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DEFINITION 2.3.1

The general m x n system of linear equations is of the form

aiix1 +anxy + -+ aipxn = by,
A RS ~
az1x1 +axnxy + -+ aypxy, = by,

P~
O <

. : (2.3.1)
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Am1X1 +8maX> + - + AmpXn = by,

r~ — (o

feréthe system coefficients a;; and the system constante given scalars and
1

Lx_l, X2, ..., X, {denote the unknowns in the system. If b; = O for all i, then the system

1s called homogeneous; otherwise it is called nonhomogeneous.




DEFINITION 2.3.2

By a solution to the system (2.3.1) we mean an ordered n-tuple of scalars, (cy, ca2, . . .,
cn), which, when substituted for xp, x2, ..., x, into the left-hand side of system
(2.3.1), yield the values on the right-hand side. The set of all solutions to system
(2.3.1) is called the solution set to the system.
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Verify that for all real numbers a and b, the 4-tuple (24 + 5a — 10b, —8 — 4a + 3b, '2?, Q
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DEFINITION 2.3.4

A system of equations that has at least one solution is said to be consistent, whereas
a system that has no solution is called inconsistent.




DEFINITION 2.3.5

Naturally associated with the system (2.3.1) are the following two matrices:

al ain oo aln
. . anq an? o o azn
1. The matrix of coefficients A =
_aml am2 ... amn_
ail a2 -+ an | b
" ar ax -+ a;m | by
2. The augmented matrix A" =
| Aml1 dm2 - dmn bm |

The bar just to the left of the rightmost column is useful for visually separating
the matrix of coefficients from the constants given on the right side of the linear

system.




Write the system of equations with the following augmented matrix:
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—aypxy +anxy +---+apx, = by,

ar1x1 + ax»xy +-- -+ aypx, = by,

Am1X1 + @max2 + ++ “+ GmnXn = bm,
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DEFINITION 2.4.1

An m x n matrix is called a row-echelon matrix if it satisfies the following three

conditions:

1. If there are any rows consisting entirely of zeros, they are grouped together

at the bottom of the matrix.

4

2. The first nonzero element in any nonzero row™ is a 1 (called a leading 1).

3. The leading 1 of any row below the first row is to the right of the leading 1 of

the row above it.

{ B B H 1 0 0 1 -3 -6 5 7
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1. Permute equations.
2. Multiply an equation by a nonzero constant. § ‘t) QL § Mo T
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ELEMEN TARY ROw  OPEppTTONS

1. Permute rows.

2. Multiply a row by a nonzero constant.

3. Add a multiple of one row to another row.

e \
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1. P;j:  Permute the ith and jth rows of A. L
2. M; (k): Multiply every element of the ith row of A by a nonzero scalar k.
3. A;j(k): Addto the elements of the jthrow of A the scalar k times the corresponding
elements of the ith row of A. ~
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DEFINITION 2.4.5

Let A be an m x n matrix. Any matrix obtained from A by a finite sequence of
elementary row operations is said to be row-equivalent to A.
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L ETE AR B Systems of linear equations with row-equivalent augmented matrices have the same

solution sets.

L CTET A A Every matrix is row-equivalent to a row-echelon matrix.
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Algorithm for Reducing an m x n Matrix A to Row-Echelon Form

. Start with an m x n matrix A. If A = 0, go to (7).

. Determine the leftmost nonzero column (this is called a pivot column
SN —

and the topmost position in this column is called a pivot position).

. Use elementary row operations to put a 1 in the pivot position.
—_— e — —

. Use elementary row operations to put zeros below the pivot position.

. If there are no more nonzero rows below the pivot position go to (7),

otherwise go to (6).

. Apply (2)—(5) to the submatrix consisting of the rows that lie

below the pivot position.

. The matrix i1s a row-echelon matrix.
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RaHk

GG AR Let A be an m x n matrix. All row-echelon matrices that are row-equivalent to A have
the same number of nonzero rows.

DEFINITION 2.4.11

The number of nonzero rows in any row-echelon form of a matrix A is called the
rank of A and is denoted rank(A).
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REDHUCED RowW  EcCHgLen  faeM

DEFINITION 2.4.13

An m x n matrix is called a reduced row-echelon matrix if it satisfies the following
conditions:

1. It 1s a row-echelon matrix.

2. Any column that contains a leading 1 has zeros everywhere else.

'op‘a 1B 05 3 Do 0
! ) ) , an (€)) ;
i B8 Faid - 43

a~

\,_\

i\t

<

s




LT A B Anom x nomatrix is row-equivalent to a unigue reduced row-echelon matrix.
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Determine the solution set to X L= "J
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75‘- OF Solmis

m Consider the m x n linear system Ax = b. Let A* denote the augmented matrix of the «
system. If rank(A) = rank(A*) = n, then the system has a unique solution. )<
VR
T EWETSE  Consider the m x n linear system Ax = b. Let A* denote the augmented matrix of the / / ’
system. If rank(A) < rank(A*), then the system is inconsistent. 7 /
/

Lemma 2.5.7

Consider the m x n linear system Ax = b. Let A* denote the augmented matrix of the

/

system and let r* = rank(A*). If r# = rank(A) < n, then the system has an infinite

/

number of solutions, indexed by n — r* free variables.
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