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Abstract

We find and investigate the structure of solutions to the Ginzburg Landau
equation for a high temperature superconductor with tetragonal symme-
try. This is done near an isolated, rotationally symmetric d-wave vortex
state with its core at the origin defined on all of R2. We prove that the
solution’s s-wave component nucleates near the vortex core for tempera-
tures just below the d-wave critical temperature. We further show that
this causes the radial symmetry to break and that the solution develops
a fourfold symmetry with respect to a rotation by an angle of π

2
.
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1 Introduction

In this paper we analyze solutions to the Ginzburg-Landau (G–L) equation
for a high temperature (high-Tc) superconductor near an isolated vortex state.
We are interested in superconductivity for layered materials with small inter-
layer coupling. As such we work with the two-dimensional problem of a single
superconducting layer (R2). Conventional low temperature superconductivity
can be described with a simpler G–L model given in terms of a complex valued
order parameter ψ and a real, two-dimensional vector field A called the magnetic
potential. The energy density in this case is given as

e1 = |Πψ|2 + α|ψ|2 +
κ2

2
|ψ|4 + |curl A|2

where Π = ∇− iA denotes the covariant derivative, curl A is the magnetic in-
duction, α = κ2(T − Tc) such that κ is the G–L parameter, T is the (constant)
material temperature, and Tc is the critical transition temperature. Supercon-
ducting equilibria nucleate for T < Tc. Motivated by this the energy is nor-
malized by applying the transformation x̃ =

√
(Tc − T ) x, ψ̃ = 1√

(Tc−T )
ψ, and

Ã = 1√
(Tc−T )

A. Suppressing the tilde, the normalized G–L energy is defined as

E1(ψ, A) =
∫

ε1 =
∫

R2

(
|Πψ|2 +

κ2

2
(1− |ψ|2)2 + |curl A|2

)
. (1.1)

For a vector valued B = (B1, B2), curl B = ∂B2
∂x − ∂B1

∂y and for a scalar valued
ξ, curl ξ = (∂2ξ,−∂1ξ). The Euler Lagrange equation of the functional E1 is

F0(ψ, A) ≡
( −Π2ψ − κ2(1− |ψ|2)ψ

curlcurlA + 1
2 i(ψ∗Πψ − ψΠ∗ψ∗)

)
= 0. (1.2)

For κ > 0 the equation (1.2) has a well known vortex solution

ψ(x) = d0 = f1(r)eiθ, A(x) = A0 =
a1(r)

r
x̂⊥

where x̂⊥ = 1
r (−x2, x1)t such that the energy E1(d0, A0) is finite. The functions

f1, a1 are smooth and have following properties (see [3], [8], [14]).

0 < f1 < 1, 0 < a1 < 1 on (0,∞), and f ′1, a
′
1 > 0,

f1 ∼ cr, a1 ∼ dr2 as r → 0, and
1− f1, 1− a1 → 0 at exponential rates as r →∞.

Moreover if κ ≥ √
2 then f1 and a1 are uniquely determined (see [2]). Vortices

in solutions to (1.2) are zeroes of the superconducting density |ψ|2, about which
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supercurrent circulate. They are a stable feature in type II superconductors (i.e.
for κ > 1√

2
), and the vortex solution is an accurate local description of a degree

one vortex in a general stable solution for κ sufficiently large (see [15]). The
model for low temperature superconductivity described above is isotropic and a
signature of this is that the level curves of |ψ|2 for the vortex solution are radial.

In contrast to this, most high-Tc superconductors have anisotropic mean field
features. Here we investigate solutions to a model for certain high-Tc materials
having tetragonal crystal symmetry using a G–L theory with two order param-
eters ψs and ψd, each with a critical temperature T s

c and T d
c (see [10]). The

corresponding energy density takes the form

e2 = |Πψd|2 + K |Πψs|2
+ µ

(
ΠxψdΠ∗xψ∗s −ΠyψdΠ∗yψ∗s + Π∗xψ∗dΠxψs −Π∗yψ∗dΠyψs

)

+ αs|ψs|2 + αd|ψd|2 +
γ

2
|ψs|4 +

κ2

2
|ψd|4 + |curl A|2.

Here, Πx, Πy are the components of the covariant gradient operator Π = ∇− iA
along the crystallographic axes x and y. The coefficients K, κ, γ, and µ are con-
stants independent of T such that K, κ, and γ are positive. An interpretation
of e2 is given in [7]. The superconductor is viewed at the microscopic level as a
square lattice of atoms representing the crystalline structure forming the layer.
Two complex valued order parameters, v and h are introduced representing
the mean field distributions of superconducting electron pairs generated by the
respective vertical and horizontal nearest neighbor bonds of the lattice. Thus
|v|2 (|h|2) represents the number density and v∗Πv−vΠ∗v∗

2i (h∗Πh−hΠ∗h∗
2i ) repre-

sents the supercurrent density of the pairings due to these bonds. The material
is defined to be in a pure d-wave phase if h ≡ −v and it is in a pure s-wave
phase if h ≡ v. Based on these definitions we set ψs = (h+v)√

2
and ψd = (h−v)√

2
.

The coupling constant µ is a measure of the anisotropy of the lattice’s atomic
composition. The signs of the quadratic coefficients determine which phase is
dominant. If αs > 0 and αd < 0 then the term αs|ψs|2 promotes |ψs| ¿ 1 and
the material is classified as a d-wave superconductor. If the signs are reversed
it is labeled a s-wave superconductor. Most low temperature superconductors
are isotropic s-wave materials characterized by µ = 0, αs < 0, and αd > 0. In
this case e2 is uncoupled in ψs and ψd. We see it is energetically favorable to
seek a pure s-wave state (ψd, ψs, A) = (0, ψs, A), and e2 reduces to a density
equivalent to e1.

Let υ be a positive constant. Here we investigate an anisotropic d-wave model
where we assume µ 6= 0, T s

c < T < T d
c , αs = υ(T − T s

c ) > 0, and αd =
κ2(T − T d

c ) < 0. Normalizing e2 as before, in this instance with respect to T d
c ,

we are lead to
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E2(ψd, ψs, A) =
∫

ε2 = (1.3)
∫

R2

(
|Πψd|2 + K|Πψs|2 + µ(ΠxψdΠ∗xψ∗s −ΠyψdΠ∗yψ∗s + c.c.)

+β|ψs|2 +
γ

2
|ψs|4 +

κ2

2
(1− |ψd|2)2 + |curl A|2

)

where β = υ(T−T s
c )

(T d
c −T )

> 0. The corresponding Euler Lagrange equations are

−Π2ψd − µ(Π2
x −Π2

y)ψs − κ2
(
1− |ψd|2

)
ψd = 0 (1.4)

−KΠ2ψs − µ(Π2
x −Π2

y)ψd + βψs + γ|ψs|2ψs = 0 (1.5)

curlcurlA +
1
2
i(ψ∗dΠψd − ψdΠ∗ψ∗d) +

K

2
i(ψ∗sΠψs − ψsΠ∗ψ∗s ) (1.6)

+
µ

2

(−iψsΠ∗xψ∗d + iψ∗dΠxψs + c.c.
iψsΠ∗yψ∗d − iψ∗dΠyψs + c.c.

)
= 0.

We find and investigate the structure of solutions (ψd, ψs, A) that are near the
isolated, rotationally symmetric d-wave vortex state (d0, 0, A0) as T ↑ T d

c . Note
that β(T ) →∞, forcing ψs → 0 as T ↑ T d

c . It is predicted that ψs nucleates away
from 0 as T decreases from T d

c with the nucleation concentrating near the vortex
core of ψd. It is believed that this causes the rotational symmetry of the vortex
state to break and that for T < T d

c the solution develops a fourfold invariance
with respect to a rotation through angle of π

2 . This scenario was proposed and
studied in a series of papers [1],[4],[5],[6],[7],[10],[12],[17] by examining reduced
models, applying numerical simulations, and using formal asympototics. The
most direct evidence of symmetry breaking has come from examining the level
curves to |ψs|. In [17], based on numerical simulations, the authors conjecture
that a fourfold symmetric s-wave component is generated around the vortex and
that its magnitude is of order O( 1

β ) as T ↑ T d
c . The authors of [1] propose a more

refined picture, that asymptotically ψs ≈ µ
β

(
Π2

x −Π2
y

)
ψd ≈ µ

β

(
Π2

0x −Π2
0y

)
d0

as β →∞ where Π0 = ∇− iA0. In [6] the solution is expanded as a series in 1
β

and this relation is derived formally. In [10] the authors analyze the zeroes of
the function

(
Π2

0x −Π2
0y

)
d0. It follows from their work that if κ > 2 then

∣∣(Π2
0x −Π2

0y

)
d0(r, θ)

∣∣ =
∣∣(Π2

0x −Π2
0y

)
d0(r, θ + απ)

∣∣ for all (r, θ)

if and only if 2α ∈ Z.



 (1.7)

This last result is the only prior analytic evidence supporting fourfold symmetry
that we know of.

In this work, we consider the full set of GL equations (1.4)-(1.6) and find a
locally unique solution, prove that it has fourfold symmetry, and establish the
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above approximation rigorously. Setting η = 1
β , s = βψs, and d = ψd we

consider the following equations on all of R2 for small η > 0.

−Π2d− ηµ(Π2
x −Π2

y)s− κ2(1− |d|2)d = 0 (1.8)

−KηΠ2s− µ(Π2
x −Π2

y)d + s + γη3|s|2s = 0 (1.9)

curlcurlA +
1
2
i(d∗Πd− dΠ∗d∗) +

1
2
η2Ki(s∗Πs− sΠ∗s∗) (1.10)

+
ηµ

2

(−isΠ∗xd∗ + id∗Πxs + c.c
isΠ∗yd∗ − id∗Πys + c.c

)
= 0

where Π = ∇ − iA, A = A0 + A1, d = d0 + d1, (d1, A1) ∈ (H2(R2,C) ×
H2(R2,R2)) and s ∈ H2(R2,C). Our main theorem follows.

Theorem 1.1. Given γ, κ > 0 and µ ∈ R there exist constants K1(γ, κ, µ),
η1(K, γ, κ, µ), δ1(K, γ, κ, µ) > 0 such that if K ≥ K1, and 0 < η < η1 then
there exists a unique solution ((d1, A1), ψs) ∈ (H2(R2,C)×H2(R2,R2))∩K⊥×
H2(R2,C) to (1.8) - (1.10), for which ‖(d1, A1)‖H2 ≤ δ1.

Here K = kerF1 where F1 is the linearized operator of F0 at (d0, A0). Moreover,
we can expand w̃1 = (d1, A1) = ηw1 + w2 and show that ‖w2 ‖H2 = O(η2).
We further show that s = µ(Π2

0x − Π2
0y)d0 + O(η) in L2(R2), or equivalently

ψs = ηµ(Π2
0x − Π2

0y)d0 + O(η2), which coincides with what Affleck, Franz, and
Amin stated in [1]. We then prove that the solution satisfies the underlying
invariance for the problem.

