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Theorem 3.3.8 \(’Cgf’a_cEr Expansion Theorem)

Let A be an n x n matrix. If we multiply the elements in any row (or column) of A by
their cofactors, then the sum of the resulting products is det(A). Thus,

1. If we expand along row i,

n
det(A) = ;1 Ci1 + a2Ci2 + -+ + inCin = Y _ a3 Cig.
k=1

— 2. If we expand along column j,

n
det(A) = a1;C1j + a2;Crj + -+ + an;Cpj = Zakjckj.

k=1
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1 G I A is an n X noupper or lower triangular matrix, then

n
det(A) = aj1a20a33- - - apy = l_[aii-
i=l1
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P.. P1. If B is the matrix obtained by permuting two rows of A, then

det(B) = —det(A).

k ~
/) -/
4{34-—&&%7 P2. If B is the matrix obtained by multiplying one row of A b scalar k, then

det(B) = k det(A).

[& ( l@ ) P3. If B is the matrix obtained by adding a multiple of any row of A to a different row
A LY
J of A, then

det(B) = det(A).
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Péi. For any scalar k and n x n matrix A, we have
det(kA) = k"det(A).
P5. det(A7) = det(A).]/; DETERMLH AHTS ( 2ywS 86 ((:Mrf;
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P7. If A has a row (or column) of zeros, then det(A) = 0.

P8. If two rows (or columns) of A are scalar multiples of one another, then det(A) = 0.




P6. Let ap, ap, ..., a, denote the row vectors of A. If the ith row vector of A is the
sum of two row vectors, say a; = b; + ¢;, then det(A) = det(B)+ det(C), where

aj

a1

a1

a,

and

The corresponding property is also true for columns.
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P9. det(AB) = det(A)det(B). —U"—ZQLH—MHQ#
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1
det(A)

P10. If A is an invertible matrix, then det(A) # 0 and det(A~!) =

Ar™ = 1
(

3 @}A Ylddh 47) =1 > dds 40
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Let A= [ - Evaluate det(A).
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Use propeteyRBito express
a1 i@

ar»+ by ¢+ ds

as a sum of four determinants.
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. sing cos ¢ | cos@ —sin6 | .
Example 3.2.12 IfA = [_ S sin¢] and B = [ i 0 cos@]’ show that det(AB) = 1.

bk = P ) (g) - (g () - 22§ ctog-
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dr(h8) = [drk)ldke) = (<l =|




Compute the following:

(a) det(B—'AT).

(b) det(2B).

(¢) det(D*A~'B)2.

Example 3.2.13 Suppose that A and B are 3 x 3 matrices with
= diag(—2, 1, 3). (Note in view of Theorem

.5 that A and B are both invertible.)
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Example 3.2.13

Suppose that A and B are 3 x 3 matrices with det(A) = —2 and det(B) = 5, and let
D = diag(—2, 1, 3). (Note in view of Theorem 3.2.5 that A and B are both invertible.)

Compute the following:

(a) det(B~'AT).

macs. (L kA) = kY LA (V\APZ//L

(¢) det(D*A™'B)%. of A\
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Example 3.2.13

Suppose that A and B are 3 x 3 matrices with det(A) = —2 and det(B) = 5, and let

D = diag(—2, 1, 3). (Note in view of Theorem 3.2.5 that A and B are both invertible.)
Compute the following:

(a) det(B~'AT). ,pr = @ =N o

(b) det(2B). é‘&@?’\ _ W

(¢) det(D*A~'B)2.
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Example 3.3.12  Determine all values of k for which the system

has nontrivial solutions.

10x; + kxp— x3 =0,
kxi + x2— x3 =0,
2x1+ x3—3x3 =0,
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ol BRI Y If the elements in the ith row (or column) of an n X n matrix A are multiplied by the

cofactors of a different row (or column), then the sum of the resulting products is zero.

That is,

1. If we use the elements of row i and the cofactors of row j,

Y apCi =0, i#j. (3.3.2)
k=1

2. If we use the elements of column i and the cofactors of column j,

n
D aiCrj =0, i# . (3.3.3)
k=1




Corollary 3.3.14

If the elements in the ith row (or column) of an n x n matrix A are multiplied by the
cofactors of a different row (or column), then the sum of the resulting products is zero.

That is,
1. If we use the elements of row i and the cofactors of row j,
n
YoagCp=0, i#j (3.3.2)
k=1
2. If we use the elements of column i and the cofactors of column j,
(3.3.3)

n
Y aiCyy=0, i#].
k=1
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(ol T ETSA RN Let A be an n X n matrix. Ii 8ij gs the Kronecker delta symbol (see Definition 2.2.21),

then . .
Y aiCjr = 8ij det(A), Y ariCij = 8j det(A). (3.3.4)
k=1 k=1
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DEFINITION 3.3.16

If every element in an n X n matrix A is replaced by its cofactor, the resulting matrix

is called the matrix of cofactors and is denoted M¢. The transpose of the matrix of
cofactors, M g , is called the adjoint of A and is denoted adj(A). Thus, the elements

of adj(A) are

adj(A);;j = Cj;.

1A
BR)Y = D e b,
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LR EE  (The Adjoint Method for Computing A1)
If det(A) # 0, then

1
-1 _ ;
A~ = T adj(A).




Example 3.3.20 Find A~ 'if A = [
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(Cramer’s Rule) '\/J/
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If det(A) # 0, the unique solution to the n x n system Ax = bis (x1, x2, ..., X, ), where i
det(By) ¢
= , k=1,2,...,n. 3.3.6
Y= et(A) " (3:2.5)
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(va\/ Use Cramer’s rule to solve the system

- —5x1— x4+ 2x3 = 9,

X1 —2x2+ Tx3 = =2,
3x1— x2+ x3 = —6.




