) ifd>0
€id > o 1 s )
-0 E@ay - ifd<0

(5.26)

fiar 7O(i)d(piE(,al,d) ifd>=0
1 0 E(_a0) ifd<o '

where o: I — {+1} is a map satisfying o(i)o(j) = —1 whenever a; < 0.

The proof of this result is similar to that of [16, Theorem 5.19], but it does essentially utilize
Proposition 4.10 as well as simplifies some arguments from [16].
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Proof of Theorem 5.14. The isomorphism (5.25) was proved in [3, Theorem 4.7] with respect to the
following seemingly different formula:

e > 0T,  fiar 0TS (f)  VieldeZ. (5.27)

Here, the aforementioned action of the affine braid group on Uy (@) has been extended to the extended
affine braid group by adding automorphisms {T;};c7:

. +1 +1 A
T:: e ey, fi = frys o5 e VreT,iel,

which satisfy the relations T, T; = T, T; forany r € 7 and i el
Therefore, it remains for us to show that (5.26) is equivalent to (5.27) by proving:

E@ ifd>0
Ty =1 " T (5.28)
“i —E@ae ! ifd<0

—@iE_a ifd>0
L (fy = | e TEZE (5.29)
@i E(—a\,d) ifd <0

It suffices to prove only (5.28) while (5.29) then follows as @ commutes with the extended affine braid
group action (due to (5.21) and Qo T, =T, 0o Qfort € 7).
Fixiel d > 0. According to (5.17), there is a unique k < 0 such that

(ci,d) = B = P = SipSi_s - - - Sip,, (@) - (5.30)
Invoking (4.24), we claim that @iy € W has a reduced decomposition of the form
wg =TS, ...5,S, Wwith 7eT. (5.31)

This follows from the equality of terminal sets ES\M S8 Eg (due to Proposition 4.10 and Theorem 4.7)
and the fact that Ex = E, iff x~!y € T (already used in the proof of Theorem 4.7). Combining (5.30) and
(5.31), we thus obtain

(i, d) =s;'s 0.8 (o) = @ T(@) = @d (@) -
In view of (4.9), this implies 7(ix) = i. Hence, we get:
11 —1 —1 —1
Egk =1 Ti,l .. 'Tikﬂ (eik) = T@ r(eik) = T“Tv,; (el-) .

According to Proposition 4.5, we have l(@;4) = Z)-d pjl(a/)?), cf. (4.23), so that

__ b b _ P pd
Tom = HT{‘? S = ]‘[Tw7 -
j# j#i

As T:A}(el-) = ¢; for j # 1 by [3, Corollary 3.2], we get the desired equality:
J
Ew.a =Eg, = Toh () =T (@)

For d < 0, the proof is similar and follows the same arguments as in [16]. |
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5.15 PBW-type bases via quarter subalgebras

The isomorphism (5.25) does not intertwine the triangular decompositions (5.9) and (5.12). In fact, if
we think of Uy(Lg) and Ug(8)/(C — 1) as one and the same algebra, then these two decompositions
are “orthogonal” as explained in [16]; cf. [6]. To this end, consider the following “quarter” subalgebras
following [2, Lemmas 5-6]:

U;(Ln’) =Ugn7)N Uq(?) = {subalgebra generated by €4, k> O},
UJ(Ln*) =UgnH)N Uq(3+) = {subalgebra generated by ez, k < O},

where we define e in accordance with (5.26) via:

_ ?_ndes 4. B, ifk>O'
R b:F ifk <0

k

(5.32)

Henceforth, given a homogeneous element z of degree (3 ;. kia;, d) € Q x Z, set

£k,
@ihdeg z ‘= P£¥ ks = H‘/’i € Uq(Lb) .

iel

Formulas (5.22) still hold when the Ej, are replaced with the ey, since commuting ¢’s simply produces
powers of q. Likewise, the PBW decompositions (5.23, 5.24) imply that the subalgebras above have the
following PBW bases:

Uitn) = P Q@ -...€7 ver, (5.33)
Yliyi‘jlqzarefloo
Urny = @ ) Q@ -...ef el (5.34)

No+n_q+--<o0

Likewise, we have PBW bases for analogous “quarter” subalgebras of U @)

Uy Ln") i=Ugln ) NUy( ) = ) n@ ) Qp-e e (5.35)
Mo4M_r 4 <00

Uy n®) =Uyn)nUy(6 ) = P Q- et L, (5.36)
ni,ng,-eN

N1+Ng+---<oo

where we define:

E_; 5 ifk>0
e =g = Pk : (5.37)

Ej ifk <0

The following result allows to construct the PBW bases of Ug(Ln*):

Proposition 5.16. [16, Proposition 5.23] The multiplication map induces a vector space isomor-
phism:

U;(Ln’) ® Uy (Ln") —> Ug(Ln).

