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B ERERCE  Consider the differential operator (D — r)™, where m is a positive integer, and r is a real
or complex number. For any u € C" (1),

(D —=r)"(e"*u) = e D" (u). (8.2.4)

TP The differential equation (D — r)™y = 0, where m is a positive integer and r is a
real or complex number, has the following m solutions that are linearly independent on
any interval:
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Example 8.2.10

Solve the initial-value problem

‘P (D.) yl, =+ 4)’, +4y =0, y(0) =1, y’(o) =
/ i\_/“——\ ‘ )
(DLJJ{D*H)\/ = \)L\/Jv L(D\’ml,\(, -6
P(n) = A4 ln &} = (s +2)"
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Example 8.2.13 | Determine the general solution to

VZ6 9 =D’ D-22D*+ 1Py =0

P(D)y - O PIOY - D (D-D (e
‘B;\'l =0 & € 9‘\»«“3 (,></><2:{
Az=D m=2







= s .
(D) v [ //XUeLx’tJ.(Mx)
— L X _—
) ke ri
i e D
— e ; Xe ) M
! \\/
(U 7, -()\\\‘
N RS
I W8 B
- —

r M?_




\
N — o t Iy \\L = -y
[ \ [ =

/
{ —

9 . 2¢
= \
/ A \ 1, A\ R A "\
sl x i oy Yot xiden) | 2 ferxt o) - (v - i)
AN = l —C - —
2 L
| N
— (s < ! = zz&;x = Cf&)/;x
[
Yy =  xhexl, y 7“,/}, - Ky = Xk,







-9
/S
-~

\)

d il

Exbctly  geocS

p I AP

'()A) _ a, (J\ A, N\ (a ’J\Z) {/\ )\A

(v




LG RS Consider the differential equation

P(D)y = 0. (8.2.7)

Let ry, ra, ..., ry be the distinct roots of the auxiliary equation, so that

P(r)y=(r—r))™(r—r)"™ .. (r — )™,

where m; denotes the multiplicity of the root r = r;.

—
1. If ri is real, then the functions]e’i*, xe"i*, ..., xMi—ler i-"gare linearly independent ‘) .
solutions to Equation (8.2.7) on any interval. a+h,

2. Ifr; is complex, say rj = a +ib (a and b are real, with b # 0), then the functions o~y

mj—1

e cosbx, xe*™ cosbhx, ..., x e cos bx

e mj—1 PRy

sinbx, xe* sinbx, ..., x sin bx

corresponding to the conjugate roots r = a %ib are linearly independent solutions

to Equation (8.2.7) on any interval.

3. The n real-valued solutions yj, ys, ..., y, to Equation (8.2.7) that are obtained
by considering the distinct roots ry, r2, ..., ry are linearly independent on any

interval. Consequently, the general solution to Equation (8.2.7) is

y(x) =c1y1(x) +c2y2(x) 4+ - - - + cnyn(x).
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DEFINITION  9.1.1 c( A ?K.__
7

A system of differential equations of the form

d
2. % = a1 (O)x1(0) + app(@)x2(t) + -+ - + a1, (O)xn ()
g; dx, .
z =\ar1(t)x (t) + a22(t)x2(t) A a2n(t)xn(t)
(9.1.1)

dxp
dt

4@11(’))51(1‘) + an2(t)x2(t) + - - - 4+ ann(t)xn ()

(/

FE T —o ey

where the a;;(f) and b; () are specified functions on an interval /, is called a first-

order linear system. If by = by = --- = b,, = 0, then the system is called homoge- LlH EAR
neous. Otherwise, it[is called nonhomogeneous. VIECD @
! \ VT ¢F.
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DEFINITION 9.1.3

By a solution to the system (9.1.1) on an interval / we mean an ordered n-tuple

of functions x(t), x2(¢t), ..., x,(t), which, when substituted into both sides of the

system, yield the same result for all # in /.

VECto & FORM

Find all column vector functions x(¢) € V,, (1) satisfying the vector differential

equation
Lx’(t) = A(t)x(t) + b(?).




Example 9.1.4
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Verify that

is a solution to the linear system of differential equations

on (—o00, 00).

x1(f) = =2 + 47!, xat)=e' +e! (9.1.2)

— @ 9.1.3)

xp = x1— 8xz,
Xy =—Xi +3%2,

& (9.1.4)
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Example 9.1.5

Solve the system

B
—— F X xp = x1+2x
d ¥ A ZJ x5y = 2x1 — 2x2 |
L2 - P-4
d&
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DEFINITION 9.1.6

Solving the system (9.1.1) subject to n auxiliary conditions imposed at the same value
of the independent variable is called an initial-value problem. Thus, the general form
of the auxiliary conditions for an initial-value problem is:

x1(to) = a1, X)) =@, .oy Xulln) = dn,

where o1, aa, . . ., &, are constants.
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Example 9.1.7

Solve the initial-value problem

2o ) 2?/3’:(@_ Y M=xi+2n,  xp=2n0-20,
A% 11 |6 x1(0) = 1, x2(0) = 0.
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WRopSeTzans  EN N, (1)

DEFINITION 9.2.2

Letx;(1), x2(¢), ..., X, (1) be vectors in V,,(I). Then the Wronskian of these vector
functions, denoted W[x1, X3, ..., X, ](?), 1s defined by

Wixi, X0, ..., Xxzl(t) = det(Ix1(2), X2(1); . - » Xn(D)]).
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Example 9.2.3  Determine the Wronskian of the column vector functions

wo=[z] so=[2]
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ILCCTG PR Let x1(7), X2(2), ..., X, (¢) be vectors in V,,(I). If W[xy, X2, ..., X,](fo) is nonzero at

some point fy in /, then {x;(7), x2(?), ..., X, (¢)} 1s linearly independent on /.
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FOLDs .

L CTET R A The initial-value problem
X'(t) = A(Ox(1) +b(),  x(t9) = Xo,

where A(¢) and b(#) are continuous on an interval 7, has a unique solution on /.
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OeT.

1L G G 2= The set of all solutions to X' () = A(#)x(z), where A(¢) is an n x n matrix function that
1s continuous on an interval 7, is a vector space of dimension 7.
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DEFINITION 9.3.3

Let A(t) be an n x n matrix function that is continuous on an interval /. Any set of

n solutions, {X;, X, ..., X, }, to X' = Ax that is linearly independent on [ is called a

fundamental solution set on /. The corresponding matrix X (z) defined by

X(t)=|xi,X0; ;.2 %l

is called a fundamental matrix for the vector differential equation X’ = Ax.
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Example 9.3.5  Consider the vector differential equation

r . 1 2
X = Ax, where A_|:_2 1],

- N==Z
and let
Ry = —e' cos 2t %5 () = e’ sin 2t
BY=1 efsin2t | 2V = et cos2t |-
(e I\ ¥

Xy (9 = o L= ﬁs
(a) Verify that {x, X3} is a fundamental set of solutions for the vector differential

equation on any interval, and write the general solution to the vector differential

equation. 72 _ C(;v‘ € R
(b) Solve the initial-value problem [ ‘l‘& %
x = Ax, x(0) = :
R k1 ? CTING  F =
and write the correspond;f g scalar solytions. [- ‘ X ~) C\ '}
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