THE BACKSCATTERING PROBLEM FOR TIME-DEPENDENT POTENTIALS

MEDET NURSULTANOV, LAURI OKSANEN, AND PLAMEN STEFANOV

ABSTRACT. We study the inverse backscattering problem for time-dependent potentials. We prove
uniqueness and Lipshitz stability for the recovery of small potentials.

1. INTRODUCTION

Let ¢(t, ) be smooth and supported in the cylinder R x Q, where Q C B(0, p) := {|z| < p} with
some p > 0 is a fixed domain un R™. We study the inverse back-scattering problem for the wave
equation

(1) (02 = A+q(t,x))u=0, (t,z)€R xR,

n > 3, odd. We show that small enough potentials q are stably recoverable from the data.

Results for stationary potentials ¢(x) have been proven in [5,6,17,20,26]. Even though stability
(say, of conditional Holder type) has not been stated explicitly there (see also [23] for a related
result), it follows from the fact that the linearization of the problem near ¢ = 0 is essentially the
Fourier transform of ¢, see, e.g., [20]. In terms of uniqueness, the best known result is generic
uniqueness so far.

The inverse problem of recovery of ¢(¢, z) from “near-field” scattering data, closely related to the
inverse scattering one but not restricted to back-scattering, has been studied in [1,10,15,18,19,27],
and other works. Uniqueness is known, for example for potentials supported in a cylinder as above,
with a tempered growth in ¢, as shown in [19]. One of the techniques is to extract the light-ray
transform from the data, which relies on forward scattering, and invert it, see, e.g., [24] for an even
more general situation. That transform does not see timelike singularities however, see [12,21,22]
which makes it unstable. In view of that, the possibility of a stable recovery of g remained unclear.
In [11], it was shown that a similar boundary value problem, with inputs plane waves as below,
and the output measured at a fixed time ¢t = 7" in the whole R7, provides Lipschitz stable recovery.
The proof is based on Carleman estimates.

Even though forward propagating rays do not see all singularities, broken rays reflecting from
the interior could, at least on the principal level. Back-scattering provides such a geometry, in
particular. The main reason why one can expect a stable recovery in this case is the following.
Plane waves can only possibly detect singularities conormal to them, which are lightlike, indeed. On
the other hand, a linearization of the backscattering data near ¢ = 0 is an integral over the product
of one such incoming and one outgoing wave. That product, on the principal level, is supported on
the intersection of such two hyperplanes in timespace, which is a delta on a codimension two (vs.
one) hyperplane, see Figure 1, where it looks like a line. That hyperplane has a richer subspace
of conormals and can possibly detect non-necessarily lightlike singularities. Varying the incident
direction of the incoming wave provides a complete set of conormals. We refer to the discussion in
section 3.3 as well.
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We are restricted to small potentials, and as we pointed out already, even for stationary ¢(z),
the uniqueness without that assumption is a well-known open problem. It seems feasible that our
methods could help prove local generic uniqueness (and stability) in line with the stationary results
in [5,6,20].

2. MAIN RESULTS

We describe the scattering amplitude for (1) briefly in order to formulate the main theorem. In
Appendix A, we review the scattering theory for (1) in more detail.

We are sending waves §(t + s — x - w), where s is a delay parameter, |w| = 1, and ¢t < 0; let
them propagate and scatter, and measure them at infinity at directions w’ and delay time s’. The
scattering amplitude A%(s', W', s,w), see Definition A.2 and Proposition A.1, measures the difference
between the wave we sent and the scattered one. Taking w’ = —w, we measure the response in
the direction opposite of the incoming one. If we have two potentials, ¢; and g2, we denote the
corresponding quantities by the subscripts 1 and 2.

To state our main results, we introduce the change of variables
s— & , s+
2 » 7T
By fla(a’, o,w) and Ag(a’, o,w), we denote the functions Ag(s’, —w, s,w) and Ag(s’, —w, $,w) in the
new variables. Our main result is the following.

2) o=

Theorem 2.1. There exists € > 0 and k > 0 such that if
quHCk(RXQ) <¢, ||Q2||ck(RxQ) <g,

then the identity Af = flg implies q1 = qo. Moreover, under the same assumptions on qi, qo, there
exists a constant Cq > 0 such that

lar = g2l Lo @ r2my) < Call &S = Abl po g, r2 L v2(R, )

Note that we could use other norms above using complex interpolation under the assumptions
of the theorem but the price for that is to make the estimate of conditional Hélder type, i.e., to
have HA’% - AgH“ above with some p € (0,1).

3. PROOFS

3.1. A pseudo-linearization identity. We review the scattering theory for time-dependent po-
tentials in Appendix A mostly following [3,4,19] with some additions as well. We sketch the main
notions below.

We send a plane wave §(t + s — = - w) to the perturbation, and let it interact with the potential.
More precisely, we are solving

(3) (07 —A+qt,2))u” =0, u |cesp=0(t+5—2 w).
Then we set
(4) Uge =Uu —O0(t+s—z w).

The distribution wug. (which is actually a function, see Proposition 3.2) would be automatically
outgoing by Definition A.1, since it vanishes for ¢ < 0. Then we could compute the asymptotic
wave profile us_c’ﬁ(s’,w’;s,w) of uy(t,x;s,w), which would give us the analog of the scattering
amplitude, see section A.4. As in the stationary case, we expect this to be “essentially” the
kernel of the scattering operator minus identity. This is true, indeed, at least when the scattering
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operator exists as a bounded one as we show in Theorem A.5. One defines the scattering amplitude
A¥(s' W'y 5,w) by canceling some constant and ignoring some s’ derivatives.

We need to define the time-reversed analog of u~ above, which we will denote by u™ (¢, z; s,w).
It solves

(5) (07 —A+qt,2))ut =0, ulls_sip=0(t+s—2 w).

We want to warn the reader about a possible confusion caused by the terms incoming/outgoing.
The solution u of (3), which we denote by u~ below, is the response to an incident plane wave and
it is neither incoming nor outgoing by Definition A.1. On the other hand, u, = ug, is outgoing.

