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Theorem 4.8. (Law of large numbers for binomial random variables) For any
fixed ¢ > 0 we have
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Example 4.9. Let S, denote the number of sixes in n rolls of a fair die. Then S,,/n
is the observed frequency of sixes in n rolls. Let ¢ = 0.0001. Then we have the

limit

lim P(

n—oQ

Sn é) < 0.0001> =1.

The limit says that, as the number of rolls grows, deviations of S,/n from 1/6 by

more than 0.0001 become extremely unlikely. A
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Example 4.10. Show that the probability that fair coin flips yield 51% or more tails
converges to zero as the number of flips tends to infinity.
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Example 4.11. How many times should we flip a coin with unknown success prob-
ability p so that the estimate p = S,/n is within 0.05 of the true p, with probability

at least 0.997

P/I® -p] < 0-6C ) > 0-19
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Example 4.12. We repeat a trial 1000 times and observe 450 successes. Find the

95% confidence interval for the true success probability p.
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ArNoTheR  ExaMRLE: POLLING.

Example 4.14. Suppose that the fraction of a population who like broccoli is p. We

wish to estimate p. In principle we could record the preferences of every individual,

but this would be slow and expensive. Instead we take a random sample: we

choose randomly »n individuals, ask each of them whether they like broccoli or

not, and estimate p with the ratio p of those who said yes. We would like to

quantify the accuracy of this estimate.
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Remark 4.15. (Confidence levels in political polls) During election seasons we are
bombarded with news of the following kind: “The latest poll shows that 44% of

voters favor candidate Honestman, with a margin of error of 3 percentage points”

This report gives the confidence interval of the unknown fraction p that favor

used to produce the estimate is usually omitted from news reports. This iSno doubt

Honestman, namely (0.44—0.03,0.444-0.03) = (0.41,0.47). Thetevel of conﬁden)cgl__% 0 L _((,—FD

partly due to a desire to avoid confusing technicalities. It is also a fairly common — ¢~
convention to set the confidence level at 95%, so it does not need to be stated N
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Definition 4.17. Let A > 0. A random variable X has th¢ Poisson (distribution
with parameter_) if X is nonnegative integer valued and has the probability

mass function

M $0,1,2,3 B

PX=k=c¢e T forke {0,1,2,...}. (4.11) 116,22, -
Abbreviate this by X ~ Poisson(A). /X"‘ ’PO.U[X) (D32S cR=T £ )
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Theorem 4.19. Let A > 0 and consider positive integers n for which A/n < 1.

Let S, ~ Bin(n,A/n). Then V\C:F
lim P(Sy = k) = e_)‘)’;—’: forall ke{01,2,...}. (4.12)
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Theorem 4.20. Let X ~ Bin(n,p) and Y ~ Poisson(np). Then for any subset

AC{0,1,2,...}, we have

|P(X € A) — P(Y € A)| < np?. (4.13)
npt = SMply
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Poisson approximation for counting rare events. Assume that the random vari)

able X counts the occurrences of rare events that arn
each other. Then the distribution of X can be approximated with a Poisson(A)
distribution for A = E[X]. That is,

k

P(X = k) is close to e“*% for ke{0,1,2,...}. (4.14)
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Example 4.21. Suppose a factory experiences on average 3 accidents each month.
What is the probability that during a particular month there are exactly /2
=

accidents?
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Example 4.22. The proofreader of an undergraduate probability textbook noticed
that a randomly chosen page of the book has no typos with probability 0.9.

Estimate the probability that a randomly chosen page contains exactly two

typos.
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Example 4.23. Consider again Example 1.27 of mixed-up hats with n guests. Let X
denote the number of guests who receive the correct hat. How can we approximate

the distribution of X? ( AS
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