MTH 165: Linear Algebra with Differential Equations
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¢ Show your work and justify your answers. You may not receive full credit

for a correct answer if insufficient work is shown or insufficient justification

is given.
¢ Clearly circle or label your simplified final answers.

e You are responsible for checking that this exam has all 11 pages.
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1. (10 points) Solve the following initial value problems:

(a) (5 points)
@

t
1
(e+)dt

+ey =1, y0) =1

d
Jﬁ(&/*>%%ﬂt?!

<C Al yle = J1de = t+(
o0 %(6) {j P

=) -1 &= & o (o2
ey - L
9O = @ |
(b) (5 points)

Y =l+z+y+ay, y0)=0

4ﬂ~:‘(r+x)0+$>
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2. (10 points) Consider an RC circuit which has R = 4Q, C = 1/8F, and E(t) =

12sin 3t V. If the capacitor is uncharged initially, determine the current in the circuit for
t>0.

ﬁ% )\iwz‘gm(}’t) , qlo)=0

§2 dt 2t

imteﬁ Mé& 7%(%@{‘ ) =€

iy _ da i< N, 2y _ 18 5t
€)= T = Loy (38) + 5roinlH) - 2% @
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3. (10 points)
(a) (5 points) Construct two matrices A and B of the same dimensions, for which

k(A4 3) # rnk(4) + rckl)
Take A-[LS] wd B=[50]
Thon  cank(p)-]  and rank (B)=]
%u«t AR = lz zﬂ W/LUCA has rantke ©

(”)\m(/ﬁ ’Jﬁ) % O

(b) (5 points) Construct two matrices A and B of appropriate dimensions, such that

rank(AB) # rank(A) - rank(B).

Prcle A= }:\O ﬂ and 73:[2 (ﬂ

Ti/\m f&ﬂl((A\ZI cw\(y( f\CI,mLtZB‘)Z/

But Al = Ii Qo\\ W/Z/MCL hes ranke 0
e 0F 1)
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4. (10 points) For each of the following subsets of Msy3(R), determine whether it is a
subspace. If that is the case, find its dimension.

(a) (5 points) S is the set of matrices A € Msy3(R) satisfying

AT = 2A.

First check 0T=0220 <o (O |5 11 the set. Teke A% from the
. ; - A+ B
st Then AT22A gnd BT=23. (A+B)=AT+87 = 2A 425 = 2(A+B) 3o At

also in he et Closed wndler ad@%‘/ﬁ“&% et "31 be @“ ‘SC@/éif’r ﬂ
(AT = kAT = kA =2UA) g0 kA also i fhe set. Closedd wacler

scalar Muthplication. [Is & subspace |

. ~ / ' a & (;’ ) Y o "’ g
o find +he dimension take A= [f’( n f} Frow the set. Then
9 > ¢

N

" a dq e“{ AT i 20} 2h 2¢ D]
b e 37_\ - K - T Qe Q_,C T =0 :’Ze’, N C;/:-Z,Z;)’ =2d
2 CFo) 2q 2h 2 thus a=2e, L2507, / /

%’: ZC/ C"’zﬁ , L,Tz'}’sj/ ﬁ;ZL\ Wlucl/\ vaie[G(g G,:é;c‘:(‘//z:‘& l’f‘:ﬁtll\:J:D
Thus 5710} and Z’ﬂ defyni o fzf@)diuwém‘)”l’“cwﬂz is O]

(b) (5 points) S is the set of matrices B € M3x3(R) verifying

BT + 3B = 513
@T* 3-0= 0 OF O + 5 L5
T . ‘ . y 1 ~¢;)s ,
Haus O et i ”fﬁe 507 S O 0 Vw’ft o Subypace

et
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5. (10 points) Show that the vectors v, = (2,~3,5), vy = (8,-12,20), vs = (1,0, -2),

vy = (0,2, 1), and vz = (7,2,0) span R®. Find a subset of the set {v1, v9, v, vg, v5} Which
is a basis for R®.