Similarly, u™ is neither but uf, defined as in (4) but with u replaced by u*, is incoming.

Let ¢1 and g2 be two such potentials, and denote the corresponding quantities with subscripts 1
and 2. We have the following formula, proven also in [25] for n = 3, generalizing that in [20], where
the potentials are time-independent.

Proposition 3.1. We have
(6) (Af - A5)(s', s ,w) = / (a1 = )t 2)ug (t 2, 5,0)u3 (t, 2, ', o) dt da,

where uy solves (3) with ¢ = q1, and ug solves (5) with ¢ = qo.

Proof. Start with

Us(t,s) — Unt, s) = / ULt 0)(Q1(0) — Qa(0)Us (0, 5) do,

which can be obtained by applying the Fundamental Theorem of Calculus to F'(c) = Ui (t, 0)Usa(0, s)
in the interval o € [s,t]. Apply Up(—s)f on the right-hand, and take the (strong) limit s — —oo
to get

(7) Ui(t,0)0,—f —Ua(t,00Q _f = /_t Ui(t, 0)(Q1(0) — Q2(0)) [Ua(0,0)Q0, — f] do.

For the left-hand side, and for the expression in the square brackets we will apply Theorem A.5(a).
We take the asymptotic wave profile of (7) next applying Theorem A.4. Then (6) is just that
expression, written as a composition of Schwartz kernels, eventually applied to R f. [l

3.2. Progressive wave expansion. We have the following progressive wave expansion. Let h =:
ho be the Heaviside function and set h;(7) = 77/4! for 7 > 0; h;(7) = 0 for 7 < 0.
Proposition 3.2 ( [19]). For each integer N > 0 we have

N
(8) u(t,s,z,w) ~o6(t+s—x-w)+ Zaj(t,a:,w)hj(t +s—x-w)+ Ry(t,z,s,w),
=0

where

1 0
ap(t, z,w) = —2/ q(t + 7,2 + Tw) dr,

—00

1 0
aj(t,x,w):—z/ O+ @aja(t+71,2+7w,w)dr, j=1,...,N,

—0o0

and Ry € C(R; x Ry x S~ HNTL(RD)).
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The latter statement follows from the fact that Ry solves
(0} = A+q)Ry = —[(07 — A+ q)An)hN, Rnli<—s—p = 0.
We get the same expansion for u* but with a different remainder Ry.

3.3. Sketch of the main idea. Using Proposition 3.1, and keeping the most singular terms of u
and u; only, we get

9) SAYS W'y s w) ~ /5q(t, )d(t+s—x-w)d(t+s —x-w)dtdr,

where 0 A and dq are formal linearizations, while the other two deltas above are Dirac deltas.
The product of the two deltas is a delta, with the coefficient 2(4 — (1 +w-w')?)~/2 on the n — 1
dimensional hyperplane (co-dimension 2) given by the system

(10) —t+zr-w=s —t+z- =45

with s, s’ parameters, assuming w # ', i.e., staying away from the forward scattering directions.
Its conormal bundle is the span of (—1,w) and (—1,w’). Those are two lightlike covectors, and all
future pointing lightlike covectors look like this. Taking linear combinations, and varying w and
W', we get all covectors. So we are really inverting the k = (n — 1) — Radon transform in R!*"
(by Helgason’s terminology [7]) over all k-planes; and this is stably invertible. We must stay away
from w = w’ though. On the other hand, the codimension two Radon transform is overdetermined,
so we do not need all of them, and we can avoid the bad planes. Back-scattering only (w = —w’)
is one case where this works.
Consider the back-scattering (w' = —w) problem now. Then (10) reduces to

—t+rw=s —t—x-w=35
which implies
(11) rw=(s—5)2=0 t=—(s+5)/2=—0".

This is easy to visualize as two hyperplanes in time-space at angle 45 degrees with the t-axis each,
intersecting at a right angle, see Figure 1 below. Varying w, and s, s’ so that s + s’ is fixed, we

FIGURE 1. On the principal level, we integrate over the horizontal line in the middle,
which is a codimension two hyperplane, actually. The support of the integrand, all terms
considered, is inside the wedge, intersected with the cylinder |z| < p.

get integrals over all “lines” (codimension two hyperplanes, actually) on the hyperplane ¢ = const.,
which is invertible, slice by slice. The stability estimate we get however treats ¢ and x differently,
in principle.
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We need to analyze the lower order terms now. If we linearize near ¢ # 0, and take the lower
order term ag for u; in (8) into account only, then (9) is the main term but we get the following
additional terms:

Bi(s', W' 8,w) = /5q(t, z)ai(t,z,w)h(t+ s —z-w)d(t + s —x - ') dt du,

plus a similar By term coming from uf, plus an even more regular term containing two Heaviside
functions h. Each of Bj, By integrates dq over a (weighted) truncated delta on the hyperplane
t+s —x-w =0, ort+s— 1z -w =0, respectively, see Figure 1. In other words, the Schwartz
kernels are deltas on half-hyperplanes. They can be thought of as a superposition of deltas on
codimension two hyperplanes, as in (9), all parallel to the intersection in Figure 1, moving along
the corresponding wing of the wedge there. We just need upper bounds of By, By, and they can
be done in the same norms as those we use for (9) to get an O(e||q||) perturbation. The & gain
comes from a;. We can treat the more regular terms, coming from a;, j > 1, and from Ry in
Proposition 3.2 similarly, which is a tedious task but doable. An important observation is that
the support of the product ufu%r in (6) is contained in the intersection of the half-space above the
lower hyperplane (due to u], see (44)) and the half-space below the upper hyperplane (due to u;),
i.e., on the left of that the wedge in the figure. This is further intersected with the cylinder |z| < p,
so in particular, we integrate in (6) over a compact set depending on the parameters.