Theorem 1.2. Let (d,A, ηs)(η) be the solution from Theorem 1.1. Then

d(x, y) = id(y,−x),
(A1(x, y), A2(x, y)) = (−A2(y,−x), A1(y,−x)),

s(x, y) = −is(y,−x)

for all (x, y) ∈ R2.

We next examine (Π2
0x − Π2

0y)d0 further and show that (1.7) is valid for all
κ 6= 1√

2
. We then combine this with our expansion in η for s to show that radial

symmetry is broken exactly as in Theorem 1.2 by proving a nonlinear version
of (1.7).

Theorem 1.3. Let κ 6= 1√
2

, µ 6= 0, and (d,A, ηs)(η) be the solution from
Theorem 1.1. There exists η2 > 0 so that if 0 < η < η2 then

|s(r, θ)| = |s(r, θ + απ)| for all (r, θ) if and only if 2α ∈ Z.

Lastly we remark that the following existence theorem which is analogous to
Theorem 1.1, requiring that the coupling constant µ be sufficiently small rather
than K be large, is true and can be proved in the same manner. The assertions
from Theorems 1.2 and 1.3 hold for these solutions as well.
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Theorem 1.4. Given K, γ, κ > 0 there exist constants µ0(K, γ, κ), η1(K, γ, κ, µ),
δ1(K, γ, κ, µ) > 0 such that if |µ| ≤ µ0, and 0 < η < η1 then there exists a unique
solution ((d1, A1), ψs) ∈ (H2(R2,C)×H2(R2,R2))∩K⊥×H2(R2,C) to (1.8) -
(1.10), for which ‖(d1, A1)‖H2 ≤ δ1.

2 Existence and uniqueness of the solution

In this section and Section 3 we prove Theorem 1.1 assuming µ = γ = κ = 1
for convenience and note that our analysis works for any µ ∈ R and γ, κ > 0.
Thus we consider the following equations on all of R2.

−Π2d− η(Π2
x −Π2

y)s− (1− |d|2)d = 0 (2.1)

−KηΠ2s− (Π2
x −Π2

y)d + s + η3|s|2s = 0 (2.2)

curlcurlA +
1
2
i(d∗Πd− dΠ∗d∗) +

1
2
η2Ki(s∗Πs− sΠ∗s∗)

+
η

2

(−isΠ∗xd∗ + id∗Πxs + c.c
isΠ∗yd∗ − id∗Πys + c.c

)
= 0 (2.3)

where Π = ∇− iA, A = A0 + A1, d = d0 + d1 and (d1, A1) ∈ (H2(R2,C)×
H2(R2,R2)) and s ∈ H2(R2,C).

We will use w0 = (d0, A0), w1 = (d1, A1) and let

Fη(d1, A1, s) = Fη(d0 + d1, A0 + A1, s)
≡ Fη(w1, s)
≡ F0(d, A) + Hη(d1, A1, s)

where

F0(d,A) ≡
( −Π2d− (1− |d|2)d

curlcurlA + 1
2 i(d∗Πd− dΠ∗d∗)

)
, (2.4)

Hη(d1, A1, s) ≡



−η(Π2
x −Π2

y)s
1
2η2Ki(s∗Πs− sΠ∗s∗) + η

2

(−isΠ∗xd∗ + id∗Πxs + c.c
isΠ∗yd∗ − id∗Πys + c.c

)

(2.5)

and where s is the solution of (2.2) corresponding to (d1, A1). For given
(d1, A1) ∈ H2, the equation (2.2) is the first variation with respect to s for
the energy (2.18). This energy is strictly convex with respect to s and as such
there exists a unique solution s ∈ H1 and it is easy to show that s ∈ H2 since
(d1, A1) ∈ H2.
Now split F0 as a linear part F1 and nonlinear part F2.
Let F0(d0 + d1, A0 + A1) ≡ F1(d1, A1) + F2(d1, A1) where

F1(d1, A1) ≡ (2.6)([−Π2
A0

+
(
2|d0|2 − 1

)]
d1 + d2

0d
∗
1 + i [2ΠA0d0 + d0∇] ·A1

Im
([

Π∗A0
d∗0 − d∗0ΠA0

]
d1

)
+

(−∆ +∇∇+ |d0|2
) ·A1

)
.
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and

F2(w1) ≡ F2(d1, A1) ≡ (2.7)(
2d0|d1|2 + d∗0d

2
1 + |d1|2d1 + |A1|2(d0 + d1) + i(∇ ·A1)d1 + 2iA1 · ∇d1 + 2A0 ·A1d1

−Im (d∗1(∇− iA0)d1) + A1

(
2Re(d∗0d1) + |d1|2

)
)

.

It is easy to see from (1.1) and (1.3) that for any given smooth function ϕ,

ε1(ψ, A) = ε1(ψeiϕ, A +∇ϕ) and ε2(ψd, ψs, A) = ε2(ψde
iϕ, ψse

iϕ, A +∇ϕ)

which is to say that the densities are gauge invariant. The equation (1.2) is
invariant under coordinate translations, and because of the invariance of ε1 the
equation is invariant under gauge transformations as well. Gustafson and Sigal
study the linearized operator F1 in [8]. They use these invariants to characterize
the kernel of F1.

Proposition 1. [8],[16]

K ≡ KerF1 =

span
{ (

id0ϕ
∇ϕ

)
,




∂xd0 − iA1
0d0(

0
∂xA2

0 − ∂yA1
0

)

 ,




∂yd0 − iA2
0d0(

∂yA1
0 − ∂xA2

0

0

)



∣∣∣ϕ ∈ H3
}

,

and (F1w,w) ≥ τ0(w, w) on K⊥ ∩H2 for some τ0 > 0.

Here (w, w) = ‖ f ‖2L2 + ‖g ‖2L2 for

w = (f,g) ∈ L2(R2,C)× L2(R2,R2)

and K⊥ is the subspace orthogonal to K ⊂ L2 × L2. The operator F1 is
an invertible map from K⊥ ∩ H2 onto K⊥. Moreover by elliptic estimates
‖w ‖H2 ≤ τ1 ‖F1(w) ‖L2 for some τ1 < ∞.

2.1 Existence of projected solutions

In this subsection,we will show

P (Fη(d0 + d1, A0 + A1, s)) = 0 (2.8)
−KηΠ2s− (Π2

x −Π2
y)d + s + η3|s|2s = 0 (2.9)

have a unique solution (d1, A1) ∈
(
H2(R2,C)×H2(R2,R2)

) ∩ K⊥ and s ∈
H2(R2,C) using a fixed point theorem where P is the orthogonal projection
onto K⊥.
We need some preliminaries.

Proposition 2. (Interpolation; Gagliardo and Nirenberg) [13]
Let u ∈ Lq

⋂
Lq̃ in Rn and its derivatives of order m,

Dmu ∈ Lr, 1 ≤ q, r ≤ ∞, 0 ≤ j < m, for some q̃ < ∞.
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Then
∥∥Dju

∥∥
p
≤ C ‖Dmu‖a

r ‖u‖1−a
q provided

1 ≤ p ≤ ∞,
1
p

=
j

n
+ a

(
1
r
− m

n

)
+ (1− a)

1
q
, and

j

m
≤ a ≤ 1

(the constant C depending only on n, m, j, q, r, a), with the following exception.
If 1 < r < ∞, and m − j − n

r is a non negative integer then it is required that
j
m ≤ a < 1.

Let M = BH2(0, δ1) ∩ K⊥ and 0 < η ≤ η1 where δ1, η1 > 0 will be fixed
later. For a solution of (2.2) corresponding to a given (d1, A1) ∈ M, we get the
following estimate.

Lemma 2.1. If (d1, A1) ∈ M and s is the solution of (2.2) corresponding to
(d1, A1),then

K2η2
∥∥Π2s

∥∥2

L2 + 2
∫

Kη|Πs|2 + ‖s‖2L2 + 2
∫

η3|s|4

≤ ∥∥ (Π2
x −Π2

y)(d0 + d1)
∥∥2

L2 ≤ C.

(We will use a constant C for any constant independent of η1, δ1, K and η.)

Proof. By (2.9)
∥∥ (−Kη) Π2s + s + η3|s|2s

∥∥2

L2

= K2η2
∥∥Π2s

∥∥2

L2 + ‖s‖2L2 +
∥∥η3s3

∥∥2

L2 + 2
∫

η3|s|4

+
∫

(−Kη)
((

Π2s
)
s∗ +

(
Π2s

)∗
s
)

︸ ︷︷ ︸
(I)

+
∫

(−Kη4)
((

Π2s
) |s|2s∗ +

(
Π2s

)∗ |s|2s
)
.

︸ ︷︷ ︸
(II)

Now (I) = 2
∫

Kη|Πs|2 and

(II) = Kη4

∫
ΠsΠ∗ (ss∗s∗) + c.c.

= Kη4

∫
Πs

(
2 (∇s∗ + iAs∗) |s|2 + (∇s− iAs) (s∗)2

)
+ c.c.

= Kη4

∫
2|Πs|2|s|2 + (Πs)2 (s∗)2 + c.c. ≥ 0.

Since we may assume δ1, η1 ≤ 1,
∥∥Π2

x(d0 + d1)
∥∥
L2

=
∥∥∥ ∂xx (d0 + d1)− 2iA1∂x(d0 + d1)− i∂xA1(d0 + d1)−A1A1(d0 + d1)

∥∥∥
L2

≤ C
(
1 + ‖ d1 ‖H2 +

∥∥ ∂xA1d1

∥∥
L2 +

∥∥ ∂xd1A
1
∥∥
L2 +

∥∥A1A1d1

∥∥
L2

)

≤ C + C
∥∥ ∂xA1

∥∥
L4 ‖ d1 ‖L4 + C ‖ ∂xd1 ‖L4

∥∥A1
∥∥
L4

≤ C + C
∥∥A1

∥∥
H2 ‖ d1 ‖H2 ≤ C.
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Here and after we use Proposition 2 for various values. For example, the third
inequality follows from Proposition 2 for p = 4, j = 0,m = 1, q = r = n =
2 and a = 1

2 .
So the claim follows.

Using
∫
|Πs|2 =

∫ (|∇s|2 − iAs∇s∗ + iAs∗∇s + A ·Ass∗
) ≥ 1

2

∫
|∇s|2 − C1

∫
|s|2,

we can get the following inequality if we choose η1 small enough (e.g.Kη1C1 ≤
1
8 ).

K2η2
∥∥Π2s

∥∥2

L2 +
∫

Kη|∇s|2 +
1
2
‖s‖2L2 +

∫
η3|s|4

≤
∥∥ (Π2

x −Π2
y)(d0 + d1)

∥∥2

L2 ≤ C. (2.10)

Lemma 2.2. If s satisfies (2.9), then

η ‖∆s ‖L2 ≤ C

K
+ Cη1.

Proof.