To make the presentation uniform, let us switch from g, of (5.14) to B, of (4.16), so that Ug @n7)
and Uz (Ln7) are generated by {e_g, }r=1 and {e_g, }k<o, respectively (note {—pBilrez = A~ x Z). Combining
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Proposition 5.16 with the PBW decompositions (5.33, 5.35), we obtain the PBW basis for Ug(Ln™),
cf. [16,(5.69)]:

Proposition 5.17. (a) The subalgebra Uy(Ln~) admits the following PBW basis:

- _ n n "y N1
Ug(Ln) = b Q@ -...e" el e ey L (5:38)
1,10, M2,-EN
N1 +HNo+N1 N+ <00

(b) For any s < r, the root vectors e_g, and e_g, satisfy

epep—qhPe e, e P Q@ e (5.39)

Nr—1,...,Ns+1 €N
where the sum is finite as it is taken over all tuples n,_1, ..., ns;1 € N such that

Nr_1Bro1+ - +Nsy1Bsp1 = Br + Bs .

The analogous result also holds for Uy (Ln*) with e_4 replaced by eg,.

5.18 Proof of Theorem 5.8

Similarly to [16, Subsection 5.28], we shall now see that Theorem 5.8 is equivalent to the PBW
decomposition (5.38). Recall the reduced decomposition of @ produced by Theorem 4.7 (see Remark 4.8)
so that the ordered set of roots

e<Pr<pPr<Po<Bor<-o- (5.40)
coincides with A* x Z ordered in accordance with the bijection (3.13) via:

S< (B < LB1) < L(Bo) < L(B_1) < -,

where for any («,d) € At x Z we set (o, d) = (o, —d).
Let w be the anti-involution of Uy(Lg) defined via

@:eip = fik, fik P eix, gaﬁ = wﬁ
foranyiel, k€ Z, 1 e N. Applying @ to (5.38), we obtain:
keN
Un®) = P Q@) -oe,)...mEy,) (5.41)
V1= 2 €AT XL
with the above order on A* x Z being (5.40). On the other hand, due to (5.39), we obtain:
keN
[@(e ) @ ply € b Q) w(ey)...m(5)

UBY= L)zt >E(B)
it ne=p+p

for any g, 8’ € AT x Z such that 8’ < B, or equivalently ¢(8') < £(8). In particular, if 8 + g’ € A* x Z and
B, B’ are minimal in the sense:

Aad e AT xZ st. B<a <a<p and a+o =p+p (5.42)

we have

[w(e_F), w(efﬁ)]q e Q@*- W(e_g_g’) . (5.43)
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We claim that Theorem 5.8 follows from (5.41). To this end, it suffices to show:
ewp € Q" -w(e_p) (5.44)

for any g = («,d) € At x Z. We prove (5.44) by induction on the height of « € A*. The base case o = ¢;
(with i € I) is immediate, due to (5.26, 5.32, 5.37):

€[] = €id = @ (fig) = T (€Cua)-

For the induction step, consider the costandard factorization ¢ = ¢€1¢, of £ = £(,d). Since factors of
standard loop words are standard, we have ¢, = £(y1,d1) and €, = £(y,, dy) for some (y1,d1), (y2,d2) €
At x Z such that @ = y1 + y»,d = dy + dy. By the induction hypothesis, we have e,, € Q@)* - w (€, dy)
for k € {1, 2}. However, we note that (y1,d1) < (o, d) < (3, d2) is @ minimal decomposition in the sense of
(5.42), according to Proposition 3.20. Therefore, comparing (5.10) with (5.43), we obtain:

e = [en,e,]s € QA" w (e, 4, pinle) = QD™ @ (€wd)

as we needed to prove. This completes our proof of Theorem 5.8.

6 Generalization to Other Orders

In this section, we generalize our main results to a larger family of orders on the alphabet Z = {i(d)}?:IZ.
Consider a collection of functions f;: Z — R such that

o f;(0) =0;

o all f; are strictly increasing unbounded functions;

o there are infinitely many N (both in R.o and R.o) such that there exist {N;};; C Z' satisfying
fiilNy) =N foralliel.