3.4. Proof of the main result. Here, we will prove our main result. We begin with a few
notations. Inspired by (6), we set

Q(tﬂ x) =q1 (t7 x) - Q2(t7 1,‘)
and

Mq(s,s,w) = /q(t,x)ul(t,x,s,w)u;(t,:n,sl,—w) dt dzx.
Writing uy (¢, 2, 8,w) = 6(t + 8 — 2 w) +up g, u2(t, 2,8, ~w) =0(t + s+ w)+ uisc, we get
M = Moo + Mo1 + Mo + My,

where

(12) Moog(s', 5, w) = /q(t, D)t +5—3-w)S(t+ 5+ - w)dtdr,
Mipq(s', s,w) = /q(t, r)uy o (t, 2, 8,w)0(t + s+ 2 w)dtdz,
Mo1q(s', s,w) = /q(t, z)o(t+s—x- w)uisc(t, x,8, —w)dtdx,

Mi1q(s', s,w) = /q(t,x)uisc(t,x,S,w)u;:sc(t,x, s’ —w)dtdux.

We denote by Mg, Mj;q the above functions in the variables given by (2).
Remark 3.1. Let

(13) Y =[-p,p]

Note that if ¢ ¢ X, then (11) does not hold for any z € Q and w € S"!, and hence, the
line of intersection (a hyperplane) in Figure 1 does not intersect the cylinder R x €. Therefore,
Mooq(O'/, o,w)=0for o ¢ X. If 0 € X, due to the definitions of uisc and u;’sc, it follows that there
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exists T' > 0 such that the (¢, z)-supports of the integrands in the definition of Mq, Mqu belongs
to (=T — o', T —0) x Q.

Next, we will study Mqu. We begin with Mooq:
Lemma 3.1. Let ¥ = [—p, p]. There exists a constant C' > 0 depending only on n such that
(14) gl Lo (r; L2(RR))/C < HMOOQHLoo(RO,;L2(§g—1;H(n—1)/2(2d))) < Cllqll Lo (r; L2(mnY)-

Proof. As explained in Section 3.3, the product of the deltas in (12) can also be written as
/ o
5<t+s—;s>5<s 25 —x'w>.

Mooq(s', s,w) = [Rq(—(s' +5)/2, )] (s —5)/2,w),

where Rf(p,w) = [6(p — - w) f(z) dz is the Radon transform of f. Using the change of variables
given by (2), we rewrite

Then

Mooq(a',a,w) = [Rq(—o', )] (o,w).
For every s, we have the following stability estimate for the Radon transform, see [14, Ch. 2|
[ s ey /C < ARSI g1, s+ m-nrzm,yy < Clfllms@ny,
for some constant C' > 0. Therefore, choosing s = 0, we obtain
la(—o", M r2@n)/C < [ Moog(o, '7')”L2(§g—1;H(n—1)/2(Ra)) < Cllg(—o", N p2@n)
for every ¢’ with C' independent of it. Finally, as we noted in Remark 3.1,
HM()()(]HLOQ(RU,;LQ(Sg—l;H(nq)m(Ea))) = HMOOQHLoo(]RU,;LQ(Szfl;H(nfl)/Q(Ro_)))7

and hence, (14) holds. O

We need the next lemmas to obtain similar results for Mloq and ]\meq.

Lemma 3.2. Let X and T be as infRemark 3.1. Let a1 4, hj, and Ry n be the functions introduced
in Section 3.2 with ¢ = q1 and let Ry n be the function such that

RLN(t,a:,t +s—z w,w)=Ri Ntz 5 w).

Then, there exists Co N > 0 such that

[M10q/l oo g, r2sm- 1 me-nr2(5,))) < CN Gl Lo rir2(rm) X

N T—o'

X Z @151 Lo (Rxsn—1,02n-2(0)) + SUP / sup ||[Rin(t, -2t + 20", w) || c2n—2(qy dt
=0 o’'€R J—T—o' weSn—1

Proof. For the sake of brevity, we denote

N
Ult,z,t+s—z- w,w) = Zaljj(t,x,w)hj(t—i—s—x-w)+R1,N(t,x,t+s—x~w,w).
=0
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Then,
Miyoq(s', s,w) = / / qt,)U(t,x,t+s— a2 w,w)d(t+ s +x w)dtdr
n JR

:// qt,—(t +w + U, —(t + 8w +y,2t + s+ ', w) dt dy.
R Jwt

Using the change of variables given by (2), for any o € ¥, we obtain

T—o'

MlOQ(U,a g, w) = /

/ qit,—(t+ o0 —o)w+yU(t,—(t + 0 —o)w+y,2t + 20", w) dt dy
7T70-/ wl

T—o'
- /T , [RU(tv-,2t+2a’,~)Q(ta )] (—t+o0— o' w)dt.

By Theorem B.1,

| Miog(o’, -, -) I p2sn1, 50 /2(,))

T—o'

< Cq sup ”(Z(t, )||L2(Q) / sSup HU(t? 2t + 20/5 W) ”C’Q"_Q(Q)dt'
te[-T—o' T—0o’] —T—0o’ wesn—1

We estimate next

T—o' T—0o'
/ sup ||U(t,-, 2t + 20’,w)||02n72@)dt < C’N/ sup |la(t, -, w)| con—2(qydt

—T—o' weSn—1 —T—o' wesSn—1
T—o' 3
+/ sup ||[Ryn(t, -, 2t + 20", w)|| c2n—2(q)dt.
—T—o’ wesSn—1
The last two estimates complete the proof. O
Lemma 3.3. Let Q@ C R" be a bounded set, o be a multi-indez, and K = |a| + (n + 1)/2. Let

f e ON(R; x Ry x R?) such that f(t,s,-) has a compact support. Assume that N € N is large
enough so that the equation

(0F = A+q(t,2)u(t,s,2) = f(t,5,2),
’U’t<—s—p =0.
has the unique smooth (as much as needed) solution v. Then

t
K
(15) | DS][ ooy < CoceCa (F547) / £ (7,8, g ey,

where
CK =24 Cxkllq(t, )l crgn)
with some Cg > 0 dependent on K.