‖∆s ‖L2 ≤
∥∥Π2s

∥∥
L2 + ‖ 2A · ∇s ‖L2 + ‖ (∇ ·A) s ‖L2 + ‖A ·As ‖L2

∥∥ Π2s
∥∥
L2 ≤ C

ηK

‖ 2A · ∇s ‖L2 ≤ C1 ‖∇s ‖L2 ≤ C1

(‖∆s‖L2

2C1
+ C2 ‖s‖L2

)
.

The second inequality is due to Lemma 2.1.
Moreover, using Proposition 2 we have

‖ (∇ ·A)s ‖L2 ≤ C ‖s‖L2 + ‖ (∇ ·A1)s ‖L2

≤ C ‖s‖L2 + ‖∇ ·A1 ‖L4 ‖s‖L4

≤ C ‖s‖L2 + Cδ1

(
‖∆s ‖

1
4
L2 ‖s‖

3
4
L2

)

≤ C ‖s‖L2 + C3δ1 ‖∆s‖L2 + Cδ1 ‖s‖L2 .

Also ‖A ·As‖L2 ≤ C ‖s‖L2 by Proposition 2. Therefore, if C3δ1 ≤ 1
4 then

η ‖∆s‖L2 ≤ C

K
+ Cη ‖s‖L2 ≤ C

K
+ Cη1.

Note. If we choose η1 small and K big enough, we can make η ‖s‖H2 ≤ δ2

(for any δ2 > 0) which will be fixed later. Without loss of generality we may
put K = C0

δ2
for some fixed constant C0.
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Lemma 2.3. For given w1 = (d1, A1), w2 = (d2, A2) ∈ M, let s1, s2 be the
solutions of the following equations

−KηΠ2
1s1 −

(
Π2

1x −Π2
1y

)
(d0 + d1) + s1 + η3|s1|2s1 = 0 (2.11)

−KηΠ2
2s2 −

(
Π2

2x −Π2
2y

)
(d0 + d2) + s2 + η3|s2|2s2 = 0 (2.12)

where Π1 = ∇−i (A0 + A1) Π2 = ∇−i (A0 + A2) , Π1x = ∇x−i (A0 + A1)
1

and A1
0 means first component of A0 and A2

0 means second component of A0.
Then

η ‖s1 − s2‖H2 ≤
(

C

K
+ η1C

)
‖ (d1, A1)− (d2, A2) ‖H2

≤ Cδ2 ‖w1 − w2‖H2 .

Proof. From (2.11) and (2.12)

−KηΠ2
1 (s1 − s2) + s1 − s2 + η3|s1 − s2|2 (s1 − s2)

= Kη
(
Π2

1 −Π2
2

)
s2 +

(
Π2

1x −Π2
1y

)
d1 −

(
Π2

2x −Π2
2y

)
d2

+
(
Π2

1x −Π2
1y

)
d0 −

(
Π2

2x −Π2
2y

)
d0

−η3 (s1s
∗
2 + s∗1s2) (s1 − s2)− η3s1s2(s∗1 − s∗2).

Similar to Lemma 2.1

1
8

(
K2η2

∥∥ Π2
1(s1 − s2)

∥∥2

L2 +
∫

Kη|∇(s1 − s2)|2 + ‖s1 − s2‖2L2 +
∫

η3|s1 − s2|4
)

≤
∥∥ (

Π2
1x −Π2

1y

)
d1 −

(
Π2

2x −Π2
2y

)
d2

∥∥2

L2 +
∥∥Kη

(
Π2

1 −Π2
2

)
s2

∥∥2

L2

+
∥∥ (

Π2
1x −Π2

1y

)
d0 −

(
Π2

2x −Π2
2y

)
d0

∥∥2

L2

+‖η3 (s1s
∗
2 + s∗1s2) (s1 − s2) + η3s1s2 (s∗1 − s∗2)‖2L2 .

Since

‖η3 (s1s
∗
2 + s∗1s2) (s1 − s2) + η3s1s2 (s∗1 − s∗2)‖L2

≤ C1ηδ2
2 ‖ s1 − s2 ‖L2 ,

1
16

(
Kη

∥∥Π2
1 (s1 − s2)

∥∥
L2 + ‖s1 − s2‖L2

)

≤ ∥∥ Π2
1xd1 −Π2

2xd2

∥∥
L2 +

∥∥Π2
1yd1 −Π2

2yd2

∥∥
L2 +

∥∥Kη
(
Π2

1 −Π2
2

)
s2

∥∥
L2

+
∥∥Π2

1xd0 −Π2
2xd0

∥∥
L2 +

∥∥Π2
1yd0 −Π2

2yd0

∥∥
L2 .
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The first term
∥∥Π2

1xd1 −Π2
2xd2

∥∥
L2

≤
∥∥∥ ∂xxd1 − 2i

(
A1

0 + A1
1

)
∂xd1 − i∂x

(
A1

0 + A1
1

)
d1 −

(
A1

0 + A1
1

) (
A1

0 + A1
1

)
d1

−∂xxd2 − 2i
(
A1

0 + A1
2

)
∂xd2 − i∂x

(
A1

0 + A1
2

)
d2 −

(
A1

0 + A1
2

) (
A1

0 + A1
2

)
d2

∥∥∥
L2

≤ ‖ ∂xxd1 − ∂xxd2 ‖L2 +
∥∥ 2iA1

0 (∂xd1 − ∂xd2)
∥∥
L2 +

∥∥ i∂xA1
0 (d1 − d2)

∥∥
L2

+
∥∥A1

0A
1
0 (d1 − d2)

∥∥
L2 +

∥∥ 2A1
0

(
A1

1d1 −A1
2d2

) ∥∥
L2 +

∥∥ A1
1A

1
1d1 −A1

2A
1
2d2

∥∥
L2

+2
∥∥A1

1∂xd1 −A1
2∂xd2

∥∥
L2 +

∥∥ ∂xA1
1d1 − ∂xA1

2d2

∥∥
L2 .

First four terms are easily bounded by C
∥∥∥w1 − w2

∥∥∥
H2

.

2
∥∥ A1

0

(
A1

1d1 −A1
2d2

) ∥∥
L2 ≤ C

∥∥A1
1d1 −A1

2d2

∥∥
L2

= C
∥∥A1

1d1 −A1
1d2 + A1

1d2 −A1
2d2

∥∥
L2

≤ C
(∥∥A1

1

∥∥
∞ ‖d1 − d2‖L2 + ‖d2‖∞

∥∥A1
1 −A1

2

∥∥
L2

)

≤ C ‖w1 − w2 ‖H2 .

Similarly,
∥∥∥A1

1A
1
1d1 −A1

2A
1
2d2

∥∥∥
L2
≤ C

∥∥∥w1 − w2

∥∥∥
H2

and

2
∥∥A1

1∂xd1 −A1
2∂xd2

∥∥
L2

= 2
∥∥ A1

1∂xd1 −A1
2∂xd1 + A1

2∂xd1 −A1
2∂xd2

∥∥
L2

≤ 2
∥∥ A1

1 −A1
2

∥∥
L4 ‖ ∂xd1 ‖L4 +

∥∥A1
2

∥∥
∞ ‖ ∂xd1 − ∂xd2 ‖L2

≤ C
∥∥D2

(
A1

1 −A1
2

) ∥∥ 1
4

L2

∥∥ (
A1

1 −A1
2

) ∥∥ 3
4

L2

∥∥D2d1

∥∥ 3
4

L2 ‖ d1 ‖
1
4
L2 + C ‖w1 − w2 ‖H2

≤ C ‖w1 − w2 ‖H2 .

Furthermore,
∥∥ ∂xA1

1d1 − ∂xA1
2d2

∥∥
L2 is estimated in the same manner.

Therefore
∥∥Π2

1xd1 −Π2
2xd2

∥∥
L2 ≤ C ‖w1 − w2 ‖H2 and

∥∥Π2
1yd1 −Π2

2yd2

∥∥
L2 ≤ C ‖w1 − w2 ‖H2 .

∥∥Kη
(
Π2

1 −Π2
2

)
s2

∥∥
L2

≤ ‖Kη (−i∇(A0 + A1)s2 + i∇(A0 + A2)s2) ‖L2 (≡ I1)
+2Kη ‖ (A0 + A1)∇s2 − (A0 + A2)∇s2 ‖L2 (≡ I2)
+Kη ‖ (A0 + A1) · (A0 + A1) s2 − (A0 + A2) · (A0 + A2) s2 ‖L2 (≡ I3)

I1 ≤ K ‖ηs2‖∞ ‖∇A1 −∇A2 ‖L2

≤ CKδ2 ‖∇A1 −∇A2 ‖L2 ≤ C ‖w1 − w2 ‖H2
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I2 ≤ 2Kη ‖ (A1 −A2)∇s2 ‖L2

≤ 2K ‖A1 −A2 ‖4 ‖η∇s2 ‖4
≤ CK

∥∥D2 (A1 −A2)
∥∥ 1

4

L2 ‖A1 −A2 ‖
3
4
L2

∥∥ ηD2s2

∥∥ 3
4

L2 ‖ ηs2 ‖
1
4
L2

≤ CKδ2 ‖w1 − w2 ‖H2 ≤ C ‖w1 − w2 ‖H2

I3 = Kη ‖ 2A0 (A1 −A2) s2 + (A1 + A2) · (A1 −A2) s2 ‖L2

≤ CK ‖ ηs2 ‖∞ ‖A1 −A2 ‖L2

+CK ‖ ηs2 ‖∞
(
‖A1‖∞ + ‖A2‖∞

)
‖A1 −A2 ‖L2

≤ CKδ2 ‖w1 − w2 ‖H2 ≤ C ‖w1 − w2 ‖H2 .

Therefore

Kη
∥∥Π2

1 (s1 − s2)
∥∥
L2 + ‖ s1 − s2 ‖L2 ≤ C ‖w1 − w2 ‖H2 . (2.13)

As in the proof of lemma 2.2,

η ‖∆(s1 − s2) ‖L2 ≤ C ‖w1 − w2 ‖H2

K
+ Cη1 ‖ (s1 − s2) ‖L2 .

So η ‖ s1 − s2 ‖H2 ≤
(

C
K +η1C

)
‖w1 − w2 ‖H2 . Therefore, the claim follows.

Note η ‖ s1 − s2 ‖H2 ≤ Cδ2 ‖w1 − w2 ‖H2 .

Lemma 2.4. If s1, s2 satisfy (2.2) corresponding to w1, w2 respectively, then

‖Hη (d1, A1, s1)−Hη (d2, A2, s2) ‖L2 ≤ Cδ2 ‖w1 − w2 ‖H2 .

Proof. Recall

Hη(d1, A1, s) ≡



−η(Π2
x −Π2

y)s
1
2 (η2Ki(s∗Πs− sΠ∗s∗)) + η

2

(−isΠ∗xd∗ + id∗Πxs + c.c
isΠ∗yd∗ − id∗Πys + c.c

)

 .

We will prove the inequality for each term separately.

