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Theorem 9.9. (Law of large numbers with finite variance) Suppose that we have

i.i.d. random variables X,,X,,X3,... with finite mean E[X;] = u and finite
variance Var(X;) = o2. Let S, = X1 + --- + X,,. Then for any fixed ¢ > 0 we

have
lim P( Y%"‘— u’ < 8) =N (9.4)
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Example 9.10. Suppose we want to estimate the mean of a random variablft from
a finite number of independent samples from a population, using the sample mean.

For example, perhaps we are measuring average tgssgegre, average income, etc.
2

Suppose also that we know an upper bound on the variance of X: Var(X) < 6°.
(This happens for example when |X| is bounded by 6.) Show that for a large

enough sample the sample mean is withinf 0.05 of the correct value with a proba-

bility larger than 0.99. How many samples do we need to take to be at least 99%

sure that our estimated value is within 0.05 of the correct value?
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Theorem 9.11. (Central limit theorem) Suppose that we have i.i.d. random . P I\
variables X1,X,,X3,... with finite mean E[X,] = p and finite variance on T IEDy, - S’v’
Var(X;) = o2. Let Sy, = X1 + - - - + Xp.. Then for any fixed —oo < a < b < 00 j/‘\
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Example 9.12. We roll 1000 dice and add up the values. Estimate the probability
that the sum is at least 3600.
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Example 9.12. We roll 1000 dice and add up the values. Estimate the probability
that the sum is at least 3600.
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Example 9.13. A new diner specializing in waffles opens on our street. It will

be open 24 hours a day, seven days a week. It is assumed that the inter-arrival

times between customers will be i.i.d. exponential random variables with mean 10

minutes. Approximate the probability that the 120th customer will arrive after the

first|21 hours bf operation.
| E\__/a R0 = (29 min.
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Example 9.14. (Normal approximation of a Poisson)
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Theorem 9.11. (Central limit theorem) Suppose that we have i.i.d. random |

variables X1,X;,X3,... with—fimite—mean—ERX—r—and—fintte—varianee
Var—=-o02. Let S, = X, + - -- + X,,. Then for any fixed —0o < a < b < o0
we have

. Sn —np b 1 v
= — — - 2
nll)rgoP ( a< o < b) O(b) — P(a) /a =€ dy. (9.6)
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Theorem 9.15. (Continuity theorem for moment generating functions) Suppose
the random variable X has a continuous cumulative distribution function, and
that its moment generating function Mx(t) is finite in an interval (—e,¢) for

some ¢ > 0. Assume further that the moment generating functions of the

random variables Y1,Y,, Y3, ... satisfy

i
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for all t in the interval (—e,¢). Then for any a € R
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Theorem 9.16. Assume that the moment generating functions of the random

variables Y1, Y,, Y3, ... satisfy P l‘/\z (A,) ) 2 I3
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for all t in an interval (—e, ) for some ¢ > 0. Then for any a € R
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