Proof. For non-negative k € Z, we define

EX(t) = 10r0(t, 5. ) gy + 3 1VaDF0(t, 5,) 2oy + o(t, s, ) B
[vI<k
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Then
OEL(t) =2 ) R(O7DJu(t,s,-),0D7v(t, s,")) 12(r2)

IvI<k
—2 > R(ADJv(t,s,), hDJv(t, s,-)) ra(me) + 2R(0v(t, 5, ), v(t s, ) L2 (ge).
IvI<k
where R denotes the real part of the number. Since
(07 — A)DJu(t, s,x) + DY(q(t, z)o(t, s, x)) = DI f(t, s, ),

the last identity becomes

OEF(t) =2 R(D)f(ts,), 0 DJv(t, s,))r2(me)
IvI<k
-2 Z R(D(q(t,)v(t,s,°)), 0 DIv(t, s, ) p2(m2y + 2R(pv(t, 8,-), v(t, 8, 7)) L2(R2)-
IvI<k
Using the Cauchy—Schwarz inequality, we obtain
QEL(t) < Y [IDLf(ty s, ) |72y + 2+ Crlla(t, )l on ey EL (D).
[vI<k
By integration over (—s — p,t), we obtain
t

B (t) < FR(t) + C* / EX(r)dr,

—s—p
where \
Fit) = / 1£(r 55 Mggsemdr,  Ck =24 Cilla(t, )l on gy
P
Then, the Gronwall’s inequality implies

t
E¥(t) < Fit)+CF / FF(r)eCat=m)gr,
—s—p
Since F¥ is an increasing function,

(16) Bk < pbo) (1+.0f [

—5—p

eCf;(t—T)dT) < Ff(t)ecg(t+5+p).

Due to the Sobolev inequality, it follows that

[ot, s, M@y < Caxllvlt, s, )llpreo) < Caxllv(t, s, )l grri@n)-
Combining this with (16), we obtain (15).
Lemma 3.4. Let L = 2n — 2. There exists a sufficiently large N € R such that if

(17) ||q1HCL+ +3+2N(R><Q) <L

Then,
N

Z a1,

7=0

Lo @xsn-102n-2(@)) < Canllallcrren mxo)
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and

T—o'
o [ s (20420 ler@ydt < Colarle

n—1 .
= +34+2N
o'eRJ-T—0" weSn—1 2 (Rx€2)

Proof. The first estimate comes directly from the definition of a; ;. It remains to show the second
estimate. Set

T—o'
A= sup / sup |’R1,N(t7 Yy 2t + 20/7 LU)”0L(Q)dt
o’€R J-T—o’ wesSn—1

We write

T
A= sup/ sup [[Rin(t — o', 2t, W) orydt
o'eR J—T weSn—1

T
= sup / sup Z sup HDZRLN](t -0z, 2t,w)’ dt
o’'€R J —T wesn—1 ly|<L z€Q

T
= sup / sup Z sup [D;';‘DLB‘RLN](t —o 2,2t —(t—o')+ - w,w)’ dt.
o’€R J-T weSn—1 la|+IBI<L ze
Then, we estimate

A< Z 27 sup sup sup sup ‘[DgDLﬁlRLN](t —o 2,2t —(t—o')+x- w,w))
o +igl<r 7 SRweSn Tl o€ te[-T ]

(18) < Z 2Tsup sup sup sup ‘[DgDLmRLN](t’SC,S - w,w)‘ )
la|+18|<L teER weSn—1 z€Q se[—2T,2T]

To estimate the last term, let us fix multi-indexes «, /5 such that ||+ |3| = L and note that
(0 — A+ D Ry(t,2,5,0) = —[(0F — A+ Q)ary](t, 2, 0)h Y (s + 1 — 2 w).
Moreover, by employing the derivative definition, it can be verified that

DJf'RN(t,x, S, w)|t<c—s—p = 0.

We denote

(19) Ay n(Ty2,w) = —[(07 — A+ q)ay N (L, x, W),
Next, we will show that

(20) F(t,s,m,w) = Ay n(r, 2, )WV (s + £ — 2 w)

has a compact support as a function of the x variable. In [19], it was shown that
aj n(t,z,w) =0, forz-w< —pand for |z —x-w|>p.
Hence, if z - w < 0, for sufficiently large |z|, it follows that a; y(¢,z,w) = 0. If - w > 0, then

h%',ﬁ l)(s +t—x-w) =0 for sufficiently large |x|. Therefore, for fixed ¢, s, and w, the function given
by (20) is compactly supported. Therefore, by Lemma 3.3,

sup |D$DLB|RLN(L‘, x,8,w)]|
e

t
< Cq gceCa (tHstr) / 1ALN (7, - )BT (5 47 = () - w)l| e gy,
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where

n—1 K
(21) K = \a|+?+1, Cy =2+ Cklla(t, ) lox mny-
Since hg\‘,ﬁ +5) is an increasing function for all £k =0,--- | K, it follows that

sup | DEDII Ry n(t, 2, 5,w)| < CageCd CH540)(t 4 5 4 p)
xEN

x sup | A1y (7 LRV (s 4+ ¢ = () - W)l e -
TE

This is true for all s € R. Hence, if we choose y € 2 and replace s by s —t + ¥ - w, the last estimate
becomes

sup [[D2 DRy n] (1 2,5 — £+ - w0, w)| < CoieeCh CH40) (5 1y oo 4 )

e

X sup | Ay (. L) (s + 4w — () - W)l e -
TE

Let

z= sup sup sup (s+y-w).
s€[—2T,2T) y€Q wesSn—1

Note that z is constant depending only on ). Then, from the last inequality, we derive
(22) sup sup sup |[DEDPIR N](t, x5 —t +y-w,w)| < ngKeCf(”p)(z +p)
z,y€Q teR s€[—2T,2T)

xsup [ Av (T, L)V (2 = () - W)l -

Moreover, we know that

A (- @y (2 = () - w)
has a compact support with respect to z, which is uniformly bounded in 7 € R and w € S~ that
is, there is a compact set €2 such that

supp A1 n (T, -,w)hg\‘,m)(z —()-w)c for all 7 € R and w € S"7 1,

The set  depends only on . Therefore,
(28) sup | A1x (7 L) (2 = () - w) ey < sup |41 (7 L)W (2 = () - @) gr sy

