)
MkTh 165 (SUMMER '92 gpsy 30)
ANURAG  SRBAY LECTORES - ‘
OFF #8S: By APPT, 9:00 M- [liig AM (ET)
Gw\u‘, an;.\sc_:‘ga\,\c\l)@ bocLeS{Q@.e&v‘_ !V\,, T/’ \/\// K
Tp . PaARlo  RAoWMIK L oo ID
OFF HRS: 979 - kt3-665 0
T — 9:00 P™ —10300 ™ (¢ T)
E — 3.00PP - 4:00 P (E°)
(@ URSE IMKGES  ARE
(WAL -PN«E’\t\ttps://peopEmath.rochester.ed u/grads/asahay/summer2022/math 165/index.htm|\ FRoMm THE

SAoeRT  URL

[ 6. OoDE @ ANNIN

bt (y /Sm\»«:/\éf

yTh  EDZTISH)



A NN oy NCEMENTS /NoTES

MM TERTALS £ OR

L & CTURES

=\  Age OPLoADED.

JWW DY - WA e SAET (Wb TJuy) AT oo PMET.
WW b6 - IS Do TvE (el Joy) AT w00 ppm ET.
WwW 07 ~ TS  pug SAT (2% Juy) kT 1202 PM ET.
MNIPTERM 23S ot MorDRy  (usty ) o o
4 1 TLEASE  KEER , .




cCalL
?\///.

p

VECTOR

App11I6!
P P31 Y

1 \ (avER  P)
+ - |

—— DEFINITION 4.2.1 \_

—— Let V be a nonempty set (whose elements are called vectors) on which is defined an
addition operation and a scalar multiplication operation with scalars in F. We call V A6

/ ——Scpl AR MULTL Lz

a vector space over F', provided the following ten conditions are satisfied:

Al.

— A2,

A3.

Ad.

AS.

Closure under addition: For each pair of vectors u and v in V, the sumu + v A7
is also in V. We say that V is closed under addition. —
Closure under scalar multiplication: For each vector v in V and each scalar k — AS.
in F, the scalar multiple kv is also in V. We say that V is closed under scalar
multiplication.
A9
Commutativity of addition: For allu, v € V, we have
N~ N — —
u+v=v+u

. . . PR | A10.

Associativity of addition: For all u, v, w € V, we have

(u+v)+w=u+ (v+w).

. Unit property: Forallv e V,
[P ]

. Existence of additive inverses in V : For each vector v € V, there is a vector,

denoted —v, in V such that
v+ (—v) =0. -

lv=v.
Associativity of scalar multiplication: For all v € V and all scalars r, s € F, —
(rs)v =r(sv). |

Distributive property of scalar multiplication over vector addition: For all
u,v € V and all scalars r € F,

r@+v) =ru-+rv. —

Distributive property of scalar multiplication over scalar addition: For all
v € V and all scalars 7, s € F,

(r+s)y=rv+sv.

Existence of a zero vector in V: In V there is a vector, denoted 0, satisfying

v+0=v, forallv e V.
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/_< LLCETE A Let V be a vector space over §. [K

. The zero vector is unique.

(

S/ . Ov=0forallve V.

Tt V\S . k0 = 0 for all scalars k € U.P—

'\(FL'W\L . Forallve V,—v=(=1)v.

1
2
3
A 'Q)OU T 4. The additive inverse of each element in V is unique.
5
6

. If k 1s a scalar and v € V such that kv = 0, then either k =0 orv = 0.
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DEFINITION 4.3.1

Let S be a nonempty subset of a vector space V. If § is itself a vector space under the
same operations of addition and scalar multiplication as used in V, then we say that

S is a subspace of V.
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DEFINITION 4.2.1

s K) BS ? P‘ C(-// Let V be a nonempty set (whose elements are called vectors) on which is defined an

addition operation and a scalar multiplication operation with scalars in F. We call V
a vector space over F, provided the following ten conditions are satisfied:

(' Al. Closure under addition: For each pair of vectors u and v in V, the sum u + v

is also in V. We say that V is closed under addition.
?AZ

. Closure under scalar multiplication: For each vector v in V and each scalar k

L~ in F, the scalar multiple kv is also in V. We say that V' is closed under scalar
multiplication.

A3. Commutativity of addition: For all u, v € V, we have

u+v=v-+u

Ad. Associativity of addition: For all u, v, w € V, we have

(u+v)+w=u+ (v+w).

AS. Existence of a zero vector in V: In V there is a vector, denoted 0, satisfying

(\/,L/\‘/'L\) v+0=v, forallv e V.
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SRS et S be a nonempty subset of a vector space V. Then S is a subspace of V if and only
if § is closed under the operations of addition and scalar multiplication in V.
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Example 4.3.3  Let S denote the set of all real solutions to the following linear system of equations:

x1— 4x2+ 6x3 =0,
—3x1 4+ 10x2 — 10x3 = 0.