‖ηΠ2
1xs1 − ηΠ2

2xs2‖L2

=
∥∥∥ η (∇− i(A0 + A1))

1 (∇− i(A0 + A1))
1
s1

−η (∇− i(A0 + A2))
1 (∇− i(A0 + A2))

1
s2

∥∥∥
L2

≤ ‖ η∂xx(s1 − s2) ‖L2 + η
∥∥ 2i(A0 + A1)1 · ∂xs1 − 2i(A0 + A2)1 · ∂xs2

∥∥
L2

+η
∥∥ ∂x(A0 + A1)1s1 − ∂x(A0 + A2)1s2

∥∥
L2

+η
∥∥ (A0 + A1)1(A0 + A1)1s1 − (A0 + A2)1(A0 + A2)1s2

∥∥
L2

= (1) + (2) + (3) + (4)

12



By Lemma 2.3

(1) ≤ η ‖ s1 − s2 ‖H2 ≤ Cδ2 ‖w1 − w2 ‖H2

(2) ≤ Cη ‖ ∂xs1 − ∂xs2 ‖L2 + Cη ‖A1 −A2 ‖L4 ‖ ∂xs1 ‖L4

≤ Cδ2 ‖w1 − w2 ‖H2

(3) ≤ ∥∥ η
(
∂xA1

0

)
(s1 − s2)

∥∥
L2 +

∥∥ η
(
∂xA1

1s1 − ∂xA1
2s2

) ∥∥
L2

≤ C ‖ η(s1 − s2) ‖H2 +
∥∥ η

(
∂xA1

1 − ∂xA1
2

)
s1 + η∂xA1

2(s1 − s2)
∥∥
L2

≤ Cδ2 ‖w1 − w2 ‖H2 + ‖ ηs1 ‖∞ ‖ ∂x(A1 −A2) ‖L2 + ‖ ∂xA2 ‖L4 ‖ η(s1 − s2) ‖L4

≤ Cδ2 ‖w1 − w2 ‖H2 + Cδ2 ‖w1 − w2 ‖H2 + C ‖A2 ‖H2 ‖ η(s1 − s2) ‖H2

≤ Cδ2 ‖w1 − w2 ‖H2

(4) ≤ η
∥∥A1

0A
1
0s1 −A1

0A
1
0s2

∥∥
L2 + 2η

∥∥A1
1A

1
0s1 −A1

2A
1
0s2

∥∥
L2

+ η
∥∥ A1

1A
1
1s1 −A1

2A
1
2s2

∥∥
L2

≤ Cη ‖ s1 − s2 ‖H2 + Cη
∥∥ A1

1s1 −A1
2s1 + A1

2(s1 − s2)
∥∥
L2

+η
∥∥ A1

1A
1
1s1 −A1

2A
1
2s1 + A1

2A
1
2(s1 − s2)

∥∥
L2

≤ Cδ2 ‖w1 − w2 ‖H2 + 2C ‖ ηs1 ‖∞ ‖A1 −A2 ‖L2 + 2Cδ2 ‖ η(s1 − s2) ‖H2

+ ‖ ηs1 ‖∞
∥∥A1

1A
1
1 −A1

2A
1
2

∥∥
L2 + η ‖A2 ‖2∞ ‖ s1 − s2 ‖L2

≤ Cδ2 ‖w1 − w2 ‖H2 .

Similarly
∥∥ ηΠ2

1ys1 − ηΠ2
2ys2

∥∥
L2 ≤ Cδ2 ‖w1 − w2 ‖H2 .

∥∥ η2Ks∗1 (∇− i(A0 + A1)) s1 − η2Ks∗2 (∇− i(A0 + A2)) s2

∥∥
L2

≤
∥∥ η2Ks∗1∇s1 − η2Ks∗2∇s2

∥∥
L2︸ ︷︷ ︸

(1)

+
∥∥ η2Ks∗1(A0 + A1)s1 − η2Ks∗2(A0 + A2)s2

∥∥
L2︸ ︷︷ ︸

(2)

.

(1) ≤ η2K ‖ s∗1∇s1 − s∗2∇s1 + s∗2 (∇s1 −∇s2) ‖L2

≤ K ‖ η (s∗1 − s∗2) ‖L4 ‖ η∇s1 ‖L4 + ‖ ηs2 ‖∞ ηK ‖∇s1 −∇s2 ‖L2

≤ Cδ2Kδ2 ‖w1 − w2 ‖H2 + Cδ2Kδ2 ‖w1 − w2 ‖H2

≤ Cδ2 ‖w1 − w2 ‖H2 since δ2K = C0, a fixed constant.

(2) ≤
∥∥ η2KA0s1s

∗
1 − η2KA0s2s

∗
2

∥∥
L2︸ ︷︷ ︸

I

+
∥∥ η2KA1s1s

∗
1 − η2KA2s2s

∗
2

∥∥
L2 .︸ ︷︷ ︸

II
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I ≤ CK
∥∥ η2 (s1s

∗
1 − s1s

∗
2 + s1s

∗
2 − s2s

∗
2)

∥∥
L2

≤ CK ‖ ηs1 ‖∞ ‖ η (s∗1 − s∗2) ‖L2 + CK ‖ ηs2 ‖∞ ‖ η (s1 − s2) ‖L2

≤ CKδ2
2 ‖w1 − w2 ‖H2 ≤ Cδ2 ‖w1 − w2 ‖H2 .

II ≤ K
∥∥ η2 (A1s1s

∗
1 −A2s1s

∗
1 + A2s1s

∗
1 −A2s1s

∗
2 + A2(s1 − s2)s∗2)

∥∥
L2

≤ K
(
‖ ηs1 ‖2∞ ‖A1 −A2 ‖L2 + ‖A2 ‖∞ ‖ ηs1 ‖∞ η ‖ s1 − s2 ‖L2

+ ‖A2 ‖∞ ‖ ηs2 ‖∞ ‖ η(s1 − s2) ‖L2

)

≤ Cδ2 ‖w1 − w2 ‖H2 .

∥∥∥ ηs1 (∇+ i(A0 + A1))
1 (d∗0 + d∗1)− ηs2 (∇+ i(A0 + A2))

1 (d∗0 + d∗2)
∥∥∥
L2

≤ ‖ η∂xd∗0(s1 − s2) ‖L2︸ ︷︷ ︸
(1)

+ ‖ ηs1∂xd∗1 − ηs2∂xd∗2 ‖L2︸ ︷︷ ︸
(2)

+
∥∥∥ ηs1 (A0 + A1)

1 (d∗0 + d∗1)− ηs2 (A0 + A2)
1 (d∗0 + d∗2)

∥∥∥
L2︸ ︷︷ ︸

(3)

.

(1) ≤ C ‖ η(s1 − s2) ‖H2 ≤ Cδ2 ‖w1 − w2 ‖H2

(2) = ‖ ηs1∂xd∗1 − ηs1∂xd∗2 + η(s1 − s2)∂xd∗2 ‖L2

≤ ‖ ηs1 ‖∞ ‖ ∂xd1 − ∂xd2 ‖L2 + ‖ η(s1 − s2) ‖∞ ‖ ∂xd2 ‖L2

≤ Cδ2 ‖w1 − w2 ‖H2

(3) ≤ ∥∥ η(s1 − s2)A1
0d
∗
0

∥∥
L2 +

∥∥ ηs1A
1
1d
∗
0 − ηs2A

1
2d
∗
0

∥∥
L2

+
∥∥ ηs1A

1
0d
∗
1 − ηs2A

1
0d
∗
2

∥∥
L2 +

∥∥ ηs1A
1
1d
∗
1 − ηs2A

1
2d
∗
2

∥∥
L2

= I + II + III + IV.

I ≤ C ‖ η(s1 − s2) ‖H2 ≤ Cδ2 ‖w1 − w2 ‖H2

II ≤ C
∥∥ ηs1A

1
1 − ηs1A

1
2 + (ηs1 − ηs1)A1

2

∥∥
L2

≤ C ‖ ηs1 ‖∞ ‖A1 −A2 ‖L2 + C ‖A2 ‖∞ ‖ η(s1 − s2) ‖L2

≤ Cδ2 ‖w1 − w2 ‖H2

III ≤ C ‖ ηs1d
∗
1 − ηs2d

∗
1 + ηs2 (d∗1 − d∗2) ‖L2

≤ Cδ2 ‖w1 − w2 ‖H2

IV ≤ ∥∥ ηs1A
1
1d
∗
1 − ηs2A

1
1d
∗
1 + ηs2d

∗
1

(
A1

1 −A1
2

)
+ ηs2A

1
2 (d∗1 − d∗2)

∥∥
L2

≤ Cδ2 ‖w1 − w2 ‖H2 + ‖ ηs2 ‖∞ ‖ d1 ‖∞ ‖A1 −A2 ‖L2

+ ‖ ηs2 ‖∞ ‖A2 ‖∞ ‖ d1 − d2 ‖L2

≤ Cδ2 ‖w1 − w2 ‖H2 .

Furthermore η
2 i(sΠ∗yd∗−id∗Πys) can be estimated in the same way. Therefore

‖Hη(d1, A1, s1)−Hη(d2, A2, s2) ‖L2 ≤ Cδ2 ‖w1 − w2 ‖H2 .
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Lemma 2.5.

‖F2(w1)− F2(w2) ‖L2 ≤ Cδ1 ‖w1 − w2 ‖H2 for w1, w2 ∈ M.

Proof.
∥∥ 2d0|d1|2 − 2d0|d2|2

∥∥
L2 ≤ C ‖ d∗1d1 − d∗2d1 + d∗2(d1 − d2) ‖L2

≤ C ‖ d1 ‖∞ ‖ d1 − d2 ‖L2 + C ‖ d2 ‖∞ ‖ d1 − d2 ‖L2

≤ Cδ1 ‖w1 − w2 ‖H2 .

Similar estimates hold for
∥∥ d∗0d

2
1 − d∗0d

2
2

∥∥
L2 ,

∥∥ |A1|2d0 − |A2|2d0

∥∥
L2 and

‖ 2A0 ·A1d1 − 2A0 ·A2d2 ‖L2 .

‖ i(∇ ·A1)d1 − i(∇ ·A2)d2 ‖L2

≤ ‖ (∇ ·A1)d1 − (∇ ·A2)d1 + (∇ ·A2)(d1 − d2) ‖L2

≤ ‖ d1 ‖∞ ‖∇(A1 −A2) ‖L2 + ‖∇ ·A2 ‖L4 ‖ d1 − d2 ‖L4

≤ Cδ1 ‖A1 −A2 ‖H2 + Cδ1 ‖ d1 − d2 ‖H2 ≤ Cδ1 ‖w1 − w2 ‖H2 .

∥∥ |d1|2d1 − |d2|2d2

∥∥
L2 ≤

∥∥ |d1|2d1 − |d2|2d1 + |d2|2(d1 − d2)
∥∥
L2

≤ ‖ d1 ‖∞
∥∥ |d1|2 − |d2|2

∥∥
L2 + ‖ d2 ‖2∞ ‖ d1 − d2 ‖L2

≤ Cδ1 ‖ d1 − d2 ‖H2 .

The remaining differences are estimated in an identical manner. Therefore the
claim follows.

