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TG R R The set of all solutions to the regular nth-order homogeneous linear di(Yferential equation
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Y+ a1y 4+ a1 ()Y +an(x)y =0 ’i’* Ly; o

on an interval / is a vector space of dimension n. w—!
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LG R Let yy, y2, ..., yu be solutions to the regular nth-order differential equation Ly = 0
on an interval I, and let W[y, y2,..., y,](x) denote their Wronskian. If
Wiyi, y2, ..., ynl(xo) = 0 at some point xg in 7, then {y, y2, ..., yu} 18 linearly de-
pendent on 1.
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The vanishing or nonvanishing of the Wronskian on an interval I completely
characterizes whether solutions to Ly = 0 are linearly dependent or

linearly independent on /.




Verify that yi(x) = cos2x and y2(x) = 3(1 — 2 sin? x) are solutions to the differential

Example 8.1.7

equation y” 4+ 4y = 0 on (—00, 00). Determine whether they are linearly independent

on (—o00, 00).
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L CT R R Let {yy, 2, ..., y,} be a linearly independent set of solutions to n an interval

I, and let y = y, be any particular solution to Ly = F on I. Then every solution to

Ly = F on I is of the form

y=01y1+c2yz+---+c,,y,,+y,,,(
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Example 8.1.9 |  Verify that y,(x) = 2¢% is a particular solution to the differential equation

y" — 2y — 15y = 18¢%*

and determine the general solution.
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WL CE R R DE  If y = uj, and y = v), are particular solutionsto Ly = f(x) and Ly = g(x), respectively,
then y = u, +vpisasolutionto Ly = f(x) + g(x).
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Example 8.2.1  Write the differential equation y” + 5y’ — 7y = 0 as P(D)y = 0 for an appropriate

polynomial differential operator P (D). Determine the auxiliary polynomial and the

auxiliary equation.
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1 GG s I P(D) and Q(D) are polynomial differential operators, then
P(D)Q(D) = Q(D)P (D).
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Example 8.2.3 If P(D) = D — 5and Q(D) = D + 7, verify that

P(D)Q(D) = Q(D)P(D).
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LGRS If P(D) = Pi(D)Py(D)--- Pr(D), where each P;(D) is a polynomial differential
operator, then, for each i, 1 < i < k, any solution to P;(D)y = 0 is also a solution to
P(D)y =0.
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Example 8.2.8 Determine the general solution to y” — y' — 2y = 0.
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Example 8.2.9

Determine the general solution to y” + 6y” + 25y = 0.
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B ER AR Consider the differential operator (D — r)™, where m is a positive integer, and r is a real

or complex number. For any u € C" (1),

(D —=r)"(e"*u) = e D" (u). (8.2.4)
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1L CTE PR The differential equation (D — r)™y = 0, where m is a positive integer and r is a
real or complex number, has the following m solutions that are linearly independent on
any interval:
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