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Definition 3.1. Let X be a random variable. If a function f satisfies

B X
Px<b)= [ sl :7/ 3.3)
for all real values b, then f is the probability density function (p.d.f.) of X.
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Example 3.6. Let Y be a uniform random variable on [—2, 5]. Find the probability

that its absolute value is at least 1.
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& Fact 3.7. Suppose that random variable X has density function f that is
at the point a. Then for small ¢ > 0

Pla<X<a+¢)= fla)-e.
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Example 3.8. Suppose the density function of X is f(x) = 3x? for0 < x < 1 and

f(x) = 0 elsewhere. Compare the precise value of P(0.50 < X < 0.51) with its

approximation by Fact 3.7.
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Definition 3.10. The cumulative distribution function (c.d.f.) of a random

variable X is defined by

F(s) = P(X <s) forallse R. (3.12)
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Example 3.11. Let X ~ Bin£2, %) (recall Definition 2.32). Find the cumulative 30, [, .-, W 5
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Example 3.12. Let X be a Unif[1,3] random variable. Find the cumulative

distribution function of X. A ND  PloT
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Let the random variable X have cumulative distribution function F.

(a) Suppose F is|piecewise constant, Then X is a discrete random variable. The

possible values of X are the locations where F has jumps, and if x is such a

point, then P(X = x) equals the magnitude of the jump of F at x.
(b) Suppose F is continuous and the derivative F'(x) exists everywhere on the
real line, except possibly at finitely many points. Then X is a continuous

random variable and| f(x) = F'(x)|is the density function of X. If F is not
differentiable at x, then the value f(x) can be set arbitrarily. %
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Fact 3.16. Every cumulative distribution function F has the following proper-

ties. < P(x< s) [Fodow; Feowm
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(ii) Right continuity: for each t € R, F(f) = 1im+ F(s) where s — tT means
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that s approaches t from the right.
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Fact 3.17.

Let X be a random variable with cumulative distribution function F
Then for any a € R
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Example 3.20. Carter has an insurance policy on his car with a $500 deductible.
This means that if he gets into an accident he will personally pay for 100% of the
repairs up to $500, with the insurance company paying the rest. For example, if the
repairs cost $215, then Carter pays the whole amount. However, if the repairs cost
$832, then Carter pays $500 and the remaining $332 is covered by the insurance
company.

Suppose that the cost of repairs for the next accident is uniformly distributed
between $100 and $1500. Let X denote the amount Carter will have to pay. Find
the cumulative distribution function of X.
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Fact 3.13. Let the random variable X have cumulative distribution function F.

— —
(a) Suppose F is1 piecewise constan& Then X is a discrete random variable. The
possible vald ions where F has jumps, and if x is such a
point, then P(X = ) equals the magnitude of the jump of F at x.
(b) Suppose|F is continuous{and the[derivative F'(x) ¢xists everywhere on the
real line; except possibly at finit& points. Then X is a continuous

random variable and f(x) = F'(x) is the density function of X. If F is not
differentiable at x, then the value f(x) can be set arbitrarily. &
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