Lemma 2.6. If w1 = (d1, A1) ∈ M then

(1) ‖F2(w1) ‖L2 ≤ Cδ2
1 and (2) ‖Hη(w1, s) ‖L2 ≤ Cδ2.

Proof.

(1)
∥∥ 2d0|d1|2

∥∥
L2 ≤ C ‖ d1 ‖2∞ ≤ Cδ2

1

‖ i(∇ ·A1)d1 ‖L2 ≤ C ‖ d1 ‖∞ ‖∇ ·A1 ‖L2 ≤ Cδ2
1∥∥ |d1|2d1

∥∥
L2 ≤ ‖ d1 ‖3∞ ≤ Cδ2

1 .

All other terms are similar to these.

(2)
∥∥ η

(
Π2

x −Π2
y

)
s
∥∥
L2 ≤

∥∥ ηΠ2
xs

∥∥
L2︸ ︷︷ ︸

I

+
∥∥ ηΠ2

ys
∥∥
L2 .

︸ ︷︷ ︸
II

I ≤ η ‖ ∂xxs ‖L2 + η
∥∥ 2A1∂xs

∥∥
L2 + η

∥∥ ∂xA1s
∥∥
L2 + η

∥∥A1A1s
∥∥
L2

≤ Cδ2 + Cη ‖A ‖H2 ‖ s ‖H2 + Cη ‖A ‖2H2 ‖ s ‖H2 ≤ Cδ2.
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Similarly, II ≤ Cδ2.
∥∥ η2Ks∗Πs

∥∥
L2 ≤ η2K ‖ s∗ (∇− iA) s ‖L2

≤ η2K ‖ s∗∇s ‖L2 + Cη2K ‖ s∗s ‖L2

≤ Cη2K ‖ s ‖2H2 ≤ Cδ2.

Similarly, ‖ ηsΠ∗xd∗ ‖L2 ≤ Cδ2 and ‖ ηdΠxs ‖L2 ≤ Cδ2. So the claim follows.

Theorem 2.1. There exist K1, η1(K), δ1(K), > 0 such that if K ≥ K1,
0 < η < η1 then there exists a unique solution ((d1, A1), s) ∈ (H2(R2,C) ×
H2(R2,R2))∩K⊥×H2(R2,C) to (2.8) and (2.9), for which ‖(d1, A1)‖H2 ≤ δ1.

Proof. We argue as in [16].
If w ∈ M and s is the solution of (2.9) corresponding to w, then

Fη(w0 + w, s) = F1(w) + F2(w) + Hη(w, s) and
PFη(w0 + w, s) = PF1(w) + PF2(w) + PHη(w, s).

Since L0 ≡ (PF1)
∣∣∣
K⊥∩H2

is invertible and ‖w‖H2 ≤ τ1 ‖L0(w) ‖L2 ,

L−1
0 (PFη(w0 + w, s)) = w + L−1

0 (PF2(w) + PHη(w)) .

Now let

Sη(w) = −L−1
0 (PF2(w) + PHη(w, s))

then

‖Sη(w) ‖H2 ≤ τ1 ‖PF2(w) + PHη(w, s) ‖L2

≤ τ1

(
‖PF2(w) ‖L2 + ‖PHη(w, s) ‖L2

)

≤ τ1

(
C1δ

2
1 + C2δ2

)
.

We choose δ1 sufficiently small so that τ1C1δ1 ≤ 1
2 . Then take K big enough

and η1 small enough so that τ1C2δ2 ≤ 1
2δ1. We then have ‖Sη(w) ‖H2 ≤ δ1.

Thus Sη(w) ∈ M if w ∈ M. Furthermore

‖Sη(w1)− Sη(w2) ‖H2 ≤ τ1 ‖F2(w1)− F2(w2) ‖L2 + τ1 ‖Hη(w1, s1)−Hη(w2, s2) ‖L2

≤ τ1

(
Cδ1 ‖w1 − w2 ‖H2 + Cδ2 ‖w1 − w2 ‖H2

)

≤ 1
2
‖w1 − w2 ‖H2

if τ1C(δ1 + δ2) ≤ 1
2 , where s1 and s2 are the solutions of (2.9) corresponding

to w1 and w2. Therefore Sη is a contraction map and Sη has a unique fixed
point wη in M. Then (wη, sη) solves the equations (2.8), (2.9) where sη is the
solution (2.9) corresponding to wη. Therefore this proves the theorem.
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2.2 w1 = O(η)

In this section,we show that if (w1, s) is the solution found in Section 2.1, then
‖w1 ‖H2 ≤ CKη. Let w1 = (d1, A1) ∈ M, s = s0 + s1 be the unique solution of

PFη(d0 + d1, A0 + A1, s) = 0
−KηΠ2s− (Π2

x −Π2
y)d + s + η3|s|2s = 0

where d = d0 + d1, A = A0 + A1, s0 =
(
Π2

0x −Π2
0y

)
d0. Then s0 is smooth and

is in H2.
We need some properties of F2(w1) and Hη(w1, s).

Lemma 2.7. (1) ‖F2(w1) ‖L2 ≤ Cδ1 ‖w1 ‖H2

(2) ‖Hη(w1, s0 + s1) ‖L2 ≤ Cη
(∥∥D2s1

∥∥
L2 + ‖ s1 ‖L2

)
+ Cη ‖ s0 ‖H2 .

Proof. (1) By simple estimation, the claim follows.
(2) Using

η
∥∥ (

Π2
x −Π2

y

)
s
∥∥
L2 ≤

∥∥ ηΠ2
xs

∥∥
L2 + η

∥∥Π2
ys

∥∥
L2 ,

∥∥Π2
x(s0 + s1)

∥∥
L2

=
∥∥ ∂xx(s0 + s1)− 2iA1∂x(s0 + s1)− i(s0 + s1)∂xA1 − (A1A1)(s0 + s1)

∥∥
L2

≤ ‖ ∂xxs0 ‖L2 + ‖ ∂xxs1 ‖L2 + C ‖ ∂x(s0 + s1) ‖L2

+ ‖ s0 + s1 ‖L4

∥∥ ∂xA1
∥∥
L4 + C ‖ s0 + s1 ‖L2 .

Thus
∥∥ η

(
Π2

x −Π2
y

)
s
∥∥
L2 ≤ Cη

(∥∥D2s1

∥∥
L2 + ‖ s1 ‖L2

)
+ Cη ‖ s0 ‖H2 , (2.14)

Since Π0d0 ∈ L2,

‖ sΠ∗xd∗ ‖L2 ≤ ‖s‖∞ ‖Π∗xd ‖L4 ≤ C‖s‖H2

≤ C
(∥∥D2s1

∥∥
L2 + ‖ s1 ‖L2

)
+ C ‖ s0 ‖H2 , (2.15)

η2K ‖ s∗(∇− iA)s ‖L2 ≤ η2K (‖s‖∞‖∇s‖L2 + C‖s‖∞‖s‖L2)
≤ Cη

(‖s1‖L2 +
∥∥D2s1

∥∥
L2 + ‖s0‖H2

)
. (2.16)

Note. ‖ηs‖∞ ≤ C‖ηs‖H2 ≤ Cδ2 and δ2K = C0 a constant. By (2.14), (2.15)
and (2.16), the claim follows.

Lemma 2.8. Kη
∥∥Π2s1

∥∥
L2 + ‖ s1 ‖L2 ≤ CKη + C‖w1‖H2

Proof. Set s = s0 + s1 in (2.2). Thus s1 satisfies

− KηΠ2s1 + s1 + η3|s1|2s1

=
(
Π2

x −Π2
y

)
d1︸ ︷︷ ︸

(1)

+KηΠ2s0︸ ︷︷ ︸
(2)

+
((

Π2
x −Π2

0x

)− (
Π2

y −Π2
0y

))
d0︸ ︷︷ ︸

(3)

−η3
(|s0|2s0 + 2|s0|2s1 + s2

0s
∗
1 + s∗0s

2
1 + 2|s1|2s0

)
.︸ ︷︷ ︸

(4)

17



Since ‖ ηs ‖H2 ≤ δ2 and s0 ∈ H2, we may assume ‖ ηs1 ‖H2 ≤ 2δ2. (Choose
small η1 if necessary.) As in (2.10),

K2η2
∥∥Π2s1

∥∥2

L2 +
∫

Kη|∇s1|2 + ‖s1‖2L2 +
∫

η3|s1|4

≤ C1

(
‖ (1) ‖2L2 + ‖ (2) ‖2L2 + ‖ (3) ‖2L2 + ‖ (4) ‖2L2

)
.

C1 ‖ (4) ‖2L2 ≤ 4C1η
2(

∥∥ |s0|2s0

∥∥2

L2 +
∥∥ 2|s0|2s1

∥∥2

L2 +
∥∥ |s0|2s1

∗ ∥∥2

L2

+
∥∥ s0

∗s1
2 + 2|s1|2s0

∥∥2

L2)

≤ Cη2 + C2η
2 ‖ s1 ‖2L2 + C3η

2

∫
|s1|4.

Therefore if we choose η1 small enough such that C2η
2
1 ≤ 1

8 and C3η1 ≤ 1
8 , then

Kη
∥∥Π2s1

∥∥
L2 + ‖ s1 ‖L2 ≤ Cη + C (‖ (1) ‖L2 + ‖ (2) ‖L2 + ‖ (3) ‖L2) and

∥∥Π2
xd1

∥∥
L2 =

∥∥ ∂xxd1 − 2iA1∂xd1 − d1∂xA1 −A1 ·A1d1

∥∥
L2

≤ C ‖ d1 ‖H2 + 2 ‖A ‖∞ ‖ ∂xd1 ‖L2 +
∥∥ d1

(
∂xA1

0 + ∂xA1
1

) ∥∥
L2 + ‖A ‖∞ ‖ d1 ‖L2 .

Using Proposition 2, we can estimate the term
∥∥ d1∂xA1

1

∥∥
L2 ≤ ‖ d1 ‖L4

∥∥ ∂xA1
1

∥∥
L4 ≤ C ‖ d1 ‖H2 ‖A1 ‖H2 ≤ C ‖w1 ‖H2 .

All other terms related to (1) can be easily bounded by C ‖w1 ‖H2 .
So ‖(1)‖L2 ≤ C‖w1‖H2 .

‖ (2) ‖L2 ≤ Kη
∥∥ Π2s0

∥∥
L2

= Kη ‖∆s0 − 2iA · ∇s0 − is0∇ ·A−A ·As0 ‖L2

≤ Kη (‖∆s0 ‖L2 + C ‖∇s0 ‖L2 + ‖ s0 ‖L4 ‖∇ ·A1 ‖L4)
≤ CKη.

In (3), the term
∥∥ (

Π2
x −Π2

0x

)
d0

∥∥
L2 =

∥∥−iA1
1

(
∂x − iA1

0

)
d0 − i

(
∂x − iA1

0 − iA1
1

) (
A1

1d0

) ∥∥
L2

≤ C ‖A1 ‖L2 + C ‖DA1 ‖L2 + C ‖A1 ‖L2

≤ C ‖w1 ‖H2 .

