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Definition 8.23. Let X and Y be random variables defined on the same sample

space with expectations ux and py. The covariance of X and Y is defined by

Cov(X, Y) = E[(X — ux)(Y — uy] (8.18)
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Fact 8.24. (Alternative formula for the covariance)
Cov(X,Y) = E[XY] — uxuy.
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Example 8.25. (Covariance of indicator random variables) Let A and B be two

events and consider their indicator random variables I, and Ig. Find Cov(ly, Ig).
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Example 8.26. Let (X, Y) be a random point uniformly distributed on the triangle
D with vertices (0, 0), (1,0) and (0, 1). Calculate Cov(X, Y). Before calculation, the
reader should determine from the geometry whether one should expect X and Y

to be positively or negatively correlated.
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Fact 8.31. Independent random variables are uncorrelated. The converse does

not hold in general. That is, there are uncorrelated random variables that are
not independent.
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Fact 8.27. (Variance of a sum) Let\X, ..., X, be random variables\ with finite

variances and covariances. Then

Var ( ZX,-) = ZVar(Xi) A)z Z
=1 1=1

Cov(Xi, Xj). (8.21)
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Fact 8.28. (Variance of a sum of uncorrelated random variables) Let X;,..., X,

be uncorrelated random variables with finite variances. Then

Var(X; + X, + - - - + X)) = Var(X;) + Var(X;) + - - - 4 Var(X,).




BREA

TILL

—
‘\__——

|o

o




Fact 8.33. The following statements hold when the covariances are well defined.

EYmmeTly I~ CovlX,Y)= Cov(Y,X).

(ii) Cov(aX + b,Y) = a Cov(X, Y) for any real numbers a, b.

(iii) For random variables X; and Y; and real numbers a; and b;,
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Definition 8.35. The correlation (or correlation coefficient) of two random

variables X and Y with positive finite variances is defined by

Cov(X,Y)

Corr(X,Y) = (8.27)

VVar(X)y/ Var(Y)

The correlation coefficient is sometimes denoted by p(X, Y) or simply by p.
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Theorem 8.36. Let X and Y be two random variables with [positive finite
variances.| Then we have these properties.

(a) Let a, b be real numbers with a # 0. Then Corr(aX + b, Y) ={ﬂ2rr(X, Y).
(b) —1 < Corr(X,Y) < 1. GHLY

(c) Corr(X,Y) = 1 if and only if there exist a > 0 and b € R such that
Y =aX+0b.

(d) Corr&, Y) = —1 if and only if there exist a < 0 and b € R such that
Y =aX +b.
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Fact 7.1. (Convolution of distributions) If X and Y are independent discrete ran-
dom variables with probability mass functions pyx and py, then the probability
mass function of X 4+ Y is
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Example 7.2. (Convolution of Poisson random variables) Suppose that X ~
Poisson()), Y ~ Poisson(u) and these are independent. Find the distribution of

X+Y.
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