Express S in set notation and verify that S is a subspace of R3.
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Example 4.3.4  Verify that S = {x e R? : x = (r, —=3r + 1), r € R} is not a subspace of R>.
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Zero Vector Check

If a subset S of a vector space V fails to contain the zero vector 0,
then it cannot form a subspace.
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< Example 4.3.5 Let V = R?, and let

1

P - (\, Si={(x,x—1):x eR} and S ={(x,x>):x eR}).
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Example 4.3.6 | Let S denote the set of all real skew-symmetric n X n matrices. Verify that S is a subspace

of M,,(R).
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Example 4.3.7

Let V = M>,3(R), and let S denote the set of all elements of V for which the entries in
each column sum to zero. Show that § is a subspace of V.
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Example 4.3.8

Let V be the vector space of all real-valued functions defined on an interval [a, b], and

let § denote the set of all functions f in V that satisfy f(a) =

f(b). Verify that S is a

subspace of V. I
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Example 4.3.9 Let V be the vector space P>(R), fix r € R, and let S denote the set of polynomials

p(x) € V such that p(r) = 0. Express § in set notation and verify that § is a subspace

of V. E
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TG R Let Vobe a vector space with zero vector 0. Then S = {0} is a subspace of V.
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LT R A Let A be an m x n matrix. The solution set of the homogeneous system of linear equations
AX _@s a subspace of G thammeditic abs
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DEFINITION 4.3.12

nullspace(A) = {x € ﬂ’ : Ax = 0}.
n

sPEc L

SORSPH+cE

As 5 T &T£0

W / ,
Let A be an m x n matrix. The solution set to/the corresponding homogeneous linear A—
system Ax = 0 is called theL space of Aland is denoted nullspace(A). Thus,
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Example 4.3.13  Let V denote the vector space of all real-valued functions that are defined on an interval
1, and let CX(I) denote the set of all functions that are continuous and have (at least) k
continuous derivatives on the interval I, for a fixed positive integer k. Show that C*(I)
is a subspace of V.
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LB R R The set of all solutions to the homogeneous linear differential equation

Vi+ai(x)y +ax(x)y =0

on an interval / is a vector space. \Js se T oF SoL b Cloy
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LKl IfA= [al, a, ..., a,,] is an m x n matrix and ¢ = [ )

M

_—

C1
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Cn

Ac = cia; +cpay 4+ --- + cpa,.

—‘ 1s a column n-vector, then

(2.2.2)
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If a;, a», ..., a, are column m-vectors and ¢y, ¢, ..., ¢, are scalars, then an ex-
pression of the form

cia; +cay +-- -+ cpay

is called a linear combination of the column vectors. Therefore, from Equation (2.2.2),

we see that the vector Ac is obtained by taking a linear combination of the column vectors
of A.




DEFINITION 4.4.1

If every vector in a vector space V can be written as a linear combination of vy,

V2, ..., Vi, we say that V is spanned or generated by vy, v, ..., v; and call the
set of vectors {vy, v2, ..., vx} a spanning set for V. In this case, we also say that
{Vi,v2,..., vy} spans V.

>~  [ey,2) = x (1L,s,6) + v (y,1,0) F2(,0))
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Example 4.4.2  Show that R? is spanneggy the vectors

vi=(,1) and vwvp=(2,-1).
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Example 4.4.3  Determine whether the vectors vi = (1, —3,6), vo = (1, —4, 2), and v3 = (-2, 10, 4)

2 span R3.
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WL CETE G Let vy, Vo, ..., Vi be vectors in R”. Then {vy, va, .

the matrix A = [vy, v, ..

.., V¢ } spans R" if and only if, for

., Vi], the linear system A¢ = v is consistent for every

v in R,
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Example 4.4.5  Verify that A = I:(l) 8] Ay = [(1) (1):|, Az = I:i (l)],and Ay = |:i i] span
M>(R).
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Determine a spanning set for P> (RR), the vector space of all polynomials of degree 2

Example 4.4.6
or less.
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The Linear Span of a Set of Vectors

Letvy,va,..., vk bevectorsinavector space V. Forming all possible linear combinations
of vi, va, ..., Vi generates a subset of V called the linear span of {vy, va, ..., v¢},
denoted span{vy, vo, ..., vi}. We have

span{vy, vy, ...,V } ={veV:v=civi+cvp+---+ Vi, €1,€2,...,Cr € F}.
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L CLTE R et vy, v, . .., Vi be vectors in a vector space V. Then span{vy, va, ..., Vi } is a subspace
of V.
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Example 4.4.8 If V = R? and v; = (—1, 1), determine span{vi}.
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Example 4.4.9

If V= R3 and vi = (1,0, 1) and vo = (0, 1, 1), determine the subspace of R3 spanned

by vi and v,. Does w = (1, 1, —1) lie in this subspace?
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Example 4.4.10  LetA| = {1 O],Az = [0 1:|,A3 = [8 (1):| in M>(R). Determine span{A|, A;, A3}.
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Example 4.4.11| Determine the subspace of P»(R) spanned by

p1(x)=1+43x, pax) =x+x%,

and decide whether {p1(x), p2(x)} is a}spanning set for P> (R v
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Example 4.4.12

Find a spanning set for the vector space V of all 3 x 3 skew-symmetric matrices.




Example 4.4.13  Find a spanning set for the null space of the matrix A = [_; _ 1(5) _2]
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