So ‖(3)‖L2 ≤ C‖w1‖H2 .

Theorem 2.2. Let w1, s = s0 +s1 be the unique solution of (2.8) - (2.9) found
in Section 2.1. Then there exists a η2 = η2(K) > 0 such that ‖w1 ‖H2 ≤ Cη
for any 0 < η < η2 ≤ η1.
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Proof. Since PF1(w1) = −P (F2(w1) + Hη(w1, s)),

‖w1 ‖H2 ≤ τ1 ‖PF1(w1) ‖L2

≤ τ1

(‖F2(w1) ‖L2 + ‖Hη(w1, s) ‖L2

)

≤ C1δ1 ‖w1 ‖H2 + Cη
(∥∥D2s1

∥∥
L2 + ‖ s1 ‖L2

)
+ Cη.

Taking δ1 sufficiently small ( e.g. C1δ1 ≤ 1
2 ) if necessary, we get

‖w1 ‖H2 ≤ Cη
(∥∥ D2s1

∥∥
L2 + ‖ s1 ‖L2

)
+ Cη. (2.17)

Like in Lemma 2.2,

K2η2
∥∥D2s1

∥∥
L2 + ‖s1‖2L2 ≤ CK2η2

∥∥Π2s1

∥∥2

L2 + C2K
2η2‖s1‖2L2 + ‖s1‖2L2 .

If η2 is small enough ( e.g. C2K
2η2

2 ≤ 1),

K2η2
∥∥D2s1

∥∥2

L2 + ‖s1‖2L2 ≤ CK2η2
∥∥Π2s1

∥∥2

L2 + 2‖s1‖2L2

≤ C1 ‖w1 ‖2H2 + CK2η2

≤ C1η
2
(∥∥D2s1

∥∥2

L2 + ‖s1‖2L2

)
+ CK2η2.

The second inequality follows from Lemma 2.8. Therefore replacing K by a
larger one if necessary, we get

∥∥D2s1

∥∥2

L2 ≤ C for small η2. So ‖w1 ‖H2 ≤ Cη
by (2.17).

2.3 Projected solutions are solutions

In this section, we show that if (w1, s) is the solution found in Section 2.1, then
(w1, s) is the solution of (2.1) - (2.3).

Theorem 2.3. There exists a r > 0 which is independent of η so that if w1 =
(d1, A1), s satisfy

{
PFη(w0 + w1, s) = 0
−KηΠ2s− (Π2

x −Π2
y)d + s + η3|s|2s = 0

and ‖w1‖H2 ≤ r, then (w1, s) is the solution of (2.1) - (2.3).

To prove this theorem, we need following lemma.
Let

Gη ( d0 + d1, A0 + A1, s ) ≡ Gη (d,A, s) (2.18)

≡
∫

R2
|curlA|2 + |Πd|2 +

1
2

(
1− |d|2)2

+ η|s|2 +
η4

2
|s|4 + Kη2 |Πs|2

+η
{
ΠxsΠ∗xd∗ −ΠysΠ∗yd∗ + c.c

}
dz.

We can get the following lemma using that the integral is invariant under trans-
lation.
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Lemma 2.9. For d1, A1, s ∈ H2(R2),
∫

R2
Fη(d1, A1, s) ·

(
∂d
∂x − iA1

0d
∂A
∂x −∇A1

0

)

+
(
−KηΠ2s− (Π2

x −Π2
y)d + s + η3|s|2s

)
·
( ∂s

∂x
− iA1

0s
)

= 0.

Proof. Notation. d(h) ≡ d(z + he1), A(h) ≡ A(z + he1), s(h) ≡ s(z + he1),
d = d(z), A = A(z), s = s(z).
Since Gη (d(h), A(h), s(h)) = Gη(d,A, s),

lim
h→0

Gη (d(h), A(h), s(h))−Gη(d,A, s)
h

= 0.

Using difference quotients, gauge invariance and the fact that the terms curlA,
s,

(
1− |d|2), Πs, Πd ∈ H1, we get the proof of the lemma (see [8],[16]).

Remark. (1) Similar to Lemma 2.9,

∫

R2
G1η(d, A, s) ·




∂d
∂y − iA2

0d
∂A
∂y −∇A2

0
∂s
∂y − iA2

0s


 = 0 (2.19)

where

G1η(d1, A1, s) =
(

Fη(d,A, s)
−KηΠ2s− (Π2

x −Π2
y)d + s + η3|s|2s

)
.

(2) Since Gη is gauge invariant, for any ϕ ∈ H2(R2,R),

Gη

(
deiϕ, A +∇ϕ, seiϕ

)
= Gη(d, A, s).

Using

∂Gη

∂h

(
deihϕ, A + h∇ϕ, seihϕ

) ∣∣∣
h=0

= 0

we can get

∫

R2
G1η(d,A, s) ·




idϕ
∇ϕ
isϕ


 = 0. (2.20)

proof of Theorem 2.3. Suppose there is no such r. Then for each i, there exist
(d̃i, Ãi, s̃i) satisfying the equations (2.8) - (2.9) and ηi > 0 such that

∥∥∥ (d̃i, Ãi)
∥∥∥
H2

≤
1
i and Fηi(d̃i, Ãi, s̃i) ∈ KerF1

i.e. there exist C1i, C2i ∈ R and ϕi ∈ H1(R2,R2) such that

Fηi(d̃i, Ãi, s̃i)

= C1i

(
∂d0
∂x − iA1

0d0
∂A0
∂x −∇A1

0

)

︸ ︷︷ ︸
α1

+C2i

(
∂d0
∂y − iA2

0d0
∂A0
∂y −∇A2

0

)

︸ ︷︷ ︸
α2

+ (−ϕiv0, ϕiu0, (ϕi)x, (ϕi)y) 6= 0
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where s̃i is the solution of (2.2) corresponding to (d̃i, Ãi). After normalization
we may assume

‖C1iα1 + C2iα2 + (−ϕiv0, ϕiu0, (ϕi)x, (ϕi)y) ‖2 = 1. (2.21)

Since α1 and α2 are perpendicular to (−ϕiv0, ϕiu0, (ϕi)x, (ϕi)y) and linearly
independent, there exists a constant M independent of i such that |C1i|+|C2i|+
‖ϕi ‖H1 ≤ M .
By Lemma 2.9, remark (2.19), (2.20) and density of H2 in H1,

∫

R2
(C1iα1 + C2iα2 + (−ϕiv0, ϕiu0, (ϕi)x, (ϕi)y))

·
(

C1i

(
∂d
∂x − iA1

0d
∂A
∂x −∇A1

0

)
+ C2i

(
∂d
∂y − iA2

0d
∂A
∂y −∇A2

0

)

+(−ϕi(v0 + v1i), ϕi(u0 + u1i), (ϕi)x, (ϕi)y)
)

= 0.

Since A1i, d1i −→ 0 in H2,
∫

R2
|C1iα1 + C2iα2 + (−ϕiv0, ϕiu0, (ϕi)x, (ϕi)y)|2 −→ 0 as i →∞. (2.22)

This contradicts (2.21). Therefore the claim follows.

By Theorem 2.2, if we choose η2 small enough such that ‖w1‖H2 ≤ r, then we
find that (w1, s) satisfies (2.1) - (2.3).

3 Expansion of the solutions

In this section, we show that the solution w̃ found in Section 2 can be expanded
w̃ = ηw1 + w2 and ‖w2 ‖H2 = O(η2). Note that we can prove w̃ = O(η) as the
same method in Section 2.2.
Let w̃, s be the unique solution of

{
Fη(w̃, s) ≡ F1(w̃) + F2(w̃) + Hη(w̃, s) = 0
−KηΠ2s− (

Π2
x −Π2

y

)
d + s + η3|s|2s = 0

where w0 =
(

d0

A0

)
. If we formally expand w̃ = ηw1 + w2 and s = s0 + ηs1 +

s2, where s0 =
(
Π2

x0 −Π2
y0

)
d0, then (after comparing the coefficients of the

constant and η term) we are led to define w1 =
(

d1

A1

)
∈ K⊥ ∩ H2 as the

solution to

F1

(
d1

A1

)
= −




− (
Π2

0x −Π2
0y

)
s0

1
2

(−is0Π∗0xd∗0 + id∗0Π0xs0 + c.c.
is0Π∗0yd∗0 − id∗0Π0ys0 + c.c.

)

 . (3.1)
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In order for this to be well defined, we need to verify that the right side is in
K⊥.

Lemma 3.1.

−



− (
Π2

0x −Π2
0y

)
s0

1
2

(−is0Π∗0xd∗0 + id∗0Π0xs0 + c.c.
is0Π∗0yd∗0 − id∗0Π0ys0 + c.c.

)

 ∈ K⊥.

Proof. Only in this proof, we use the notation A0 =
(

A1

A2

)
.

Let

α =
(

ξ1

B1

)
≡ −




−(Π2
0x −Π2

0y)s0

1
2

(−is0Π∗0xd∗0 + id∗0Π0xs0 + c.c
is0Π∗0yd∗0 − id∗0Π0ys0 + c.c

)

 .

It is enough to show that α satisfy

(a) Im(d∗0ξ1) = ∇ ·B1

(b)


α,




Π0xd0(
0

∂xA2 − ∂yA1

)




 = 0

(c)


α,




Π0yd0

−
(

∂xA2 − ∂yA1

0

)




 = 0.

For (a), we will show
(

α,
iγd0

∇γ

)
= 0 for any γ ∈ C∞0 (R2,R).

Then by integration by parts, (a) follows.
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For γ ∈ C∞0 (R2,R),

−
∫

(Π2
0x −Π2

0y)s0(−iγd∗0) + c.c

= i

∫
s0(Π∗20x −Π∗20y)(γd∗0) + c.c

= i

∫
s0

(
∂xx − ∂yy + 2iA1∂x − 2iA2∂y + 2i∂xA1 − (

(A1)2 − (A2)2
))

(γd∗0) + c.c

= i

∫
s0(∂xxγd∗0 + 2∂xγ∂xd∗0 − 2∂yγ∂yd∗0 + 2iA1∂xγd∗0 − 2iA2∂yγd∗0) + c.c

+
(

i

∫
s0γ(Π2

0x −Π2
0y)d∗0) + c.c

)

︸ ︷︷ ︸
≡0 since (Π∗20x−Π∗20y)d∗0=s∗0

= i

∫
(−∂xγ∂xs0d

∗
0 − ∂xγs0∂xd∗0 + 2s0∂xγ∂xd∗0 + 2iA1d∗0∂xγs0) + c.c.

+i

∫
(∂yγ)(∂ys0d

∗
0 + s0∂yd∗0 − 2s0∂yd∗0 − 2iA2d∗0s0) + c.c.

= i

∫
(∂xγ)(−∂xs0d

∗
0 + s0∂xd∗0 + iA1d∗0s0 + iA1d∗0s0) + c.c.

i

∫
(∂yγ)(∂ys0d

∗
0 − s0∂xd∗0 − iA2d∗0s0 − iA2d∗0s0) + c.c

= −i

∫
(−s0Π∗0xd∗0 + d∗0Π0xs0)∂xγ − i

∫
(s0Π∗0yd∗0 − d∗0Π0ys0)∂yγ + c.c. .

