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Solution to the Eigenvalue/Eigenvector Problem

=

Find all scalars A with det(A — AI) = 0. These are the eigenvalues of A.

If X1, A2, ..., A are the distinct eigenvalues obtained in (1), then solve
the k systems of linear equations

(A—A;Dv; =0, 0 .

to find all eigenvectors v; corresponding to each eigenvalue.
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DEFINITION 7.2.1

Let A be an n x n matrix. For a given eigenvalue A;, let E; denote the set of all vectors

v satisfying Av = A;v. Then E; is called the \eigenspaceﬂof A corresponding to the

we

eigenvalue A;. Thus, E; is the solution set to the linear system (A — A;1)v = 0.
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Example 7.2.2 |  Determine all eigenspaces for the matrix A = [ _3 = ]
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Example 7.2.4| Determine all eigenspaces and their dimensions for the matrix
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ALLE Bei 3¢ r\(’LTI(’LId?‘I)
LA Let A; be an eigenvalue of A of multiplicityl m; jand let E; denote the corresponding

eigenspace. Then

\“’{H’ \\/ 1/(' v g -‘ 1. Foreach i, E; is a subspace of C".

L é\d_zwl-f-@denotes the dimension of E;, thenfor each i. In words, the
‘V\\) L dimension of the eigenspace corresponding o A7 1S at most the multiplicity of A;.
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L ARl Eigenvectors corresponding to distinet eigenvalues are linearly independent.
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oL EISWAVRE  Let Ey, Ea, ..., E; denote the eigenspaces of an n x n matrix A. In each eigenspace,
choose a set of linearly independent eigenvectors, and let {vy, v2, ..., v,} denote the

union of the linearly independent sets. Then {vy, va, ..., v, } is linearly independent.
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DEFINITION 7.2.7

Ann x n matrix A that has n linearly independent eigenvectors is called nondefective.

In such a case, we say that A has a complete set of eigenvectors. If A has less than

n linearly independent eigenvectors, it is called defective.

oL BV R If an n x n matrix A has n distinct eigenvalues, then it is nondefective.
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L CTE AV RRE Anon x n matrix A is nondefective if and only if the dimension of each eigenspace is
the same as the algebraic multiplicity m; of the corresponding eigenvalue; that is, if and
only if dim[E;] = m; for each i.
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DEFINITION 4.5.19
The set of functions { f1, f2, ..., fx} is linearly independent on an interval / if and
only if the only values of the scalars ¢y, c2, .. ., ¢k such that
cafix)+cafox)+ -+ crfi(x) =0, forall x € I, (4.5.5)

are ] = ) === ¢ =40.
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DEFINITION 4.5.20 e &b
Let 1. fo,any fx be functions in C*k=1(I). The Wronskian of these functions is the
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Example 4.5.21

If f1(x) =sinx and f>(x) = cosx on (—0o0, 00), then Q( -9
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L CEICTOR R WEN  Let f1, f2, ..., fr be functions in a4 1t W s P fx] 1s nonzero at some

point xg in 7, then { f1, f2, ..., fx} 1s linearly independent on /.
\

‘ﬁ’i‘cl\f (: ) )‘L Vz \) '
C I-I/ﬁ() + c, ,t;l/\c + -t C, ﬂ(}d(K) =0
{ (e LTy e
Yoo )« + ¢, LS (k) =
1 ! e h
. n( b —D( \ ‘\(\,__,)(x\ ‘e (k1) _
| T ¥ T, g ) K- WTL (x)=0




- bl \ ¢ /\ | 67
&k! (’X) ' \ - .
) \ .
N o (e=Dp ~ |
(2‘) 5(\0‘ (x) _A c |, ! D)
a d
L/
N =
A2 =6
A TMBERS PEP L1
oN X -

¢} r =0 FOR AN Y x

= =
c = 6




W
C'(‘\l 077 ’Stl;] (?Qa)

=0
TokR
AN
. . x, € L
! —
L
. rs [T




It W[fi1, f,..., fil(x) =0 for all x in 7, Theorem 4.5.23 gives no information
as to the linear dependence or independence of { f1, f2, ..., fx} on I.




Example 4.5.24

Determine whether the following functions are linearly dependent or linearly indepen-

denton I = (—o0, 00).

@) filx) = e, folx) = x%e*.

Y(b) fix) =x, fr(x) =x +x2, f3(x) = 2x — x°. &
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Example 8.1.1 If L = D? + 4xD — 3x, then

Ly =y" +4xy’ — 3xy,
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Example 8.1.2  Determine the kernel of the linear differential operator L = D — 2x.
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WG G = e Letay,an, ..., a,, and F be functions that are continuous on an interval /. Then, for

any x¢ in /, the initial-value problem

Ly = F(x)
yxo)=yo, Y @0) =y, ... ¥" V(x0) = yui
has a unique solution on /. —
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LGSR R The set of all solutions to the regular nth-order homogeneous linear differential equation

Y +ar @y "V 4t a0y F a0y =0 — (D -

on an interval / 1s a vector space of dimension n.
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Example 8.1.5| Determine all solutions to the differential equation y” — 2y — 15y = 0 of the form

y(x) = €', where r is a constant. Use your solutions to determine the general solution

to the differential equation. 2 —_—
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