Fr2 ¢ 1 o 7
3 -2 © 2 2
S ‘ 0

5
20 )L —|
Anly [ - e B ) "l:
~ |73 -1 0 2 L
5 20 -1r -] o0
M (-0 oo - -2 79
o -3~ © 1 1
5 10 -2 -1 ©

A=z (V) I 4 - -1 -9
Yo% ° 0 5 1
-0 9 3 9 4s

A (5%65@{ Wlwi({f’\ 15 4 hasis

1150 4] 131
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6. (10 points) Let P, denote the vector space of polynomials with real coefficients and
degree at most 2. Define T': P, — P, by

T(f) = f0)z + f'(2) 2*

(a) (3 points) Show that T is a linear transformation.

.T(CVF* Qﬁ) QHUC’CQ(Q)X ' @“‘, }CLQ )
¢ FOX ¢ coalo)x + ¢ f @)X+ G 2)><

: 1) X
= ¢, (f(e)x F'@)x +@((‘f’)”‘3
= c( T cLT)()> Thus T lingr tansh

(b) (3 points) Determine a basas for Ker(T"). What is dlm [Ker(T)]7

f?v{ﬂﬁ%x*(x « in K(T) then T(p)= 0O L4
,\/Uf@ )(@) C &W// /:;»(x bucx S(QZ L(Z> 4
Thus Z‘?Q‘/ O = aX+ (M%) N hich show's

*H/l L a=0 and b=~Yc . Thus PQKW(” {7[%( X]
(<) = ¢ (~yx rx ) € span )ﬁi‘x X Hence a
(c) g points) Find dim[Rng(T')]. qug f—}gr Ker( ?’) and din | Ker(T)) /

Cﬁm(%)"lg 30 éﬂ

The Jé’mem/'%wf W”ZCW/’//%!

{/W[Wﬁm) = dina(P.) = i Kw’(T) 5~

(d) (2 points) Is the polynomial 5z + 3 in the range of 77 Explain.

U

543 is not m the ra nge of 7
b@(@M&@ J@/Sé? we  wou /C// Z?Czlf
- -/ ~w?, “ )
Sxts = %(O)X*]K(Z)X %@f' J@wt;/é '7[«; 2
but 7%(‘ Jwo p@/«jifwmml’ to be f%"(q/ 2(72;11&//
(}J}f' !)C { UQ/ SO Sinie 7L

¢
Ot\i‘fvjzib;hw%ﬁw/i/ﬁ czfj sz(’ 0 SF0, 7’%«“7 ﬂ?a/

QCqu//%:S G nevev ole
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(a) (4 points) Determine its eigenvalues and their multiplicities.

(42 0 ):(L}é\)}%’% A }»O)Zi Lb],ﬁ). ?Z‘ 3;;)2

7. (10 points) Consider the matrix

[ NGRS
o w O
> b

?’ ?’;?‘ qyj o 4-A
= @2 524 5 (A3y = (33 (1= (=)= () (33 0s)
tuf]@f/ \fa/wb ae 3 we«f{? Wid hP ’“M 2 53&44 \fuifz’l Mwlih /7’(’)

(b) (4 points) Compute the elgenspaces corresponding to each of the eigenvalues and their

o |0 |

0o O\ Y2 N2 ‘7[%9 variables
{ [

© ( O |

(%311’1;1{13102; l ( O ol ,7,> ’
?\,:?)1 il @, ‘Lg‘ 0 o 0 o
[ D l p 0 Ai% \) ) O
i d —
, “'V”) , © © l‘ gqb
[41-] \ HEYRER
o lous 2 L
‘FDF Flfjéirﬂi)}’é&(, V\ﬁf (/WWCVWM .
qese [0 [ A [0 e e L] v
%T‘Si 2 -1 Z,\U ~ @ -7 L/ O | z—) °
i o —lo ARy LO 0 op ML( Dl e o ol

5&33 ]LD @/a’jem%{“w
of 0{/1/‘467/(51'{/!/\ ﬁ%‘j l

Viy [ Vs o I }
\‘/}1] S VR R VA 2 %I S0 ’z ¢
> VA awn

(¢) (2 points) Conclude, with explanation, Whether A is a defective or non-defective matrix.

