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GG R AR (Rank-Nullity Theorem)

For any m x n matrix A,

rank (A) + nullity(A) = n.
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Example 4.9.2 If A= _; 1_1;_23 , find a basis for nullspace(A) and verify Theorem 4.9.1.
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Description Subspace of Dimension

nullspace(A) set of vectors x with Ax =0 R" nullity(A) ‘3 SUM = #

] - rowspace(A) span of the row vectors of A R" rank(A)
O TN colspace(A)  span of the column vectors of A R™ rank(A)
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oL EE R Let A be an m x n matrix, and consider the corresponding homogeneous linear system

.
.
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1. Ifrank(A) = n,then Ax = 0 has only the trivial solution, and so, nullspace(A) = {0}.

2. Ifrank(A) = r < n, then Ax = 0 has an infinite number of solutions, all of which

can be expressed in the form

X=c1X] +c2X2+ -+ Cp—rXp—r, 4.9.2)
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where {X1, X2,...,X,—,} 1s any linearly independent set of n — r solutions to
Ax = 0.
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1L CTE RS Let A be an m x n matrix and consider the linear system Ax = b.

1. If b is not in colspace(A), then the system is inconsistent.

2. If b € colspace(A), then the system is consistent and has the following:

(a) aunique solution if and only if dim[colspace(A)] = n.

(b) an infinite number of solutions if and only if dim[colspace(A)] < n.
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LG Y Let A be an m x n matrix and consider the linear system Ax = b.

1. If b is not in colspace(A), then the system is inconsistent.

2. If b € colspace(A), then the system is consistent and has the following:

(a) aunique solution if and only if dim[colspace(A)] = n.

(b) an infinite number of solutions if and only if dim[colspace(A)] < n.
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GG RAE Let A be an m x n matrix. If rank(A) = r < n and b € colspace(A), then all solutions
to Ax = b are of the form

X = C]X] + C2X2 + b AR + Cn_.an_r + Xp, (4.9.3)
N — -—~——
where X, is any particular solution to Ax = b, and {xj, X2, ...,X,_,} is a basis for

nullspace(A).




2 -6 -8 —18

-1 3 4 9 : ;
Example 4.9.6 LetA = 5 _15 —20 andb = 45 . Verify thatx, = (5, 2, 2) isa particular
-2 6 8 18
solution to Ax = b, and use Theorem 4.9.5 to determine the general solution to the
system.
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