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DEFINITION 2.6.2

Let A be an n x n matrix. If there exists an n x n matrix A~! satisfying

AAT' =A"1A=1,

then we call A~! the matrix inverse to A, or just the inverse of A. We say that A is
invertible if A~! exists.

Invertible matrices are sometimes called nonsingular, while matrices that are not
invertible are sometimes called singular.
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e 74l Let A and B be invertible n x n matrices. Then

1. A~ !isinvertible and (A~1H)~1 = A. férﬁ—,%

2. AB isinvertible and &L&B)‘l =B 1Al

3. AT isinvertible and (A7)~ ! = (A_I)T./"i
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Example 3.1.1

There are precisely six distinct permutations of the integers 1,2, and 3:

(1:2: 33 €1,3,2): 2;1,3); Z3:1),

3:1,2); 3:2,1).
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DEFINITION 3.1.4

1. If N(p1, p2, ..., pn) 1s an even integer (or zero), we say (p1, P2, .-, Pn)
is an even permutation. We also say that (p;, p», ..., p,) has even parity.

2. If N(p1, p2, ..., pn) 1s an odd integer, we say (p1, p2,..., pn) 1S an
odd permutation. We also say that (p, p2, ..., pp) has odd parity.
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DEFINITION 3.1.8

A — N¥y

Let A = [a;j] be an n x n matrix. The determinant of A, denoted det(A), is defined

as follows:

det(A) = Z a(p1ypP2, " pn)alpla2])2a3p3 *ccdpp, (3.13)
where the summation is over the n! distinct permutations (p1, p2, ..., pn) of the
integers 1, 2, 3, ..., n. The determinant of an n X n matrix is said to have order n.

We sometimes denote det(A) by
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DEFINITION 3.3.1

Let A be an n x n matrix. The minor, M;;, of the element a;; is the determinant of

the matrix obtained by deleting the ith row vector and jth column vector of A.
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Determine the minors M1, M>;, and M3, for
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DEFINITION 3.3.4

Let A be an n x n matrix. The cofactor, C;;, of the element a;; is defined by
Cij = (=)' My;,

where M;; is the minor of a;;.
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Theorem 3.3.8 \(’Cgf’a_cEr Expansion Theorem)

Let A be an n x n matrix. If we multiply the elements in any row (or column) of A by

their cofactors, then the sum of the resulting products is det(A). Thus,
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G I A is an i x noupper or lower triangular matrix, then
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P1. If B is the matrix obtained by permuting two rows of A, then

det(B) = —det(A).
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S eny
P2. If B is the matrix obtained by multiplying one row of A b scalar k, then

det(B) = k det(A).
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N P4. For any scalar k and n x n matrix A, we have
’;3 ? Lf \/ det(kA) = k"det(A).
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P3. If B is the matrix obtained by adding a multiple of any row of A to a different row

of A, then

det(B) = det(A).
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T R Let A be an n X n matrix. The following conditions on A are equivalent.

(a) A is invertible.
(g) det(A) # 0.

ol L BTG The homogeneous n X n linear system Ax = 0 has an infinite number of solutions if and
only if det(A) = 0, and has only the trivial solution if and only if det(A) # 0.




Example 3.2.7 | Verify that the matrix A =
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Example 3.2.8

1

1 0
Verify that the matrix A = 0 1 O} is not invertible and determine a set of real
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solutions to the system Ax = ().
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P5. det(AT) = det(A).
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P7. If A has a row (or column) of zeros, then det(A) = 0.

P8. If two rows (or column e scalar multiples of one another, then det(A) = 0.
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P7. If A has a row (or column) of zeros, then det(A) = 0.

P8. If two rows (or columns) of A are scalar multiples of one another, then det(A) = 0.
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