< Consup AN (T, )|l g @)
TER

Therefore, since
supsup  sup HD?D'SB'RLN] (t,z,s —t+z-w,w)
xeQ teR se[—2T,2T]

< supsup  sup  |DEDPIR (a5 — 4y w,w))
z,y€Q teR s€[—2T,2T)
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from (22), (21), and (17), we obtain

supsup  sup sup \[Dg‘DLmRLN](t, r,s—t+x-w,w)
r€Q tER se[—2T,2T] weSn—1

< CqnN sup SUPHAI,N(TMW)HCK(Q)'
wesSn—1 TeR

Since

(21) sup. sup 141w (7, )l grey < Comllarllomsaren sy
wesSn—1 TeR

the previous estimate implies

supsup  sup sup HD?DLMRLN} (t,z,s —t+ 2 ww)| < Conllallcrrzieny mxa)-
z€Q teR se[—2T,2T] weSn—1

Then, from (18), it follows that
A< CQ,N”q1||CL+"T_1+3+2N(RXQ)'

This completes the proof. O

Now, we are ready to estimate Mjpq. Similarly, the same holds for My;q.

Lemma 3.5. Let ¥ be as in (13). There exists a sufficiently large k € N such that if

(25) quHCk(RXQ) <e<l,
then
(26) 1M104]| oo 12 (snrrn-/2(5, 7)) < €0l Lo (Riz2@ny) -

Proof. Depending on €2, we choose N € N large enough so that the hypothesis of Lemma 3.4 is
satisfied. Let k = L + ;1 4+ 3+ 2N. Then, Lemma 3.4 and (25) give (26). O

Next, we obtain a similar result for Miiq.
Lemma 3.6. Let ¥ be as in (13). There exists a sufficiently large k € R such that if
larllor@mxay <€ <1,
then
(27) 1M1l oo 2 (st mrn-/2 (5, y)) < €0l Lo iz @ny) -
Proof. Let N € N be sufficiently large. We set
Q?(t, z,w) = q(t,x)ar(t, z,w)a i (t, z, —w),

Q](ta z, w) = Q(t, l’)&ljj(t, z, w)?
Qk(t, z,w) = q(t,x)ag k(t, z, —w).
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Next, we define
Akja o,w) // Q]txw)hgl)(t+0 +o—2 - w)(t+o —o+x w)dtdz,
T— G’

Bk]a o,w) // tha:w)é(t+a'+a—x~w)hg)(t+a’—U—i-a:-w)dtdm,

Al (o 0,w) // Q¥ (t,x,w)dL Ry n(t,x, 0" + 0,w)d(t + 0’ — o + = - w)dtd,
(o, 0,w) / / i(t,2,w)8(t + 0’ + 0 —x-w) Ron(t,x,0" — 0,w)dtdx
and
Alll2 (o', 0,w) / / i(t,x w)h( 1)(t +0' +0—1-wd2RyN(t 2,0 — 0,w)dtdr,
T— o"
Blll2 (o, 0,w) / / H(t, x,w)OR Ry N (t, x, 0" + 0, w)h(lz)(t—i-a o+ x - w)dtdx,
T+0'
chlz2 (¢! o, w) / / q(t, 2)0N Ry N(t,x,0" + 0,w)02 Ry N (t,2,0" — 0,w)dtdz.
Then,
(28) 1M11g(0, M st omn-vr2gm,y) < D Miy?,

where the sum is taking over all j, k, l1, lo < N such that

n—1

5L E<SN, L1 <j, la<k, L+1<
and
M =105 AR (0 M2, xsnty + 108 B (0" ) pags, st
+ 1105 AR (0" M2, g1y + 105 BE©O s ) 2 gss, ey
1 AY2 (07 M s, sty + IBE2(0 M s, sty + €207 | pagss, wsnm)

As we noted in the proof of Lemma 3.4, 8§1R1, N satisfies

(29) (07 — A+ @) DY Ry (t,2,8,w) = —[(07 — A+ q)ai N](t, =, w)hl]\l,(s +t—z-w)
and
(30) DélRN(t7$as7w)‘t<—s—p =0.

Therefore, the same steps we used to prove Lemma 3.5, will give
l1 7l l1 !
(31) HaalAkzj'(OJa " ')HLQ(E(,xSZ’l) + HaalB/fj(U/7 " ')HLQ(zaxsgﬂ)
l I !
+ ”aclrlAkQ (- ')||L2(20><s3—1) + ||aalBj2(0/7 " ')HL?(ZUxSZj‘l) < 5CQ||Q||L°°(1R;L2(R”))

for any o’ € R.
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Next, we estimate

|Bi2(0, 0, 0)| < Nlag il oo rxaaxsn1)

/ la(, @)l poe m / OF Ryn(t = o 2,0" + o,w) b2 (t — 0 + 2 - w)dtda
Due to Lemma 3.4, it follows

Iyl
HBkI 2(0/, K ')HLOO(EXS"*)

< Callgll Lo ;2 () bu}z) sup 1 sug [sup ] |8£71R17N(t — o, x,0 + o,w)|.
ceXweSn—1 xeQ te[-T,T

To estimate the right-hand side, we repeat some steps of Lemma 3.4. Since 0% Ry y satisfies (29)
and (30), Lemma 3.3 gives

sup sup |8§1R17N(t —o,x,0 +o,w)|
ceXte[-T,T]

T—o'
<o / | Ag (7, @) (T + 0 = () - wl| e oy

—o—o'—p
where K = (n —1)/2+1 and A; y is the function defined by (19). Let

z=supT +o.
ocEX

Due to (23),

sup sup |0LRyn(t — o' x,0 +o,w)| < Cosup || Ay N (T, W)l @)
oceXte[-T,T) TER

for some compact 2 which depends only on 2. Then, (24) gives

sup sup |81R1N(t—a x,0 + o,w)| < Collq| oringt < eCq,

o€X te[-T,T) 7 N (R )
and hence,
Il
1B (0", - M Lo (mxsn-1y < €Callgll Loo (m;12(02))-

Similarly, this estimate holds also for Atz ang ohlz, Hence, from (28) and (31), we obtain (27). O
J
Finally, we prove Theorem 2.1.