So (a) follows.
(b) Using the integration by parts, we can easily get

∫
Π0yuΠ∗0xd∗0 −

∫
Π0xuΠ0yd∗0 = i

∫
ud∗0(∂xA2 − ∂yA1) (3.2)

for any u ∈ H1(R2,C). Also, for any v ∈ L2(R2,C),
∫

Π0xΠ0ys0v −
∫

Π0yΠ0xs0v = −i

∫
s0(∂xA2 − ∂yA1)v. (3.3)
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Therefore,

−
∫

Π2
0xs0Π∗0xd∗0 +

∫
Π2

0ys0Π∗0xd∗0

=
∫

(Π0xs0Π∗20xd∗0) +
∫

Π0x(Π0ys0)Π∗0yd∗0 + i

∫
Π0ys0d

∗
0(∂xA2 − ∂yA1)

=
∫

(Π0xs0Π∗20xd∗0) +
∫

Π0yΠ0xs0Π∗0yd∗0

+i

∫
Π0ys0d

∗
0(∂xA2 − ∂yA1)− i

∫
s0Π∗0yd∗0(∂xA2 − ∂yA1)

=
∫

Π0xs0(Π∗20x −Π∗20y)d0 + i

∫
Π0ys0d

∗
0(∂xA2 − ∂yA1)

−i

∫
s0(∂xA2 − ∂yA1)Π∗0yd∗0.

Since
∫

Π0xs0s
∗
0 +

∫
Π∗0xs∗0s0 = −

∫
s0Π∗0xs∗0 +

∫
Π∗xs∗0s0 = 0,

we get (b). In a similar way to (b), we can get (c). Therefore, the claim
follows.

By Lemma 3.1, w1 ∈ K⊥ ∩H2 in (3.1) is well-defined.
Define

s1 ≡ K (∇− iA0)
2
s0 +

(
Π2

0x −Π2
0y

)
d1 + (∇− iA0)x(−iA1)xd0

+ (−iA1)x · (∇− iA0)xd0 − (∇− iA0)y(−iA1)yd0 + (−iA1)y(∇− iA0)yd0.

By the elliptic regularity theory, ‖w1‖H4 ≤ C and thus ‖s1‖H2 ≤ CK.
We now prove the expansion rigorously by showing that the remainder ‖w2‖H2 =
O(η2) using a similar argument as in Section 2.2.

−KηΠ2s2 + s2 + η3|s2|s2

=
(
Π2

x −Π2
y

)
(d0 + ηd1 + d2) + KηΠ2(s̃1)− s̃1

−η3(|s̃1|2s̃1 + 2|s̃1|2s∗2 + s̃2
1s
∗
2 + s̃∗1s

2
2 + 2|s2|2s̃1) (3.4)

where s̃1 = s0 + ηs1. Expanding the right side we get
(
Π2

x −Π2
y

)
(d0 + ηd1 + d2) + KηΠ2(s̃1)− s̃1

−η3(|s̃1|2s̃1 + 2|s̃1|2s∗2 + s̃2
1s
∗
2 + s̃∗1s

2
2 + 2|s2|2s̃1)
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= (−i)A1
2(∂x − iA1

0 − iηA1
1 − iA1

2)(d0 + ηd1 + d2)
−iηA1

1(−iηA1
1 − iA1

2)(d0 + ηd1 + d2) + (−iηA1
1)(∂x − iA1

0)(ηd1 + d2)
+(∂x − iA1

0)(∂x − iA1
0)d2 − (∂y − iA2

0)(∂y − iA2
0)d2

+iA2
2(∂y − iA2

0 − iηA2
1 − iA2

2)(d0 + ηd1 + d2)
+iηA2

1(−iηA2
1 − iA2

2)(d0 + ηd1 + d2) + (+iηA2
1)(∂y − iA2

0)(ηd1 + d2)
+Kη(−iηA1 − iA2) · (∇− iA0 − iηA1 − iA2)s0

+Kη(∇− iA0)(−iηA1 − iA2)s0

+Kη2(∇− iA0 − iηA1 − iA2) · (∇− iA0 − iηA1 − iA2)s1

−η3
(
η|s0|2s1 + ηs2

0s
∗
1 + 2η2|s1|2s0 + η2s2

1s
∗
0 + η3|s1|2s1

)

−η3(2|s̃1|2s∗2 + s̃2
1s
∗
2 + s̃∗1s

2
2 + 2|s2|2s̃1).

We may assume ‖s̃1‖H2 ≤ C. Using this, we get
∥∥−η3

(
η|s0|2s1 + ηs2

0s
∗
1 + 2η2|s1|2s0 + η2s2

1s
∗
0 + η3|s1|2s1

) ∥∥
L2 ≤ Cη3.

Also

2
∥∥−η3(+2|s̃1|2s∗2 + s̃2

1s
∗
2 + s̃∗1s

2
2 + 2|s2|2s̃1)

∥∥2

L2

≤ C1η
6 ‖ s2 ‖2L2 + C2η

6

∫
|s2|4.

Therefore if we choose η4 small enough then we get the following lemma.

Lemma 3.2. There exists a η4 = η4(K, δ1) > 0 such that

K2η2
∥∥Π2s2

∥∥2

L2 +
∫

Kη|∇s2|2 + ‖s2‖2L2 +
∫

η3|s2|4

≤ C‖w2‖2H2 + CK4η4 for 0 < η ≤ η4 .

Proof. Since ‖w̃‖H2 ≤ δ1 for small η, we may assume ‖w2‖H2 ≤ 2δ1.
We will estimate each term separately.

∥∥−iA1
2(∇x − iA1

0 − iηA1
1 − iA1

2)(d0ηd1 + d2)
∥∥
L2

≤
∥∥ (∇x − iA1

0 − iηA1
1 − iA1

2)(d0 + ηd1 + d2)
∥∥
∞ ‖A1

2‖L2 ≤ C‖w2‖H2 .

∥∥−iηA1
1(−iηA1

1 − iA1
2)(d0 + ηd1 + d2)

∥∥
L2 ≤

∥∥ ηA1
1(ηA1

1 + A1
2)(d0 + ηd1 + d2)

∥∥
L2

≤ Cη2‖A1
1‖L2 + C‖A1

2‖L2 ≤ Cη2 + C‖w2‖H2 .

∥∥ (−iηA1
1)

(
(η∇xd1 +∇xd2) + (−ia1

0)(ηd1 + d2)
) ∥∥

L2 ≤ Cη2‖w1‖H2 + C‖w2‖H2 .

Using
∥∥A1

1∇xd1

∥∥
L2 ≤ C‖A1

1‖H2‖d1‖H2 ,

‖Kη(−iηA1 − iA2) · (∇− iA0 − iηA1 − iA2)s0 ‖L2

≤ ‖ (∇− iA0 − iηA1 − iA2)s0 ‖∞ ‖Kη(−iηA1 − iA2) ‖L2

≤ CKη2‖A1‖H2 + CKη‖A2‖H2 ≤ CKη2‖w1‖H2 + C‖w2‖H2
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if we choose η4 small enough. Next
∥∥ Kη2(∇− iA0 − ηA1 − iA2) · (∇− iA0 − iηA1 − iA2)s1

∥∥
L2

≤ CKη2‖s1‖H2 ≤ CK2η2.

Other terms can be estimated similarly. So the claim follows.

Lemma 3.3. 1. ‖F2(ηw1 + w2) ‖L2 ≤ Cη2 + Cδ1‖w2‖H2

2.
∥∥∥∥ ηF1

(
d1

A1

)
+ Hη(ηw1 + w2)

∥∥∥∥
L2

≤ CK2η2+Cη‖w2‖H2+Cη
(∥∥ D2s2

∥∥
L2 + ‖ s2 ‖L2

)

for small η4.

The proof of Lemma 3.3 is similar to the proof of Lemma 2.7.

Theorem 3.1. Let w̃ = ηw1 + w2, s = s0 + ηs1 + s2 be the unique solution of
(2.1) - (2.3) found in Section 2.2. Then there exists a η4 = η4(K, δ1) > 0 so
that ‖w2‖H2 + ‖s2‖L2 ≤ CK2η2 for any 0 < η < η4 ≤ η1.

Proof. The main idea is similar to that for Theorem 2.2. Since F1(w2) =
− (ηF1(w1) + Hη(w̃, s) + F2(ηw1 + w2)),

‖w2‖H2 ≤ C
(‖F2(w̃) ‖L2 + ‖ ηF1(w1) + Hη(w̃, s) ‖L2

)

≤ Cδ1‖w2‖H2 + Cη2K2 + Cη‖w2‖H2 + Cη
(∥∥D2s2

∥∥
L2 + ‖ s2 ‖L2

)
.

So if we substitute small δ1 and choose η4 small,

‖w2‖H2 ≤ CK2η2 + Cη
(‖D2s2‖L2 + ‖s2‖L2

)
. (3.5)

Moreover for large K,

K2η2
∥∥D2s2

∥∥2

L2 + ‖ s2 ‖2L2 ≤ C1 ‖w2 ‖2H2 + C2K
4η4 by Lemma 3.2 .

Therefore we can get η2
∥∥ D2s2

∥∥2

L2 + ‖ s2 ‖2L2 ≤ CK4η4 and then ‖w2 ‖H2 ≤
CK2η2 by (3.5).

4 Fourfold symmetry of the solutions

Lemma 4.1. Let d = d0 + d1, A = A0 + A1 =
(

A1
0

A2
0

)
+

(
A1

1

A2
1

)
, s be the unique

solution of (1.8) - (1.10) found in Theorem 1.1.
Let

d̃(x, y) = id(y,−x),

Ã(x, y) =
(−A2(y,−x)

A1(y,−x)

)
=

(−A2
0(y,−x)

A1
0(y,−x)

)
+

(−A2
1(y,−x)

A1
1(y,−x)

)
,

s̃(x, y) = −is(y,−x).

Then d̃, s̃, Ã satisfies the equations (1.8) - (1.10).
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Proof. Using X = y and Y = −x,
(
∂x − iÃ1

)
d̃ = (−1)∂Y id(X, Y )− i(−1)A2(X, Y )id(X,Y )

= −i
(
∂Y d(X,Y )− iA2(X, Y )d(X, Y )

)

= −iΠY d
∣∣∣
(X,Y )

(∂y − iÃ2)d̃ = i∂Xd(X, Y )− iA1(X, Y )id(X, Y )
= i(∂Xd− iA1d)

= iΠXd
∣∣∣
(X,Y )

(∂x − iÃ1)(∂x − iÃ1)d̃
= −i

(
(−1)∂Y Y d(X, Y )− i(−1)∂Y

(
A2(X, Y )d(X, Y )

))

−i
(−A2(X, Y )

)
(−1)

(
∂Y d(X, Y )− iA2(X, Y )d(X, Y )

)

= i
(
∂Y Y d− i∂Y (A2d)− iA2∂Y d−A2 ·A2d(X, Y )

)

= iΠ2
Y d

∣∣∣
(X,Y )

.

