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Definition 6.18. Let D be a subset of the Euclidean plane R? with finite area. £
: N - . 5 EXTEMDS
Then the random point (X, Y) is uniformly distributed on D if its joint density s
function is / To R 1
r 1 )
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Example 6.19. Let (X, Y) be a uniform random point on a disk D centered at (0, 0)

with radius rg. (This example continues the theme of Example 3.19.) Compute the

marginal densities of X and Y.
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Example 6.20. Let (X, Y) be uniformly distributed on the triangle D with vertices

(1,0), (2,0) and (0, 1). (See Figure 6.3.) Fin@ﬁhe thejoint density function of (X, Y)
and the marginal density functions of botlr’X an@Y. Next, let A E&the (random)

area of the rectangle with corners (0, 0), (X, 0), (0, Y), and (X, Y). Find E[A].
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Fact 6.22. Let p(ky,.. ., k,) be the joint probability mass function of the discrete
random variables Xj, .. ., Xu. Let px; (k) = P(Xj = k) be the marginal probability
mass function of the random variable Xj. Then Xji,. .., X, are independent if
and only if

p(ky, ..., kn) = px, (k1) - - - px, (kn) (6.21)
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Example 6.24. Roll two fair dice. Let X; and X, be the outcomes. We checked in
Example 2.30 that X; and X, are independent. Let S = X, +X,. Determine whether

X, and S are independent.
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Fact 6.25. Let X,

(a) If X4,...,X, have joint density function

Sl xo, . xm) = fx (n)fx, (2) - - - fx, (n)

..., Xy, be random variables on the same sample space.
Assume that for each j = 1, 2,...,n, X; has density function fXj.

(6.22)
then X1, ..., X, are independent. 7 -
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(b) Conversely, if X,

with joint density function

[l xo, .00 0m) = fx (e)fx, (x2) - - - fx, ().

..., X, are independent, then they are jointly continuous
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Example 6.26. Suppose that X, Y have joint density function

Ty
T _e=*/27T  _oo<xr<ooandy>0

fla,y) = {Vom
0, else.

Are X and Y independent? Find the probability P(X > 2,Y < 1).
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Example 6.27. (Continuing Example 6.20) Recall the setup of Example 6.20 where
we choose a random point uniformly from a triangle with vertices (1, 0), (2, 0) and

(0, 1). Check whether the random variables X and Y are independent or not.
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Example 6.28. Let (X, Y) be a uniform random point on the rectangle

\D:[a,b]x[c,d]:{(x,y):asxsb,csyf d}.
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Fact 6.29. Suppose that Xi,...,Xm+n are independent random variables. Let
f:R™ — R and let g : R" — R be real-valued functions of multiple variables.

Define random variables Y = f(Xy,...,X,,) and Z = g(Xyn+1, - - -, X;man)- Then

Y and Z are independent random variables.
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Example 6.30. Consider a trial with success probability p that is repeated m + n
times. Let S be the number of successes among the first m trials, T the number
of successes among the last n trials, and Z = S + T the total number of suc-

cesses. Check whether S and T are independent and check whether S and Z are

independent.
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