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Definition 6.1. Let X1,X5,..., X, be discrete random variables, all defined on

the same sample space. Their joint probability mass function is defined by

E* ~H ”ng

p(kl,kz,...,kn) =P(X1 = k],Xz =k2,...,Xn = kn)

for all possible values k1, ka, . .., k, of X1,X3,...,X,.
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Fact6.2. Let g : R” — R be a real-valued function of an n-vector. If Xy,..., X,

@I

are discrete random variables with joint probability mass function p then

ElgXy,..., Xl = ) glki, ..., k) plks, ..., kn) (6.1)

k],...,kn

provided the sum is well defined.
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Example 6.3. Flip a fair coin three times. Let X be the number of tails in the first

flip and Y the total number of tails observed. Tire-possiblevalues-eof X are{6;4
and—the-possible—vatwes—of¥—are—{0,-1, 2 3}. Let us first record which outcomes

of the experiment lead to particular (X, Y)-values, with H for heads and T for

tails.
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Example 6.3. Flip a fair coin three times. Let X be the number of tails in the first

flip and Y the total number of tails observed. The possible values of X are {0, 1}
and the possible values of Y are {0, 1,2,3}. Let us first record which outcomes

of the experiment lead to particular (X, Y)-values, with H for heads and T for

tails. o e Sz—
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Suppose each tails earns you 3 dollars, and if the first flip is tails, each reward is _

doubled. This reward is encoded by the function g(x,y) = 3(1 + x)y. The expected

reward is 7
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Fact 6.4. Let p(k,, ..., k,) be the joint probability mass function of (X1, ..., X,).

Let 1 <j < n. Then the probability mass function of Xj is given by
P (9\—\) -go‘.\ Sum

p)(l (k) — Z p(elr SR Ej—l’ k,£j-|—1, s ,Zn]’ (6°4)
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where the sum is over the possible values of the other random variables. The

function pyx; is called the marginal probability mass function of X;.
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For example, for two random variables X and Y we get the formulas

px() =) pxylr,y) and py(y = pr y(x, ). (6.5)
y

If the joint probability mass function of X and Y is presented as a table, then these
are the row and column sums.

P
N
D

of N\
\(‘(’/0) v

g\
-4
g\

P(=3) =

o

Plx=6 :iT}‘d ‘ T
\ i *Z\ q (‘—X"l o\[guur |lTH, “HHT H\T‘I‘ A a
¢ 1 T 0 THH HT N TTH TTTZ“
/ — —
e )
PONED = b < by n/‘.t’\\ ST
3 W 377 WD = {587 =




Qice

AT

lo .

63




Example 6.6. A tetrahedron shaped die gives one of the numbers 1, 2, 3, 4 with
equal probabilities. We roll two of these dice and denote the two outcomes by X

and X,. Let Y; = min(X,X,) and Y, = |X; — X;|. Find \())fthe joint probability

mass function of Xi, X3, (yx’)' the joint probability mass function of Y7, Y>, (;1()' the

marginal probability mass functions of Y; and Y3, (iv) the probability P(Y1Y, < 2),

and (v) E[Y,Y;].
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