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(Cramer’s Rule)
If det(A) # 0, the unique solution to the n x n system Ax = bis (x1, x2, ..., x,), where
_ det(By) .
X = det(A)” =12,...,n. (3.3.6)
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Use Cramer’s rule to solve the system

—5x1— x4+ 2x3 = 9,
X1 —2x 4+ Tx3 = =2,
3x1 — x2+ x3 = —6.
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-5 —1 D «—1 2
det(A) =| 1 =2 7|=-=35, det(B)) =|-2 -2 7|=65,
3 -1 -6 —1 1
-5 9 -5 -1 9
det(By)=| 1 =2 7|=-=20, det(B3)=| 1 -2 —2|=-5.
3 -6 3 -1 -6
{ & = 5 = 2
dot 4 35 7
)CZ et By —19 . = 4
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Ifv=(-7.1,24,-0.1,6,—-8.3,54) and w = (9.6, —3.3,4, —8.1,0, —1.7) are vec-

tors in R6, then
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.2 DEER. oa

| T A VELTeR  SPACE

Vector Addition: A rule for combining any two vectors in V. We will use the usual +
sign to denote an addition operation, and the result of adding the vectors u and v will
be denoted u + v.

Real (ozssssplex) scalar multiplication: A rule for combining each vector in V with
any real (qreesepdex) number. We will use the notation kv or, for emphasis, k - v, to
denote the result of scalar multiplying the vector v by the real (asessmsptex) number k.




P&

—— DEFINITION 4.2.1

—— Let V be a nonempty set (whose elements are called vectors) on which is defined an

addition operation and a scal?lr multlpllcathn operation W.lth scalars in F.Wecall V || A6, Existence of additive inverses in Vs For.each vectorv € V, there is'a vector, |
a vector space over F', provided the following ten conditions are satisfied: denoted —v, in V such that
S— _— v+ (=v) =0. =
Al. Closure under addition: For each pair of vectors u and v in V, the sumu + v .
; : ) e A7. Unit property: Forallv e V,
— is also in V. We say that V is closed under addition. — ~—— v — v —
——  A2. Closure under scalar multiplication: For each vector v in V and each scalar k — A8. Associativity of scalar multiplication: For all v € V and all scalars r, s € F, —
in F, the scalar multiple kv is also in V. We say that V is closed under scalar (rs)V = r(sv). B
multiplication. o o »
~ A9. Distributive property of scalar multiplication over vector addition: For all
Commutativity of addition: For all u, v € V, we have u,v e Vandall scalars r € F,
~ N~ — u+v)=ru+rv. B
u+v=v+u r@+v) =rutr
o . — A10. Distributive property of scalar multiplication over scalar addition: For all ~ _
Associativity of addition: For all u, v, w € V, we have N eV andanscaasrs € F,
(u+v)+w=u+ (v+w). ] (r +s)V=rv+sv. B

Existence of a zero vector in V: In V there is a vector, denoted 0, satisfying

v+0=v, forallv e V.
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Example 4.2.2

Let V be the set of all 2 x 2 matrices with real elements. Show that V, together with the

usual operations of matrix addition and multiplication of a matrix by a real number, is a

real vector space.
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Example 4.2.3

Let V be the set of all real-valued functions defined on an interval /. Define addition and
scalar multiplication in V as follows. If f and g are in V and k is any real number, then

f + g and kf are defined by
(f+e)x)= f(x)+gkx) forallx el,
M re ),.’ kf)(x) = kf (x) for all x € 1.
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Example 4.2.4 | Let V be the set of all polynomials with real coefficients and of degree 2 or less, together
with the usual operations of polynomial addition and multiplication of a polynomial by

a real number. Show that V' is a real vector space.
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LLCIE R WA Let V be a vector space over , . (R

The zero vector is unique.

Ov=0forallveV.

k0 = 0 for all scalars k € . JL

The additive inverse of each element in V is unique.

Forallve V, —v = (—1)v.

LU il i i

If k is a scalar and v € V such that kv = 0, then eitherk =0 orv = O/T@—
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Theorem 4.2.7

—
Let V be a vector space over F. Q fS \ V

1. The zero vector is unique.

'2. Ov=0forallveV. \

3. k0 = 0 for all scalars k € F.

4. The additive inverse of each element in V' is unique.

S. Forallve V, —v = (—1)v.

6. If k is a scalar and v € V such that kv = 0, then either k =0 orv = 0.
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L ELTC WA Let V be a vector space over F. S

= ]
1. The zero vector is unique. O < o B %ﬁ
F o~

2. Ov=0forallve V. DJ/S o
SETTETTT  OOT

?4. The additive inverse of each element in V' is unique.

5. Forallve V, —v = (—1)v.

6. If k is a scalar and v € V such that kv = 0, then either k = Qorv = 0.
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LT WA Let V be a vector space over F.

1. The zero vector is unique.

-
2. Ov=0forallve V.

3. k0 = 0 for all scalars k € F.

4. The additive inverse of each element in V' is unique.

5. Forallve V, —v = (—1)v.

6. If k is a scalar and v € V such that kv = 0, then either k =0 orv = 0.
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LLELTGL WA Let V be a vector space over F.

The zero vector is unique.

Ov=0forallveV.

k0 = 0 for all scalars k € F.

The additive inverse of each element in V is unique.

Forallve V, —v = (—1)v.

LU i i

If k is a scalar and v € V such that kv = 0, then either k =0 orv = 0.
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