Proof of Theorem 2.1. Let C be a constant form Lemma 3.1 and Cq be a common constant from
Lemmas 3.5 and 3.6. Let us fix 0 < ¢ < 1 such that 1/C — 3¢Cq > 0. Next, we choose k € N
as large as Lemmas 3.5 and 3.6 require. Then, under conditions ||q1]lckrxay, 191llcr®xa) < &
Lemmas 3.1, 3.5, and 3.6 imply

- 1
HM‘]”Loo(Ra,;m(sg*l;H(nfl)/2(zg))) = 5||QHL°°(R;L2(Rn)) - 3€CQHQHLOO(R;L2(RH))-
This completes the proof. O

Remark 3.2. We want to emphasize on some subtle moment in the proof. The integration in (6)
happens inside the wedge in Figure 1, which, intersected with the cylinder |z| < p, is compact. On
the other hand, Myoq integrates over the “line segment” (a hyperplane) there only while the other
integrals integrate ¢ inside the whole wedge. In order to absorb the Mg, etc., terms, we need
them to be small in ¢, which they are but they depend on ¢ over a set larger than the one needed
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in Mgog. This arguments still works because we actually extend the estimates to ¢ everywhere in
the t variable by taking a supremum in ¢’ above. On the other hand, if we wanted to establish
local stability, like estimating g for ¢ over a finite time interval having finite time back-scattering
data, that would have been be a problem.

APPENDIX A. SCATTERING THEORY FOR TIME-DEPENDENT POTENTIALS

We recall the basics of the scattering theory for time-dependent perturbations of the wave equa-
tion by restricting it to time-dependent potentials. We follow Cooper and Strauss [3, 4], where it
was introduced for moving obstacles, and its adaptation to time-dependent potentials in [19]. Some
of the statements below are new however, like Theorem A.4 and Theorem A.5. This theory is a
natural extension of (a part of) the Lax-Phillips scattering theory. We consider the wave equation

(3) with a smooth time dependent potential ¢(¢,x) supported in the cylinder R x B(0, R). We
assume n > 3, odd to avoid working with the non-local translation representation when n is even.

A.1. Lax-Phillips formalism about the wave equation. The natural Cauchy problem for the
wave equation is the following

(32) (0F = A)u=0, (u,ur)l=0 = (f1, f2)-
We convert the wave equation into a system by setting w(t) = (u, u¢); then
0 Id

We use boldface to denote vector-valued functions not necessarily of the type (u,u;) if there is
no background scalar function u(t,z) present. In particular, u(t) in Definition A.1 below is not
necessarily of that form.

The natural energy space of states of finite energy is defined as the completion of C§° x C§°
under the energy norm

1

£ =5 [ (VAP +18P)do. £ = (s

In particular, the first term defines the Dirichlet space Hp(R"™) with norm ||V f||z2. When n > 3,
they are locally in L2, as it follows from the Poincaré inequality. The operator A naturally extends
to a skew-selfadjoint one (i.e, iA4 is self-adjoint) on H. Then by Stone’s theorem, Uy(t) = €' is a
well-defined strongly continuous unitary group, and the solution of (33) is given by u(t) = Uy(t) f.
The unitarity means energy conservation, in particular.

We define the local energy space Hjo. in the usual way. By the finite speed of propagation, the
Cauchy problem (32) has a well defined solution in H,. if the Cauchy data f is in Hjo only. We view
those solutions as ones with (possibly) infinite energy but locally finite one. Then u € C(R; Hioc)

and the wave equation is solved in distribution sense. One can easily extend this to distributions.

A.2. Existence of dynamics. By [9], see also [16, X.12], the solution to

0F = A+qlt,2)u=0, (uup)li=s = (f1, f2)
is given by wu(t) = U(t, s)f, where f = (f1, f2) and U(t, s) is a two-parameter strongly continuous
group of bounded operators with the properties
(i) U(t,s)U(s,r) = U(t,r) for all t,s,r; and U(t,t) = 1d,
(i) Ut s)ll < exp{Clt — s|sups<r<y, aern la(T, 2)},
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(iii) for any f € D(A), we have U(t,s)f € D(A) and

LU5)F = (A= QUULL5)F, LU )f = ~Ult,5)(A - Q(s)) S,

where Q(t)f = (0,q(t,-) f1) (and Q(¢) is clearly bounded).
The two-parameter semi-group admits the expansion

(34)

(35) U(t,s) =Uo(t — s) + Y _Vil(t,s),
k=1

—1
Vi(t, s) / dsl/ dsg- - / dsg

X Up(t —51)Q(s1) ... Up(sk—1 — s)Q(sk)Uo(sk, — ) f, k> 1.

This expansion is an iterated version of the Duhamel’s formula

where

U(t,s) =Uy(t —s) + / U(t,o0)Q(o)Up(o — s)do
(36) ’

=Up(t—s)+ / Uo(t —o)Q(o)U (o, s) do.

The convergence of (35) follows from the estimate

k k
i)l < 5 (s o)

s<t<t

In particular, we get that we still have the finite speed of propagation property:
supp U(t, s) f C supp f + B(0, [t — s]).

As before, the finite speed of propagation allows us to can extend U(t, s) to the space Hjoc by a
partition of unity.

Finally, notice that when ¢ is time independent, then U (t, s) depends on the difference ¢ — s only,
ie., U(t,s) = U(t—s) where U is a group. It is not unitary however (unless ¢ = 0) in the space H.
If we redefine the energy norm by

1710 = / (VAR + dlful? + |fof?) de

(we need to know that it is a norm however, and g > 0 suffices for that), then U(t) is unitary in

HY.