/,Z\ 5 hon- (//@7%@77% hecause Tﬁw q
W)qﬁ/@’ MH

3@«00&46&6’)\(’; Mu/ﬁpf;c‘ljﬂ A P
alf)'@bi’mc mu/ﬁp]lcﬁ’ﬂ 7["9( eacn o
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8. (10 points) Solve the initial value problem
b preblen
v — 4y + &= 0, y(0) =13, ¢'(0)=10.

?% P(r)=r~Yr+§
| t{~f$(¥ui\""~u~1°8"\ Vft{"»—ztz{

roofs ~ =~ 1= =

2t -
2120 - o (05 (2. '6>

&% sin(2t) )
. A,z,{;. ' N, - ;LE (2{2

(ren. 5ol ylt) = G € o5 (2t) ¥ € 5N
2= V)(’r:":#\ SN Y R eY [ 0=¢
, « - | - :)Ltc m(l,){) |
(N = 3¢ Q@S(lb\) + € S ' y | T SN
%OC) ) Cok (&t) + Zgl@ltgi‘m (16)42615%3 (‘2(7) |

i@*”t,jil{fjﬁ L ()04 1 e O 42 G

aud thus &= 2.

Bﬁldh‘b Y |
lj(t’) S 3 es (2) *2 ¢ sin(Lt)
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9. (10 points) Determine the general solution to

y" — 5y + 6y = 4z
TL rst 5@!% ‘ “»S-y #éj -0
()= =S +6 = (13) (D)

Fr=l C’z%
’:%: e}x Ly NP
ution el =cie ¥ G
‘ _— AN /,)( i 2 ZX
ﬂai {ution %Jx)f‘x<aﬁbx>é = axe y bxe

Note o
i/wy(x\ = qe 426%)% P 2bxe 1 2bve

g () = 2a¢" ¢ (ranb)e s 7 (20 N Yhye s %ngzx
= QZ@%@‘ da b + (Yargh)ye +4sx‘e
Huq@dmﬂ | A ﬂaddﬁ
(Yo t2h) e "+ (L-{a-iré?b)'xeww“{é’xzé = 5 lac™ e e ™ e
Lo lax e e b)) = Uxe”

) | e
(2%7}‘3@” -2 by QL = L/}{ 0
T hus -*2‘9""“{ &u\,cif (25“'5’:> =0 o0

&QM Sd . i s ;LX' 2 )l)( Page 10 of 11
yt=cre *tGe - Uye —2xe

b2 and a="Y



May 7, 2012 Final Exam

MTH 165
10. (10 points)

(a) (5 points) Determine the annihilator for the function

Flz) = ze7®
(D rl )L Gnaihi lafes Xe b
Dl + ; G M{ /lq /z/3 2 0§ (X)

Thus - AD) = (DHBJ?'(DLH) anmi hilakes F(x)

+ 2 cosz.

m—

(b) (5 points) Using the information obtained previously, find the general solution to

m /

Yy —vy = ze ¥ + 2 cosz.

e N A (el A (D D)
Fe-l e |
=0 (:)Q \( )

o

=

3; ) -

Yo (4 = »ac‘h(%-@@ Ham)xe “-2bye

P () =

|~

e
Tricl solutron o )= X {Wb?\) v ccos(¥)F # olsin (<)

f'c*/’i\(
= ayxe frixe ¥+ ¢ cos () Hesin )

Ge - axe by e - bxf@"“ - csinld) + Acos (4

sy - eos(d) - Jsi‘m(%)

— (24- 2&3(; t (a- L«i‘a}xfe % byt e X - cos() ~ds ”Page)uofn

(2a-25)e” i’a _qo)e () xe s 2h w6 = DX ¢ sin (6 el e (09

- 0, - =0,-24>2. Thus y o
Plug into z’@uah@m and q¢F M bh = LI’) [, 2¢ / ws g, sol.

X
@(X)"Cié’ +Cz+(‘i§€ + “'XC t L/X@ ’54“()‘\)




