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Example 5.11. Define three random variables from three different experiments:
Eaually Lokéry

1, 1if a fair coin flip is head 1, 1if a roll of a fair die is even fﬁfﬁ—

0, if a@ir coin flip is tailsJ 0, if a roll of a fair die is odd, - (;(\( \)
1, ifa card dealt from a deck is spades or clubs -
and Z = - \/‘7,
0, if a card dealt from a deck is hearts or diamor}ds.
P(2 =6)= P(Q' :\\} =Y
The random variables X, Y and Z have the same probability mass function p(1) = Ty
p(0) = 1/2. Thus any question about probabilities would have the same answer
for each of the three random variables. A
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Definition 5.12. Random variables X and Y are equal in distribution

if P(X € B) = P(Y € B) for all subsets B of R. This is abbreviated by X 4 Y. &

e

V7§70 BugTort

6F X Y.
Note in particular that the definition allows for the possibility that X and Y are

defined on different sample spaces. In the context of Example 5.11 we can state

that X £ v £ 7.
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Fact 5.14. Let X and Y be two random variables with moment generating func-

tions Myx(f) = E(e'X) and My(t) = E(e'Y). Suppose there exists § > 0 such that

fort € (—6,4), Mx(t) = My(t) and these are@lite numberﬂl‘hen X and Y are

equal in distribution.

D=
SP=CIhL Mx(t) = E(*) =) P(X = k).
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Example 5.15. Suppose that X has moment generating function

Mx(f) = Le /70 14 1L (5.5)
o 7+ 2 &
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Example 5.15. Suppose that X has moment gez
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Mx(t) = & ; ,\\‘y (5.5)
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Fact 8.18. Suppose that X and Y are independent random variables with
moment generating functions Mx(t) and My(t). Then for all real numbers f,

Mx+y(t) = Mx(t)My(t). (8.16)
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Example 8.19. (Convolution of Poisson random variables revisited) Suppose that

X ~ Poisson()), Y ~ Poisson(u) and these are independent.
o A

PECALL: ;X-('\{ o PK;S\/‘,)\ "‘",I,‘,)

b

My = expl x (e -1

M\(/(l—) = ex‘p(lp\(e" —-l)]

—~ ( - F ,
My My < expl ale™D 1 - exp [plel -1
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Example 8.20. (Convolution of normal random variables revisited) Suppose that

X ~ N(py,0) and Y ~ N (iy,07), and these are independent.
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Example 8.21. Let X and Y be independent with probability mass functions

rx() =3, px@ =3 pxB)=¢ px@=;

and

py()= 5, pr(2) =131, pr(3)=_

Find the probability mass function of X 4+ Y.
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Pyay (m) = 9 Py(b) py (L)
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Example 8.21. Let X and Y be independent with probability mass functions
px() =3, px(2) =3 pxB) = px(@=;
and -
py(D=1 pr2 =1, prB)=_
= = ‘e
Find the probability mass function of X + Y.
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Example 8.22. Let X{,X,, ..., X;o be independent random variables with probabil-

ity mass function P(X; =2) = 1 and P(X; = 5) = 2. Let S= X, + - - + Xp. Find

the moment generating function of S.
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Theorem 9.2. (Markov's inequality) Let X be a nonnegative random variable.

Then for any ¢ >0

P(X >c¢) < @ (9.1)
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Example 9.4. An ice cream parlor has, on average, 1000 customers per day.
~—— ——
What can be said about the probability that it will have at least 1400 customers

/'\_/\
tomorrow.

X) # 6 CuS To MERS TomorRoW

EIX ) = le0D
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MORE ?E-F'INED : CHEBY}’H&V I A= }A =

Theorem 9.5. (Chebyshev’s inequality) Let X be a random variable with a finite

mean w and a finite variance o%. Then for any ¢ > 0 we have
2

P(X —Mlzc)fi—z- (9.2)
CopoLLAR Y . PLX 2 )Hc)/,'P (X €p-0 € w2/
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Example 9.6. Suppose a nonnegative random variable X has mean 50. [E(X )= S )

(a) Give an upper bound for the probability P(X > 60).
(b) Suppose that we also know Var(X) = 25. How does your bound for P(X > 60)

change?

(c) Suppose that we also know that X iWCompare the upper

bounds from (a) and (b) with the normal approximation and the precise value

of P(X > 60).
(¢) : MBRKW — P (x ?603 < |E(X) = $Oo = g
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Example 9.7. Continuing Example 9.4, we now suppose that the variance of the
number of customers to the ice cream parlor on a given day is 200. What can

be said about the probability that there will be between 950 and 1050 customers
tomorrow? What can we say about the probability that at least 1400 customers

arrive?
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Example 9.8. Suppose the random variable X is discrete and| symmetricl

——

that P(X = a) = P(X = —a) for any a. Estimate P(X > 5) if Var(X) = 3.
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