A.3. Plane waves, translation representation and asymptotic wave profiles of free so-
lutions. The plane waves

St —w-x)

solve the wave equation, obviously. They can be thought of as plane waves propagating in the
direction w with speed one. If we replace t by t + s there, we can think of s as the delay time. The
plane wave above is the Schwartz kernel of the Radon transform

(s,w) /5s—w:c )d:z_/hwzsf(x)dsx.
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For any density g(w, s) (which can be a distribution as well), the superposition
u(t, x) ::/ 5(t+3—w-x)g(s,w)dsdw:/ g(w- -z —tw)dw
RxSn—1 Sn—1
is still a solution of the wave equation. The expression above can be recognized as the the transpose
R’ of the Radon transform applied to g¢(s,w) := g(s — t,w). It turns out that all solutions of the
free wave equation in the energy space have that form.

Indeed, in [13], Lax and Phillips defined the free translation representation R : H — L?*(Rx S™™1)
as follows

k(s,w) = Rf(s,w) = co(=0"TV2Rf + 80 V/2Rf,),

where R is the Radon transform and ¢, = 271(2r)(1="/2 ¢ = 271(—27)(1=")/2_ The inverse is
given by

n

(37) R k(x) = 2¢, / (—85(”_3)/2k:(z cw,w), O k(2 w, w)> dw.
Sn—1

The map R is unitary, and (RUp(t)Rk)(s,w) = k(s — t,w), which explains the name. We also
set

(38) uf(s,w) = (—1)"D2k(s,w)

and call u* the asymptotic wave profile of the solution wu(t) = Up(t)f. This name is justified by the
theorem below, and it is the analog of the far free pattern for solutions of the free wave equation.

Theorem A.1 (Lax-Phillips, [13]). Let u(t) = Uy(t)f, f € H. Then

2
/‘ut - |x\_(”_1)/2uﬁ(|x\ —t, ‘x’)’ dr — 0, aslt| = 0.
T
Remark A.1. In [13], the factor (—1)"~1/2 is missing from (38), i.e., uf = k. Cooper and Strauss
in [3] found out that this factor must be present in (38).

A.4. Outgoing solutions and their asymptotic wave profiles. We follow here [2,3]. Given
u(t, ) (and only then), recall the notation u(t) := (u(t, ), u(t,-)), see (33).

Definition A.1. The function u(t) € C(R; Hioc) is called outgoing if limy, oo (u(t),Uo(t)g) = 0
for each g € C3°(R™) x C5°(R™).

In this definition, u(¢) does not need to be a solution of the wave equation (anywhere). On
the other hand, if u(t, z) solves the wave equation in |z| > p for some p > 0, then, see [2,3], u is
outgoing if and only if for any 7' € R, Uy(t — T)u(T) = 0 in the forward cone |z| <t —T — p.

One simple example of non-trivial outgoing solutions (for |z| > p) is the following. Let p €
Ll (R; L?*(R™)) satisfy p = 0 for ¢ < to, where tq is fixed. Solve

(39) (02 = A)u=p(t,z) inR xR"
with Cauchy data
(uv ut)|t=t0 = (Oa O)

By Duhamel’s formula,
¢

u(t) = [ Uo(t —s)p(s)ds, p(s):=(0,p(s,)).

to
The latter is well-defined in Hj,. by finite speed of propagation. The solution for ¢ < tg is just
zero. Then wu is outgoing in a trivial way. Moreover, this is the unique outgoing solution of (39).
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Indeed, take the difference v of any two. Then v(t) = Up(t)f, where f is the initial condition.
Then 0 = lim;—,_ o (v(t), Uo(t)g) = (f, g), for any test function g; therefore, f = 0 and then v = 0.
This can be generalized as follows.

Theorem A.2 ( [2,3]). Let p € L _(R; L*(R™)) and assume that for each t,

t

(40) lim Uo(—s)p(s)ds exists in Hipe, p(s) := (0,p(s,").
T——o0 T

Then there exists a unique outgoing solution u € C(R; Hioe) of (39) given by
t

u(t) = / Uo(t — s)p(s) ds.

—0oQ
Remark A.2. Clearly, p € L'((—oc0,a); L?(R")) for any a would guarantee the regularity assump-
tion on p and (40). Also, the assumptions on p in next theorem are enough.

Proof. The absolute convergence of the integral in H_ _ follows from the assumptions. To show that
u is outgoing, for g € C3° x C§°, consider

(u(t), Tol(t)g) = /

—00

(Uot — $)p(s), Uo(t)g) ds = / (Uo(—5)p(s).g) ds.

—0oQ
The latter converges to 0, as ¢ — —oo by assumption. ]
Theorem A.3 ( [2,3]). Let n > 3 be odd. Let p € L (R; L*(R")) with p(t,z) = 0 for |x| > p.

loc
Let u be the unique outgoing solution of (39).
(a) Then there is a unique function u* € L2 (R x S 1) such that for all Ry < Ry we have

loc
2
/ w(t, ) — ||~ 28 (]a:| -1, :1:) dr — 0, ast— oo.
Ri+t<|z|<Ro+t |z|
(b) If p € C§°,
(41) ut(s,w) = ¢; O/ /p(w -x —s,x)d.

(c) The map p — u! is continuous.

Remark A.3. For general p as in the theorem, u? is still given by (41) but the derivative is in
distribution sense; by (b), the result is in L2 (R x S"~1). Another way to write (41) is

loc

/uﬁ(s,w)gb(s) ds =c, //p(t,x)(@é"_l)/z(;ﬁ)(w -x—s,x)dtds, Vi(s) e C°(R).