Similarly, (∂y − iÃ2)d̃ = iΠXd
∣∣∣
(X,Y )

, (∂y − iÃ2) · (∂y − iÃ2)d̃ = iΠ2
Xd

∣∣∣
(X,Y )

and

curlcurlÃ =

(
∂2

∂x∂y Ã2 − ∂2

∂y2 Ã1

∂2

∂x∂y Ã1 − ∂2

∂x2 Ã2

)

=

(
− ∂2

∂X∂Y A1(X, Y )− (−1) ∂2

∂X2 A2(X, Y )
− ∂2

∂X∂Y (−1)A2(X, Y )− ∂2

∂Y 2 A1(X, Y )

)

=

(
− ∂2

∂X∂Y A1(X, Y ) + ∂2

∂X2 A2(X,Y )
∂2

∂X∂Y A2(X,Y )− ∂2

∂Y 2 A1(X, Y )

)
.

Therefore

−
(
(∂x − iÃ1) · (∂x − iÃ1)d̃ + (∂y − iÃ2) · (∂y − iÃ2)d̃

)

−ηµ
(
Π̃2

x − Π̃2
y

)
s̃− κ2(1− |d̃|2)d̃

= − (
iΠ2

Y d(X,Y ) + iΠ2
Xd(X,Y )

)− ηµ
(
(−i)Π2

Y − (−i)Π2
X

)
s(X, Y )

−κ2
(
1− |d(X,Y )|2

)
id(X, Y )

= i
(−Π2d− ηµ(Π2

X −Π2
Y )s− κ2(1− |d|2)d) ∣∣∣

(X,Y )

= 0 and
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−KηΠ̃2s̃− µ
(
Π̃2

x − Π̃2
y

)
d̃ + s̃ + η|s̃|2s̃

= −KηΠ2(−i)s(X, Y )− µ
(
Π2

Y −Π2
X

)
id(X,Y )− is(X, Y )

+η3 |s(X,Y )|2 (−i)s(X, Y )

= −i
(−KηΠ2s− µ(Π2

X −Π2
Y )d + s + η3|s|2s)

∣∣∣
(X,Y )

= 0.

Consider

curlcurlÃ +
1
2
i
(
d̃∗Π̃d̃− d̃Π̃∗d̃∗

)

+
1
2

(
η2Ki(s̃∗Π̃s̃− s̃Π̃∗s̃∗)

)
+

ηµ

2

(−is̃Π̃∗xd̃∗ + id̃∗Π̃xs + c.c.

is̃Π̃∗yd̃∗ − id̃∗Π̃y s̃ + c.c.

)
. (4.1)

The first component of (4.1) is
(
− ∂2

∂X∂Y
A1(X,Y ) +

∂2

∂X2
A2(X,Y )

)
+

1
2
i ((−i)d∗(−i)ΠY d− idiΠ∗Y d∗)

+
1
2
η2Ki (is∗iΠY s− (−i)s(−i)Π∗Y s∗) +

ηµ

2
(−i(−i)siΠ∗Y d∗ + i(−i)diΠY s + c.c.)

= −
(

∂2

∂X∂Y
A1 − ∂2

∂X2
A2

)
− 1

2
i (d∗ΠY d− dΠ∗Y d∗)

−1
2
η2Ki (s∗ΠY s− sΠ∗Y s∗)− ηµ

2
(isΠ∗Y d∗ − idΠY s + c.c.) = 0.

The second component of (4.1) is
(

∂2

∂X∂Y
A2(X, Y )− ∂2

∂Y 2
A1(X, Y )

)
+

1
2
i (d∗ΠXd− dΠ∗Xd∗) +

1
2
η2Ki

(
s∗ΠXs

−sΠ∗Xs∗
)

+
ηµ

2
(i(−i)sΠ∗X(−i)d∗ − i(−i)d∗ΠX(−i)s + c.c.) = 0.

Therefore, d̃, s̃, Ã satisfy the equations.

Lemma 4.2.

(1) id0(y,−x) = d0(x, y) and

(2)
(−A2

0(y,−x)
A1

0(y,−x)

)
=

(
A1

0(x, y)
A2

0(x, y)

)
for any (x, y) ∈ R2

Proof. (1) id0(y,−x) = if1(r)ei(θ−π
2 ) = f1(r)eiθ = d0(x, y).

(2)
(−A2

0(y,−x)
A1

0(y,−x)

)
= a0(r)(y,−x) = A0(x, y).

Note. A0 = a0(r)(y,−x) = a1(r)
r x̂⊥ and d0(x, y) = f1(r)eiθ.

Therefore, the claim follows.

We may write d̃ = d0 + d̃1 and Ã = A0 + Ã1 where

d̃1 = id1(y,−x) and Ã1(x, y) =
(−A2

1(y,−x)
A1

1(y,−x)

)
.
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Lemma 4.3. d̃1(x, y) = id1(y,−x), Ã1(x, y) =
(−A2

1(y,−x)
A1

1(y,−x)

)
∈ K⊥

i.e.

(i)Im(d∗0d̃1) = ∇ · Ã1

(ii)(d̃1, Ã1) · (∂jd0, ∂jA0) = 0 for j = 1, 2.

Proof. (i) Note. Im(d∗0d1) = ∇ ·A1 i.e. d∗0d−d0d∗

2i = ∂xA1
1 + ∂yA2

1

Let −x = Y , and y = X, then

d∗0(−Y, X)id1(X, Y )− d0(−Y,X)(−i)d∗1(X,Y )
2i

=
d∗0(X, Y )d1(X, Y )− d0(X, Y )d∗1(X, Y )

2i

since

(−i)d0(−Y, X) = −if1(r)ei(θ+ π
2 ) = f1(r)eiθ = d0(X, Y )

∇ · Ã1 = ∂x

(−A2
1(y,−x)

)
+ ∂y

(
A1

1(y,−x)
)

= −∂Y

(−A2
1(X,Y )

)
+ ∂X

(
A1

1(X, Y )
)

= (∇ ·A1)(X, Y ).

Therefore, (i) follows.
(ii) We want to show

(a)
∫

∂xd0(X,Y )d̃∗ + ∂xd∗0d̃
2

+
(

∂xA1
0

∂xA2
0

)
·
(

Ã1
1

Ã2
1

)
= 0

(b)
∫

∂yd0d̃
∗
1 + ∂yd∗0d̃1

2
+

(
∂yA1

0

∂yA2
0

)
·
(

Ã1
1

Ã2
1

)
= 0

when
∫

∂xd0d
∗
1 + ∂xd∗0d1

2
+

(
∂xA1

0

∂xA2
0

)
·
(

A1
1

A2
1

)
= 0 and

∫
∂yd0d

∗
1 + ∂yd∗0d1

2
+

(
∂yA1

0

∂yA2
0

)
·
(

A1
1

A2
1

)
= 0.

Let y = X, −x = Y ,then ∂x = −∂Y ,∂y = ∂X and

(a) =
∫ −∂Y d0

(−Y
X

)
(−i)d∗1(X, Y ) + (−1)∂Y d∗0(−Y,X)id1(X, Y )

2

−
(

∂Y A1
0(−Y, X)

∂Y A2
0(−Y, X)

)
·
(−A2

1(X, Y )
A1

1(X,Y )

)

=
∫ −∂Y d0(X, Y )d∗1(X, Y )− ∂Y d∗0(X,Y )d1(X, Y )

2

−
(

∂Y (−1)A2
0(X,Y )

∂Y A1
0(X, Y )

)
·
(−A2

1(X, Y )
A1

1(X, Y )

)
= 0

since (−i)d0(−Y, X) = d0(X,Y ), A1
0(−Y,X) = −A2

0(X,Y ) and A2
0(−Y, X) =

−A1
0(X, Y ).

We can prove (b) similarly. Therefore the claim follows.
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Proof of Theorem 1.2. Since the solution is uniquely determined in BH2(0, δ1)∩
K⊥, it follows that (d̃, Ã, s̃) = (d, A, s) for η sufficiently small. Thus the three
identities hold. ¤

Lemma 4.4. Let (d0, A0) be a vortex solution. If κ 6= 1√
2

then (1.7) holds. If
κ = 1√

2
then | (Π2

0x −Π2
0y

)
d0| is radial.

Proof. From [10] we have that

Σ =
(
Π2

0x −Π2
0y

)
d0(r, θ) = (cos(2θ)h(r) + i sin(2θ)g(r)) eiθ

where

h(r) = 2f ′1
r − 2(1−a1)

2f1
r2 − κ2(f2

1 − 1)f1

g(r) = 2(1− a1)
(

f ′1
r − f1

r2

)
− a′1f1

r .





(4.2)

Note that |Σ|2 = (h(r)2 − g(r)2) cos2(2θ) + g(r)2. Thus the lemma’s assertions
will follow once it is determined whether h2 ≡ g2 or not.

case i) κ 6= 1√
2
. The asymptotic forms for f1, f

′
1, a1, a

′
1 as r →∞ are derived in

[14]. Inserting these into (4.2) we find that as r →∞

h(r) =





κ
3
2 ar−

1
2 e−

√
2κr [1 + o(1)] if 0 < κ <

√
2

2b2e−2r [1 + o(1)] if κ =
√

2

b2r−1e−2r
[

(4−κ2)
(κ2−2) + o(1)

]
if κ >

√
2

g(r) = −br−
1
2 e−r [1 + o(1)] ,

where a and b are positive constants. We see that if κ 6= 1√
2

then h2 ≡/ g2.

case ii) κ = 1√
2
. Equation (1.2) is called self–dual in this case and any solution

for which E1 is finite also solves the first order Bogomolńyi system (see [11]). In
the case of a vortex solution it reads

a′1 =
r(1− f2

1 )
2

and f ′1 =
(1− a1)f1

r
.

Inserting these expressions for a′1 and f ′1 into (4.2) one sees that h ≡ −g.

Proof of Theorem 1.3. Note that in polar coordinates, the identity for s in
Theorem 1.2 reads s(r, θ; η) = −is(r, θ − π

2 ; η). This implies that the second
assertion is sufficient for the first to hold. To prove that the second assertion is
a necessary condition for the first, suppose that there exists a sequence ηj ↓ 0
such that |s(r, θ; ηj)| = |s(r, θ + αjπ; ηj)| for all (r, θ) where 2αj ∈/ Z. Then it
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is easy to see that there exists a subsequence ηj′ , sequences kj′ ∈ Z, and 0 ≤
βj′ < 2, such that βj′ = kj′αj′ mod 2, for which βj′ → β0 where 2β0 ∈/ Z. Since
lim
η→0

s(·; η) = µΣ(·) in L2(R2) and µ 6= 0 it follows that |Σ(r, θ)| = |Σ(r, θ+β0π)|.
Since κ 6= 1√

2
this would contradict Lemma 4.4. ¤
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