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Theorem 4.5.2 IR VSRAZT . vk} be a set of at least two vectors in a vector space V. If one of the

vectors in the set i1s a linear combination of the other vectors in the set, then that vector

can be deleted from the given set of vectors and the linear span of the resulting set of
vectors will be the same as the linear span of {vy, va, ..., Vi}.
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DEFINITION 4.5.3

A finite nonempty set of vectors {vy, va, ..., vt} in a vector space V is said to be

linearly dependent if there exist scalars ¢y, ¢z, ..., ¢k, not all zero, such that

civi+cava+ -+ v = 0.

Such a nontrivial linear combination of vectors is sometimes referred to as a linear

dependency among the vectors v, va, ..., Vg.
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DEFINITION 4.5.4

\ A finite, nonempty set of vectors {vy, v2, ..., Vx} in a vector space V is said to be

if the only values of the scalars ¢y, ¢, . . ., ¢k for which

civit+eva+---+ave =0
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1 LT B A set consisting of a single vector v in a vector space V is linearly dependent if and only
if v = 0. Therefore, any set consisting of a single nonzero vector is linearly independent.
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AL CCTC RN Let {vy, va, ..., Vi} be aset of at least two vectors in a vector space V. Then {vy, vo, ...,

vk} is linearly dependent if and only if at least one of the vectors in the set can be expressed
as a linear combination of the others.
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Example 4.5.7 | Let V be the vector space of all functions defined on an interval 7. If

fik)=1, fo(x)=2sin’x,  f3(x) = —5cos’x,

¢ THERE A L =HEMR O ER E~DENE 7
N Q\‘t’(\eﬁ?‘c\OMSI 2N -
%X‘—z x £ bte | — €0
-\Q,,; Ty ¢ Lo — ( = 0
S




LErsT

o) g
Cp£0 o
WL, € £0 Gse (3D
(P‘SE® (,£0 =<\ Vv
)
AR LD &=



’

L-Z.

()

ch N

8 ¢S,

Y

-

-

(\

7,6

1O




G LICL MR R et V be a vector space.

1. Any set of two vectors in V is linearly dependent if and only if the vectors are
proportional.

2. Any set of vectors in V containing the zero vector is linearly dependent.




-201,2,-9) v, = -1V
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Example 4.5.9 Ifv; = (1,2, -9) and v, = (-2, —4, 18), then {v}, v} is linearly dependent in R3,
since v = —2v1. Geometrically, vi and v; lie on the same line. 5 /f ]
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Example 4.5.10 | Ifv; = (2,4),v2 = (=3, 1), and v3 = (-1, 5), then {vy, v, v3} is linearly dependent

in R? since v + v3 — v3 = 0, but no two of these three vectors are proportional. O]
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Example 4.5.11 If A| = 3 4 Ay = 00 ,and A3 = , then {A], Ay, A3} is linearly
dependent in M;(IR), since it contains the zero vector from M>(R). (I
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Example 4.5.12 Ifv; = (3,—1,2), v; = (=9,5,-2), and v3 = (=9, 9, 6), show that {vy, v2, v3} is

linearly dependent in R3, and determine the linear dependency relationship.
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Example 4.5.13 Determine whether the set of wolynomials {p;(x), p2(x), p3(x), ps(x)} is linearly de-
pendent or linearly independent in| Pz (IR)[ where

pi(x)=1-4x>,  pr(x)=2+42x, p3(x) =1-x*+2x>,  ps(x) =2x —x°.
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o BT R E  Any nonempty, finite set of linearly dependent vectors in a vector space V contains a

linearly independent subset that has the same linear span as the given set of vectors.
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Example 4.5.15| Letv; = (1,2,3),v2 = (—1,1,4),v3 = (3,3,2), and v4 = (-2, —4, —6). Deter-

mine a linearly independent set of vectors that spans the same subspace of R? that

{v1, v2, v3, v4} does.
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linearly dependent if and only if the linear system Ac = 0 has a nontrivial solution for c.
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Corollary 4.5.17 R VST CHNN v be vectors in R” and A = [vy, Vo, ..., V.

1. If k > n, then {vy, vo, ..., vt} is linearly dependent.

2. If k = n, then {vy, v, ..., vt} is linearly dependent if and only if det(A) = 0.
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Example 4.5.18  Determine whether the given vectors are linearly dependent or linearly independent

in R?. \\YL' (v\;h) / l( =S5

(a) Vi = (1»37_190)"72 = (2a93_133)sv3 = (45576’11)5‘,4 S (19_11295)» -

vs =(3,-2,6,7).

Mb) vi=(1,4,1,7),v2o=3,-5,2,3),v3=(2,—-1,6,9),v4 = (2,3, 1, 6).
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DEFINITION 4.6.1

A set of vectors {v{, V2, ..., V) in a vector space V is called a basis> for V if

(a) The vectors are linearly independent.

(b) The vectors span V.
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Example 4.6.2| Determine the standard basis for M5 (R).
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Example 4.6.3 Determin@or P>(R).
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Remark  More generally, consider the vector space of all m x n matrices with real

entries, My, xn (R). If we let E;; denote the m x n matrix with value 1 in the (i, j)-position
. N \
and zeros elsewhere, then one can show routinely that U \
t
{Bi:iv1 =i =n; 12§ 26) ] }
a) 7
v o7

is a basis for M,, «,(R), and it is the standard basis for M,, ., (R).

Remark More generally, the reader can check that a basis for the vector space of all

polynomials of degree n or less, P, (R), is

Lox,x2, ..., x".
{

This is the standard basis for P, (R).




53 4 frHzzee BASES.

L CRTET R Y  If alfinite-dimensional Svector space has a basis consisting of n vectors, then any set of
more than n vectors is linearly dependent.
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ol L BTG HFCE Al bases in a finite-dimensional vector space V contain the same number of vectors.
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ol L ELRCRCY I a finite-dimensional vector space V has a basis consisting of n vectors, then every
spanning set for V must contain at least n vectors.
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DEFINITION 4.6.7

The dimension of a finite-dimensional vector space V, written dim[ V'], is the number
of vectors in any basis for V. If V is the trivial vector space, V = {0}, then we define
its dimension to be zero.
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Example 4.6.8 It follows from our examples earlier in this section that dim[R>] = 3, dim[M>(R)] = 4,

and dim[ P> (R)] = 3. i A F:
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Zdim[R"] =n| dim[M,x,(R)] = mn, dim[M,[R)] =n?, dim[P,(R)] =n + 1.
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