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Example 6.31. Suppose that X, ..., X, are independent random variables with
X; ~ Geom(p;). Find the probability mass function of ¥ = min(X,,...,X,), the

minimum of Xi, ..., Xn. )242\ 2,3, ...%
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Example 6.33. You get phone calls from your mother and your grandmother inde- PREV Z0Us
pendently. Let X be the time until the next call from your mother, and Y the time gy T

until the next call from your grandmother. Let us assume the distributions X ~

) NT.

Exp(*) and Y ~ Exp(u). Find the joint density fx y(x, y) of the pair (X, Y). What is

the probability that your mother calls before your grandmother? @ v 2
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Example 6.34. Continuing the previous example, let T = min(X, Y). T is the time
until the next phone call comes from either your mother or your grandmother. Let

us find the probability distribution of T.
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§21  LINEMmRTTY OF EXPECTATTON A\

Fact 8.1. (Linearity of expectation) Let g,, g5, . . ., g,, be single variable functions

and X1, Xy, ..., Xy random variables defined on the same sample space. Then

E[g1(X1) + g2(X2) + - - -+ gn (Xn)] = Elg1(X1)] + Elg2(X2)] + - - - + Elgn(Xn)], (8.3)

provided that all the expectations are finite. In particular,

EX; + X5 + -+ X, = EIX1]1 + E[X3] + - - - + E[X,], (8.4)

provided all the expectations are finite. ( \6 g- Z CpH \
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Example 8.2. Adam must pass both a written test and a road test to get his driver’s
license. Each time he takes the written test he passes with probability| 7} indepen-

dently of other tests. Each time he takes the road test he passes with probability

| 7

o1 also independently of other tests. What is the total expected number of tests

am must take before earning his license?
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Example 8.3. (Expected value of the binomial, easy calculation) Let X ~ Bin(n, p).

The linearity of the expectation yields a short proof that E[X] = np.
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Example 8.5. There are 15 workers in the office. Management allows a birthday
party on the last day of a month if there were birthdays in the office during

that month. How many parties are there on average during a year? Assume for

simplicity that the birth months of the individuals are independent and each month

is equally likely:.
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Example 8.6. We deal five cards from a deck of 52 Wm&fﬁpl‘mmgzﬂ Let X

denote the number of aces among the chosen cards. Find the expected value of X.
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Example 8.8. The sequence of coin flips HHTHHHTTTHTHHHT contains two runs

of heads of length three, one run of length two and one run of length one. The
head runs are underlined. If a fair coin is flipped 100 times, what is the expected
number of runs of heads of length 37




Example 8.9. There are n guests at a party. Assume that each pair of guests know
each other with probability ;—, independently of the other guests. Let X denote the

number of groups of size three where everybody knows everybody else. Find E[X].
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Fact 8.10. Let X,..

.,Xn be independent random variables. Then for all

functions g1, . . ., gn for which the expectations below are well defined,
E[ l_[ gk(Xk)] = l_[E[gk(Xk)]- (8.6)
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TrPoRTNT  CONSESUENCE o,

/

Var(X; + Xz + - - - + Xy) = Var(Xj) + Var(Xy) + - - - 4+ Var(X,,).

Fact 8.11. (Variance of a sum of independenj/random variables) Assume the
random variables Xj, . . ., X, are and have finite variances. Then

(8.7)
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Example 8.12. (Variance of the binomial, easy calculation) °
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