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——— DEFINITION 4.6.1

A set of vectors {v{, V2, ..., v} in a vector space V is called a basis> for V if

(a) The vectors are linearly independent.

(b) The vectors span V.
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/ Remark  More generally, consider the vector space of all m x n matrices with real
entries, My, x, (R). If we let E;; denote the m X n matrix with value 1 in the (i, j)-position

and zeros elsewhere, then one can show routinely that \
€> °

(Bl =i<m 1.7 <#n)
is a basis for M, «, (R), and it is the standard basis for M,, ., (R). O

Remark More generally, the reader can check that a basis for the vector space of all

polynomials of degree n or less, P, (R), is

(1,x,x% ..., x"}.

This is the standard basis for P, (R).
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DEFINITION 4.6.7

The dimension of a finite-dimensional vector space V, written dim[ V], is the number

of vectors in any basis for V. If V is the trivial vector space, V = {0}, then we define

its dimension to be zero.

o1 L ETGHFCE Al bases in a finite-dimensional vector space V contain the same number of vectors.

dim[R"] = n, dim[Myx,(R)] = mn, dim[M,(R)] =nr? dim[P,(R)]=n+ 1. wtl Jb
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Recal -

G RS If a finite-dimensional vector space has a basis consisting of n vectors, then any set of
more than n vectors is linearly dependent.

.——-) 7

N \lS\ > dia =) S Ts L-D)-

5 ¢ S Lx. o Kl £ doV

ol BT RRCE  If a finite-dimensional vector space V has a basis consisting of n vectors, then every

spanning set for V must contain at least n vectors.
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If dim[V] = n, then any set of n linearly independent vectors in V is a basis for V.
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Example 4.6.11 |  Verify that {1 + x, 2 — 2x + x2, 1 + x?} is a basis for P,(R).
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PhSTS = L.Z. X SPaHNIpNG

SRR PR I dim[ V] = g, then any set of n vectors in V that spans V is a basis for V.
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(T ETVR N REN If dim[V] = n and S = (v, va,..., vy} is a set of n vectors in V, the following

statements are equivalent:

1. S isabasis for V.

2. S is linearly independent.

3. Sspans V.
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Suppose that V is a vecto
and let § = {vq, vo, ..

r space with dim[ V] = n,
., Vi} be asubset of V.

S k <n k >n k=n
is Maybe No Maybe
linearly independent? (Theorem 4.6.4)  (Corollary 4.6.13)
spans No Maybe Maybe
V? (Corollary 4.6.6) (Corollary 4.6.13)
is a No No Maybe
basis? (Corollary 4.6.5)  (Corollary 4.6.5) (Corollary 4.6.13)




ol EG RN R Let S be a subspace of a finite-dimensional vector space V. If dim[V] = n, then

dim[S] < n.

Furthermore, if dim[S] = n,then S = V.
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Example 4.6.15| Give a geometric description of the subspaces of R? of dimensions 0, 1, 2, 3.
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Example 4.6.16

Determine a basis for the subspace of R? consisting of all solutions to the equation

X1+ 2x —x3=0.
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LT RO Let S be a subspace of a finite-dimensional vector space V. Any basis for S is part of a
basis for V.




Example 4.6.18

Let S denote the subspace of M» (IR) consisting of all symmetric 2 x 2 matrices. Determine
a basis for S, and find dim[S]. Extend this basis for S to obtain a basis for M>(R).




)
79

™

CZLL

O

0)
o

—




§ L8 ROW . SPhCE |
\ Q  Col oM - S PACE
X | L=
O\C
fr S My neTRZIx & Z,%’
R%SW(A\ = ‘/g\%(?{ J ) 0:7\;\ ) / —3 n\
| (B )
= B g P :

N
7~




G E R If A and B are row-equivalent matrices, then

rowspace(A) = rowspace(B).
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T R The set of nonzero row vectors in any row-echelon form of an m x n matrix A is a basis

for rowspace(A).
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Example 4.8.3 | Determine a basis for the row space of
11 4 -1 2 3 5
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Example 4.8.4

Determine a basis for the subspace of R* spanned by

{(1,2,3,4),(4,5,6,7),(7,8,9,10)}.
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COLUNN SPRE (A) = SPAH  6F  GeLUMNS.
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Example 4.8.5 For the matrix A = |:—l O:|,we have
4 —4

6 2
colspace(A)zspan{ -11, 0 }
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TR Let A be an m x n matrix. The set of column vectors of A corresponding to those column
vectors containing leading ones in any row-echelon form of A is a basis for colspace(A).
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Example 4.8.7  Determine a basis for colspace(A) if\'l v \/3 v
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Summary: Let A be an m x n matrix. In order to determine a basis for rowspace(A)

and a basis for colspace(A), we reduce A to row-echelon form.

1. The row vectors containing the leading ones in the row-echelon form

give a basis for rowspace(A) (a subspace of R").

2. The column vectors of A corresponding to the column vectors containing

the leading ones in the row-echelon form give a basis for colspace(A)

(a subspace of R™).

Since the number of vectors in a basis for rowspace(A) or in a basis for colspace(A)

is equal to the number of leading ones in any row-echelon form of A, it follows that

dim[rowspace(A)] = dim[colspace(A)]. — \2 A N K ( AI)
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(Rank-Nullity Theorem)

For any m x n matrix A,
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rank(A) + ity (A = n.

4o (Nullseng )
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Example 4.9.2 IfA = - - . , find a basis for nullspace(A) and verify Theorem 4.9.1.
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