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Definition 3.55. A random variable Z has the standard normal distribution
(also called standard Gaussian distribution) if Z has density function

1 —1'2/2 %
X) = —e 3.39
@(x) N I~ 1 l\( (3.39)
on the real line. Abbreviate this by Z ~ N0, 1). ?
y=px)
é/ — - [z
13 -1 1 b

Figure 3.9. The probability density function ¢ of the standard normal distribution.
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Figure 3.10. The cumulative distribution function @ of the standard normal distribution. It

satisfies 0 < ®(x) < 1 for all x.
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Example 3.57. Let Z ~ AN(0, 1). Find the numerical value of P(—1 < Z < 1.5).

[ 1< 2 <15Y= 9( -1 <2 £(5)
\ v /
P(2=-D=06
= p/2<is)— P(2<1)
. — =
= &(lr) = 300)
~ 6-9332 — 0-84c
= 0-09 |9




Example 3.58. Find z > 0 so that a standard normal random variable Z has
approximately 2 /3 probability of being in the interval (—z, z).
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Fact 3.59. Let Z~ N0, 1). Then E(Z) = 0 and Var(Z) = E(Z?) = 1.
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Definition 3.60. Let u be real and o > 0. A random variable X has the normal
distribution with mean pu and variance o2 if X has density function

fl) L 54 (3.44)
= € 20 5
Vo2
on the real line. Abbreviate this by X ~ A/ (y,,/crz).N r -9 .
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Example 3.62. Suppose X ~ N(—3,4). Find the probability P(X < —1.7).
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Figure 4.1. The probability mass function of the Bin(#n, p) distribution with parameter values

-~

> [\(IOO, 0.3), (500, 0.5), and (1000, 0.6). In each case the graph shows the function on the interval
(np — 4\/np(1 —p), np + 4/np(1 — p)) and the scale on the y-axis changes also.
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Figure 4.3. The bullets represent the probability mass function of Bin(1000, 0.6)\and the
continuous curve is the density function o
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Theorem 4.1. (Central limit theorem for binomial random variables)

Let 0 <p < 1 be fixed and suppose that S, ~ Bin(n, p). Then for any fixed
—00 <a <b < oo we have the limit

. - Sn —np - _ O C_IZ_Z
nll)rgoP (a_\/m_b)_/a T dx. (4.1)
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Normal approximation of the binomial distribution. Suppose that S, ~ Bin(n, p)
with n large and p not too close to 0 or 1. Then

Pla< 22" _4) iscloseto ®(b) - la) (4.3)
| Vnp(1 =)
A é/ As a rule of thumb, the approximation is good i/ np(1 — p) > 10.
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%—1449)7 Example 4.2. A fair coin is flipped 10,000 times. Estimate the probability that the
( b ) ( number of heads is between 4850 and 5100.
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Example 4.2. A fair coin is flipped 10,000 times. Estimate the probability that the
number of heads is between 4850 and 5100.

S — # of FEADS

‘/Z(Xro << {5(00)
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L A
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W IR
/ Example 4.3. Suppose a game piece moves along a board according to the follow-
ing rule: if a roll of a die gives 1 or 2 then take two steps ahead, otherwise take

three steps. Approximate the probability that after 120 rolls the piece has moved

more than 315 steps.
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Example 4.5. Roll a fair die 720 times. Estimate the probability that we have exactly

113 sixes.
X — # OF STXES - M= 720 -1 =~ 128
' 6
- / \
X  ~Bin [ 720, |ﬁ\ S
S % 0?7201 £ =168
6 6
~ / : 5 p \
C(X=03) = P (nzs £ A & W30
/,/“r‘ﬁ \
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Example 4.2. A fair coin is flipped 10,000 times. Estimate the probability that the

E.(C D D number of heads is between 4850 and 5100.
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