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Definition 3.21. The expectation or mean of a discrete random variable X is

DEscREE BV defined by )((i L” \Q“&
EXX)= ) kP(X=F) (3. 19)
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where the sum ranges over all the possible V:;‘;ﬁes kof X. &




Example 3.22. Let Z denote the number from the roll of a fair die. Find E(Z)
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! 2 3 4 Figure 3.8. The expectation as the

center of mass. If X takes the values

—1, 2, 4 with probabilities px(—1) = 17_5,

px(2) = 3, px(4) = & then the
expectation is

EXl=-1 &+2-}+4- i =1

Hence the scale in the picture is
perfectly balanced.
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Definition 3.26. The expectation or mean of a continuous random variable X
CW'(T'LHUOQS with density function f is /-7P(>(r,:: x) = P()( € (K,X te) )

RV E[X] = /: x.@/\? (3.23)

An alternative symbol is u = E[X]. Ca /P MERE
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Example 3.32. In Example 1.30 a roll of a fair die determined the winnings (or loss)
W of a player as follows:

)
9. -z - =
—1, iftherollis 1, 2, or 3 (X ) /?—

{
W =11, ifthe roll is 4 Plx =1) = /6
3, if the roll is 5 or 6. P()(: 3) - l/3

Let X denote the outcome of the die roll. The connection between X and W can be
expressed as W = g(X) where the function g is defined by ¢(1) = ¢(2) = ¢(3) = —1,
g(4) = 1, and ¢(5) = g(6) = 3.
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Fact 3.33. Let g be a real-valued function defined on the range of a random
variable X. If X is a discrete random variable then

ElgX)] =) g(kP(X = k) (3.24)
k
while if X is a continuous random variable with density function f then
o
Hgol = [ gtift) dr. (3.25
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Example 3.34. A stick of length ¢ is broken at a uniformly chosen random location.
Wha‘:/ is the expected length of the longer piece?
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. X - (— 4 repairs up to{$500\with the insurance company paying the rest. For example, if the
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Example 3.20. Carter has an insurance policy on his car with a $500 deductible.
This means that if he gets into an accident he will personally pay for 100% of the

repairs cost $215, then Carter pays the whole amount. However, if the repairs cost

$832, then Carter pays $500 and the remaining $332 is covered by the insurance
company.

Suppose that the cost of repairs for the next accident is uniformly distributed

between $100 and $1500. Let X denote the amount Carter will have to pay-<ime:

= — o= - = = B

Example 3.38. (Revisiting Example 3.20) Recall from Example 3.20 the case of

Carter and the $500 deductible. Find the expected amount that Carter pays for his

next accident.
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Fact 3.35. The nth moment of the random variable X is the expectation E(X™").
[E (X'ﬁ ) In the discrete case the nth moment is calculated by
E(X") =) K'P(X =k). (3.27)
i k
If X has density function f its nth moment is given by
M MEMEN T N
EX") = / x"f(x) dx. (3.28)
—oQ

The second moment, E(X?), is also called the mean square.
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Example 3.36. Let ¢ > 0 and let U be a uniform random variable on the interval
[0, c]. Find the nth moment of U for all positive integers n.
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Definition 3.44. Let X be a random variable with mean u. The variance of X is

defined by
Var(X) = E[(X — n)?]. (3.31)
An alternative symbol is o2 = Var(X). 60()
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Example 3.46. Consider two investment opportunities. One yields a profit of $1 or
a loss of $1, each with probability ;— The other one yields a profit of $100 or a

loss of $100, also each with probability % Let X denote the random outcome of

the former and Y the latter. We have the probabilities

PX=1)=PX=-1)=; and P(Y =100)= P(Y = —100) = ;.
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Fact 3.48. (Alternative formula for the variance) 4 sk NeMEN T

Var(X) = E(X*) — (E[X])*. Saw‘(fﬁr?
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Fact 3.54. For a random variable X, Var(X) = 0 if and only if P(X =a) = 1 for

some real value a. \/\l/\)
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(/ Fact 3.52. Let X be a random variable and a and b real numbers. Then
v LL N
W[ ¥ E(@X +b) =aEX)+ b (3.36)
ETINALS 2 ? ;
14.7 an
% \\ \/”y‘:‘\?’?&t_ / Var(aX + b) = a* Var(X) (3.37)
O(( (9{\? : provided the mean and variance are well defined.
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