We then define an order on Z (hence a lexicographic order on the loop words) via:

i@ < j®© — fid > fie) or fi(d) =f(e)andi<j. (6.1)

In the special case fi(d) = CQ (with ¢; € Z.) this recovers (1.9) considered above.

o First, we need to updat‘e the filtration (3.4) of the loop algebra Ln*. To this end, we fix an increasing
sequence {N*+9}.y of non-negative numbers (respectively, a decreasing sequence {N9},y of non-
positive numbers) such that N&9 = 0 and there exist {Nfi’s)}id C (£N)! satisfying fi(Nfi’s)) = N&9 for
alli e I. Then, we define L®n* as the finite-dimensional Lie subalgebra of Ln* generated by

{efd) ‘i e NI <d< Nf*”} .
We also amend our former definition of Z® in (3.3) by rather redefining
70 ={i®|ielL, NT sd<NFP} vseN.

We may thus apply Definition 2.10 to yield a notion of standard (Lyndon) loop words with respect to
L®n*, with the words made up only of i® € ZO.
e For N as above, so that there exist {Nj}i; satisfying N = f;(N;) Vi, we define

fu: AT - 7Z via fN(a):Zki-Ni for any a:Zkioquf

iel iel
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With this definition at hand, the subalgebra L®n* can be explicitly written as

futro @

= @ Q.

aeAt d=f s @)

Then, the results of Proposition 3.2 and Proposition 3.3 still hold true with the only change that —sf(«) <
d < sf(a) is replaced with fycs (@) < d < fyes (@).

o As before, we call a loop word w = [i(ld“ . iﬁd“)] exponent-tight if (3.9) holds. Then, the results of
Theorem 3.6, Lemma 3.7, Proposition 3.8, and Proposition 3.13 still hold true (the proofs are the same).
Therefore, we still have a bijection (3.13)

AT XZ > {standard Lyndon loop words}

satisfying property (3.6) with s = oo as well as Theorem 3.6 and Proposition 3.8.
o On the other hand, the periodicity of Proposition 3.15 no longer holds in this generality. Instead, we
can only express £(a, fn()) via £(e, 0):

Lemma 6.1. If £(e,0) = [i¥ ... i¥], then ¢(, fig(e)) = [i} " ... i),

Proof. First, we note that Theorem 3.6 together with Proposition 3.8 for N > 0 (respectively, Remark 3.9

for N < 0) guarantee that the multiset of letters constituting ¢(«, fn (@) is exactly {igN‘l), . iilN‘")}. Indeed,
assuming the contradiction for some N > 0 (the case N < 0 is treated analogously), there exists

oy N L
0 < d < fu(@) such that #(a,d + 1) starts with IL Y for some k. As the sum of exponents equals

d+1 < fn(e), the word £(er, d + 1) and hence ¢(«, d) also contains a letter il(e) with e < Nj. This provides a

.. . .. . . (N +1)
contradiction with Proposition 3.8, since i**" > i, ** .

On the other hand, we note that i®™ < j®) iff i < j, which guarantees that the loop word [j(lN“) 8
is (standard) Lyndon iff the loop word D»<10) ... j®7 is (standard) Lyndon, cf. the proof of Proposition 3.15.

This completes the proof. |
We can now prove the following slight generalization of Corollary 3.11:

Lemma 6.2. Fix N, {Ni}ij, @ € AY, fu(@) € Z as above.
(a) For d > fy(a), the loop word ¢(«, d) starts with some j© such thate > N;.
(b) For d < fu(a), the loop word £(«, d) starts with some j© such that e < N;.

Proof. Let £(a,d) = [i™ ... i®] Theni™ <i® andsof; (d) > f, (d;) for any r.If d; < N;, then we would
have f; (N;) = f;, Ny,) > £, (d1) > f; (dy) and so dr < N;, for any r. That would imply d = 3", dr < fn(@), @
contradiction.

To prove (b), we note that i > i+ for any r by Theorem 3.6. If d; > Nj,, then we would have
£, (N;) = f;, Ny < fi,(d1) < £ (dr + 1) so that dr > N; for all . That would imply d = >, dr > fu(@), @
contradiction. [ |

e The major difference will take place in the generalization of Theorem 4.7 to the present setup. As
the periodicity of Proposition 3.15 no longer holds, the bi-infinite sequence {ip}rez of (4.15) shall rather
be constructed as a limit of finite sequences. Explicitly, to define {ix}r<o, instead of L from (3.14) we shall
consider

Ll = {(a,d)‘ot € AT, 0<d < fyeo (a)} Vs e Zeo.
These “blocks” can be identified with the following terminal sets:

(+8)

LB = EH/_\ with ;,LH"S) = ZNI.H'S)in.

