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Theorem 9.4.1 Let A be an n x n matrix of real constants, and let A be an eigenvalue of A with
corresponding eigenvector v. Then

x(t) = v
is a solution to the constant coefficient vector differential equation x’ = Ax on any

interval.

.




Example 9.4.2 | Find the general solution to
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xé = —3x1 — 2x3. O4:3)
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xp (1) = vy, k=1,2,...,n,

for all ¢, are linearly independent solutions to X’ = Ax on any interval. The general

solution to this vector differential equation is

X(t) = c1X1 + 2Xp + - - + CpXy.

L CLTE R Bl Let A be an n x n matrix of real constants. If léllas n real linearly independent eigenvec-

tors vy, v, ..., v,! with corresponding real eigenvalues Ay, A2, ..., A, (not necessarily ————
rstinct), then the vector functions {xi, X3, ..., X, } defined by
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Example 9.4.4  Find the general solution to X’ = Ax if A = |:—2 4 —3i|.
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Example 7.1.9 | Find all eigenvalues and eigenvectors of A = [ _? 3;]
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LA R Let A be an n x n matrix with real elements. If A is a complex eigenvalue of A

with corresponding eigenvector v, then A is an eigenvalue of A with corresponding
eigenvector V.

el .

AV =a7  — J =X 9

)

= Vi _
o M.

J— / \
A A (A zs  wep)

\

i)
>
<




-

0 2
-2 0

|

Example 9.4.6  Find the general solution to the vector differential equation X’ = Ax if
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LT E 8T Let u(r) and v(7) be real-valued vector functions.

wi(t) =u(t) +iv(t) and

If

wo(t) =u(t) —iv(t)

are complex conjugate solutions to X' = Ax, then /N = Wy *Wwy
M
X1 (1) = u(r) and X> (1) = v(t)
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Example 9.4.7

Find the general solution to the vector differential equation x’ = Ax if
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e Let A be an n x n matrix of real constants.

1. Suppose A is areal eigenvalue of A with corresponding linearly independent eigen-
vectors Vi, va, ..., Vi. Then k linearly independent solutions to X' = Ax are

A

D=8y ] = L2k

2. Suppose A = a + ib is a complex eigenvalue of A with corresponding linearly
independent eigenvectors vy, va, ..., Vi, where v j =rj+is;. Then k complex-
valued solutions to X’ = Ax are

u(t) =eMv;, j=1,2,....k

and 2k real-valued linearly independent solutions to X’ = Ax are

X1 () = e (cosbt ry —sinbt s;),  Xj2(t) = e*'(sinbt r| + cos bt s;)
x21(¢) = ¢“ (cos bt T2 — sin bt s7), x22(1) = e (sin bt r> + cos bt s7)
Xi1(t) = e (cosbt vy —sinbt sy),  Xpa(t) = e (sin bt ry + cos bt si)

Further, the set of all solutions to X" = Ax obtained in this manner is linearly
independent on any interval.
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Example 8.3.1

Determine the general solution to
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Example 8.3.3  Determine the general solution to
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