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1. (10 points) Solve the following initial value problems:

(a) (5 points)

(et + 1)
dy

dt
+ et y = 1, y(0) = 1;

(b) (5 points)

y′ = 1 + x + y + xy, y(0) = 0.
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2. (10 points) Consider an RC circuit which has R = 4 Ω, C = 1/8F , and E(t) =

12 sin 3t V . If the capacitor is uncharged initially, determine the current in the circuit for

t ≥ 0.
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3. (10 points)

(a) (5 points) Construct two matrices A and B of the same dimensions, for which

rank(A + B) 6= rank(A) + rank(B).

(b) (5 points) Construct two matrices A and B of appropriate dimensions, such that

rank(AB) 6= rank(A) · rank(B).
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4. (10 points) For each of the following subsets of M3×3(R), determine whether it is a

subspace. If that is the case, find its dimension.

(a) (5 points) S is the set of matrices A ∈M3×3(R) satisfying

AT = 2A.

(b) (5 points) S is the set of matrices B ∈M3×3(R) verifying

BT + 3B = 5 I3×3.
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5. (10 points) Show that the vectors v1 = (2,−3, 5), v2 = (8,−12, 20), v3 = (1, 0,−2),

v4 = (0, 2,−1), and v5 = (7, 2, 0) span R3. Find a subset of the set {v1, v2, v3, v4, v5} which

is a basis for R3.
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6. (10 points) Let P2 denote the vector space of polynomials with real coefficients and

degree at most 2. Define T : P2 → P2 by

T (f) = f(0)x + f ′(2)x2.

(a) (3 points) Show that T is a linear transformation.

(b) (3 points) Determine a basis for Ker(T ). What is dim[Ker(T )]?

(c) (2 points) Find dim[Rng(T )].

(d) (2 points) Is the polynomial 5x + 3 in the range of T? Explain.
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7. (10 points) Consider the matrix

A =

4 0 1

2 3 2

1 0 4

 .

(a) (4 points) Determine its eigenvalues and their multiplicities.

(b) (4 points) Compute the eigenspaces corresponding to each of the eigenvalues and their

dimensions.

(c) (2 points) Conclude, with explanation, whether A is a defective or non-defective matrix.
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8. (10 points) Solve the initial value problem

y′′ − 4y′ + 8 = 0, y(0) = 3, y′(0) = 10.
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9. (10 points) Determine the general solution to

y′′ − 5y′ + 6y = 4xe2x.
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10. (10 points)

(a) (5 points) Determine the annihilator for the function

F (x) = x e−x + 2 cosx.

(b) (5 points) Using the information obtained previously, find the general solution to

y′′′ − y′ = x e−x + 2 cosx.
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