iel
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Arguing as in the proof of Theorem 4.7, we get a reduced decomposition (4.14) of ;FJr\S) such that the
ordered finite sequence o < f1 < -+ < By coincides with L ordered via (4.21). By uniqueness,
such a sequence for LY refines the one for LF. Furthermore, the roots g = s;si, ...S;., (a;,) for
k < 0 are all distinct and satisfy {Be}r<o = AT x Zo. The construction of {ix}r-o is similar.

o With the above update of Theorem 4.7, the results of Propositions 4.9, 4.10 still hold (for any fixed
1el,d e Z), once {pj}je from (4.23) are rather redefined via:

p; is the unique integer satisfying j©» > {=9 > jP+D

with i el,d > 0 fixed. This recovers (4.23) if fj(d) = % for all j (with ¢ € Z.o).

e With the above update, the analogue of (5.31) and the paragraph afterwards hold, implying
(5.28, 5.29). Thus, the main result of Section 5, the construction of PBW bases of Uy(Ln't) from
Theorem 5.8 still holds (with e, ey, as in Definition 5.7).
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Appendx A. Computer Code

In this Appendix, we present some interesting examples of standard Lyndon loop words that nicely
illustrate the key properties of Theorem 3.6 and Proposition 3.8. We also provide a link to our code used
to evaluate standard Lyndon loop words.

Examples

The first version of our code did not use the key results (Theorem 3.6 and Proposition 3.8), but was
rather based on Remark 3.10, which is a simple generalization of [16, Proposition 2.26]. Thus, when
evaluating ¢(a, d), the code simply goes through all the ways to split « into an ordered sum of simple
roots, and distribute d between the exponents of these simple roots while satisfying (3.12). In the table
below, we present examples of standard Lyndon loop words computed through this code (which also
nicely illustrate the results of Theorem 3.6 and Proposition 3.8).

Type Order Weights d £, d) £@,d+1) £6,d+2)
Ay 1234 1111 0 [1(0)2(0)3(0)4(0)] [4(1)3(0)2(0>1(0)] [3(1)2<O)1(O)4(1>]
As 51324 43185 19 [3(1)4(8)5(4>2(3)1(3)] [1(4)2<3)3(1)4(8)5(4)] [5(5)4(8)3(1)2(3>1(4)]
B, 21 78 18 [1(6)2(6)2(6)] [2(7)1(6)2(6)] [2(7)2(7)1(6)]
B 123 431 10 [2(3)1(3)3(1>3(1)2(2)] [2(3)3<1)3(1)2(3>1(3)] 1(4)2<3)3(1)3(1>2(3)]

Cs 312 436 8 [1(2)2(1)1(2>2(1)3(2)] [3(3)2<1)2(1)1(2>1(2)] {2(2)10)3(3)2(1)1(2)]
Cs 321 1103 17 [2(8)1(0)3(2>2(7)1(0)] [2(8)1<O)2(8)1(0)3(2)] [2(9)1(0)3(2)2(8)1(0)]
Dy 3124 4375 8 [3(3)2(1)1(1>4(2)2(1)] [1(2)2<1)4(2)3(3>2(1)] [3(4)2<1)4(2)1(2>2(1)]
G, 21 23 11 [2(3)1(2)2(2>2(2)1(2)] [2(3)1<2)2(3)1(2>2(2)] [2(3)2<3)1(2)2(3>1(2)]
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Let us clarify the conventions in this table:

e In the column “Order”, the elements i € [ are listed in the increasing order.
o In the column “Weights”, the weights ¢; are listed with i ordered as in [23].
o In all these examples, we choose to consider only the highest root « = 6.

Let us also provide examples of standard Lyndon loop words for the remaining exceptional types
(these were evaluated using our second code presented below):

Type Order Weights d £0,d)

F4 1234 1232 17 3320214233 2D 1033211004

Fy 1234 1232 18 22103321 1(04(2)303) (1) 2(1)3(3)4(2))

Eg 142653 121221 9 [5@4D3D 2D 10312 4D3DEO)]

Eg 142653 121221 10 [6D3(D2M10 431 (M52 4(D3(DEO)]

E; 1234567 4537325 25  [4®5MD63(1)7(2)42) 221312243 5(D6O)13(1)7(2) 4251
E; 1234567 4537325 26 [4®)53(D724(2)22)1(D3(1)22)43)5D0)3(1D7(2)4B3)5(16O)]
Eg 14572386 132133109615 46 8354061513240 7(Dg(1)5(1)2(6)1(0)3(2) 4(0)2(6)3(2)

8351401513240 7(D (1 5(1)g(2)2(6)1(0))
Eg 14572386 132133109615 47 83514065132 7(MEM26) 101835140 6(D5(D3(2)

407(1)26)3(2)gB3)5(140)6(D5(1)324(0)26)10)]

The code

The second version of our code was written using Proposition 3.2 as well as Proposition 3.8 which pro-
vides an inductive way to compute exponents of £(«, d). This drastically improves the code performance,
allowing us to compute words for much larger values of the degree d and the weights ;. This code can
be used at the following clickable link (the interested reader can use this code to check the results of
this note as well as to compute standard Lyndon loop words):

e C++ Code?2

(The user should press the “Run” button and they will see the instructions and a small example
afterwards. Type in the input in the console afterwards, following the instructions. Names of Lie algebra
types for input are: A, B, C, D, G2, F4, E6, E7, and E8. This code was written using C++23.)

Divisible weights in type A
In this subsection, we consider a special setup for type A, (naturally generalizing [16, Section 7.3]): the
orderis1 <2 < --- < n,and the weights ¢y, c, ..., ¢, € Z-o are such thatc; divides ¢;;; forany 1 <i < n.By

induction on n and the periodicity of Proposition 3.15, it suffices to evaluate £(6,d) for O < d < c1+---+¢Cy.
Let a® be the first letter of the standard Lyndon loop word ¢(9, d). Then, we have:

20,d) = [a(k)(a _ 1)(1?2) o1k (a+ 1)(ka+w) (a+ 2)(ka+2) . n(kn)j|

with ki={k-ﬂ—1-‘ ifl<i<a, ki=k-Lifa<i<n.

a Ca

It thus suffices to describe the first letter a®. This is uniquely determined by a sequence encoding
the underlying element a € {1,...,n} as d increases from 1 up to ¢; + ¢z + - - - + ¢». Indeed, the exponent
k of a (as well as the exponent of any other i) is then equal to the number of times this a (respectively i)
appears among the first d terms of that sequence, due to Proposition 3.8. One can depict this sequence
by a table placing each n in the top of a new column to the right and then moving top-to-bottom until
getting to the next n. Let us now present a general rule for the construction of this table:

1) At the first step, place n in the top-left corner;

2) At the i-th step (with 2 <i < n), copy the current table and paste it to the right E::—:i —1 times. After
that, add an extra entry n — i+ 1 at the bottom of the right-most column;

3) Copy the resulting table and paste it to the right ¢c; — 1 times.
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Let us illustrate it with some examples. Forn = 4 and ¢c; = 1,¢c; = 2,¢3 = 6,c4 = 12, the sequence is
443443443244344344321,and so the tableis:

444444444444
3 3 3 3 3 3
2 2

1

Forn=3andc; = 1,c; = 3,c3 = 15, the sequenceis 3333323333323333321,which is thus
encoded by the following table:

333333333333333
2 2 2
1

Likewise, forn=4andc; = 1,0 = 3,c3 = 9,4 = 27, we get the following table:

444444444444444444444444444
3 3 3 3 3 3 3 3 3

2 2 2

1

Remark A.4. We note that similar tables can also be produced for other classical types By, Cy, Dy
with the order 1 < 2 < --- < n. By induction on n, the periodicity of Proposition 3.15, and the
A-type case treated above, it suffices to evaluate £(«, d) for the roots & = myag +- - +Mpoy € AT
withma,...,m, > 1and0 < d < mic1+- - -+mMyc,. The only difference between the corresponding
tables and those for A;-type, is that now when adding each 1 we shall be adding it m; times.
Explicitly, the corresponding table is constructed by the following algorithm:

1) At the first step, build a column of height m, with all entries equal to n;

2) At the i-th step (with 2 < i < n), copy the current table and paste it to the right g:f—ﬁ —1 times. After
that, add m,,_iy; times the number n —i+ 1 at the bottom of the right-most column;

3) Copy the resulting table and paste it to the right ¢; — 1 times.

As an example, consider type C4 with the weightsc; =1,¢c0 =2,¢c3 =6,c4 = 12, and o = 201 + 202 +
2a3 + a4 = 0. Then, we get the following table:

444444444444
3 3 3 3 3
3 3 3 3 3

2

2

=R NN W W

The multiset of all letters appearing in f(a,d) is easily determined by this table: if
pi = mid; + 1 (di € NJO < 17 < m;) denotes the number of times i appears among the first
d terms of the table, then r; exponents of i are d; + 1 and the rest are d;.
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