Proof. Motivated by Theorem A.2, for fixed Ry < R, set

—Ri+p

f= Uo(=7)p(7)dr, v(t) = Uo(t)f.
—Ro—p

By Huygens’ principle, v(t) = u(t) for Ry +t < |x| < Ry +t. Therefore, v does have an asymptotic
wave profile, and vf(s,w) = uf(s,w) for Ry < s < Ry. On the other hand, we have a formula for
vf, (37) and (38) which says

vi(s,w) = (1) V(R F) (5,w)

—Ri+p
= c,;agn—l)/?/ / p(z-w—s,x)dS,dr.
—Ra—p TWw=8+T
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Then
.0) sy = (50) = 002 [ o - 5.2 d

Since R; < Ry are arbitrary, this, combined with Theorem A.2, proves (a); and (b) for p € C§°.
The proof of (c) is straightforward: use (41) and take Fourier transform w.r.t. s. In particular,
we get that the map p — u? can be extended continuously in those spaces. ]

Remark A.4. We call uf in the theorem the asymptotic wave profile of the unique outgoing solution
of (39). Note that there are two cases where we defined such profiles: for free solutions in the
energy space, see Theorem A.2, and in Theorem A.3 above, where u is in the energy space locally
only, and solves (39) instead.

A.5. Scattering solutions. The scattering solutions u~ and u* were introduced in section 3 as
the solutions of (3), and (5), respectively. Since they involve distributions, not necessarily in the
energy spaces (even locally), we proceed as follows. We can think of (u(t,z;s,w), u(t, z;s,w)) as
distribution in the (s,w) variables with values in Hjoc. It is more convenient however to do the
following. Let hj(t) = h(t)t’/j!, j = 1,2..., where h is the Heaviside function; and we also set
h_1 =90 . Then h; =hj_1,j=0,1,2,.... To define u~ eventually, we solve

(42) (OF — A+ q(t.e)T =0, Tleosp=hilt+s—z-w)
first (notice that hy(t + s — = - w) is locally in the energy space now), set
lee =T —hMi(t+s—z-w),

compute the asymptotic wave profile Fﬁ(s’ ,w'ss,w) of T, and differentiate the result twice w.r.t.
s to get the analog of the scattering amplitude. In particular, then

(43) u(t, z;s,w) = O20(t,w58,w),  ug(t, 55,w) = O3 sc(t, 55, w).

will be well defined as distributions.

In a similar way, one can construct the scattering solutions u* which look like plane waves as
t — 400, instead of t — —oco. They would solve (5). Performing the change of variables = —t
(time reversal), § = —s, @ = —w, we see that u™ (¢, z;s,w) = at(—t,x; —s, —w), where @ is related
to G(t, ) := q(—t, ). The regularized version, ' can be constructed as in (42) with the condition
I'" = (-t —s+x- w)fort > —s+ p. The right-hand side of this condition then would be
supported outside R x B(0, R) for t > —s + p. Then we define u™ and ud, as in (43).

By the finite speed of propagation property

(44) suppu” (-, ;5,w) C {t+s—x-w >0}, supput(:,-s,w)C{t+s—x-w<0}
Next theorem generalizes Theorem A.3.

Theorem A.4. Let p be as in Theorem A.3. Set

u(t) := / U(t,s)p(s) ds.

—00

Then u € C(R; Hye) is outgoing, and has has an asymptotic wave profile u(s,w) given by

uf(s,w) = cgf)g”_l)ﬂ/p(t,:c)u+(t,x;s,w) dt dx.
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Proof. By (36),

u(t) = t Up(t — s)p(s)ds + t tUo(t —0)Q(0)U (o, s)p(s) do ds

_ / " Dolt — $)p(s) ds + /_ ; /_ ; Us(t — 0)Q(0)U (0, 5)p(s) ds do.

—0oQ
Then we are in the situation of Theorem A.3 with p(¢) there replaced by
t

(46) p(t) == p(t) +pi(t), pi1(t) = Q(t)/ U(t, s)p(s) ds = Q(t)u(t).

—00

Then u has an asymptotic wave profile uﬁ(s/ ,w') satisfying
(47) ut(s' ') = ¢ 912 /ﬁ(t, 2)0(t + 8 — W' - ) dxdt.

The first term on the right-hand side of (45) is handled by Theorem A.3. We analyze the second
term below, which we call u(t). By Theorem A.3 again, its asymptotic wave profile is given by

t
u’i(s', W) = ¢ anV/2 / [Q(t, x) / Ul(t,z;s,y)p(s,y) ds dy} ) S(t+s - - z)dtdx
(48) -
=00 2 [ K s g)pls,0) ds .

where the last identity defines K, i.e.,
(49) K(s' w'isy) = / /q(t, z)Ur2(t, z;8,y)0(t + s —w' - x)dzdt.

By (34),
(—0s + A, — Q'(s))U'(t,2;5,y) = 0,
where the primes denote transpose operators in distribution (not in energy space) sense. This

equality can be written also as
=05 Dy —aq(s)\ ey ooy
(Id _a, U'(t,z;s,y) =0.

In particular,
(50) (97 — Ay + q(5))Una(t, z55,y) = 0.
Differentiate K in (49) to obtain

0.5 ss.0) = [ [alt.0)dUialtsmis )b+ o o) do d
because Uya(s, x; s,y) = 0. Differentiate again:
2K (s W'y s,y) = / /q(t,x)@?Ulg(t, z;8,y)0(t+ 5 —w' - x)drdt

—q(s,2)0(s+ 8" — ' - y).
Then by (50) and (49),
(51) (02 — Ay + g(3)) K ('3 5,9) = —q(s,2)8(s + 5’ — o/ - y).
On the support of the integrand in (49), we have t + s’ < p, s < t. Therefore,
(52) K (55,9t = 0.
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Therefore, K solves (51), (52), which is the same problem solved by uZ (s',w'; s,y), see (5). There-
fore, K = ud..
Going back to (47) and (46), we see that

ub(s' W) = ¢ 9 /2 / (p(t,z) + p1(t,z))0(t +5 — ' - x)dwdt
= ¢, oD/ /p(t,w)) (6(t+s —w' ) +ul(sw'st,z)) dudt
= o [ plt)ut (s st ) do e,

where we used (48) and the identity K = ud, we just derived. O

A.6. The scattering amplitude and the scattering kernel. Let I" solve (42). Since the Cauchy
data (h1(t+s—x-w),ho(t+s—x-w)), for say, t = —s — p — 1, is in Hjec, a solution (I',T';) with
locally finite energy exists. Then I'y. is clearly outgoing. It solves the Cauchy problem

(af - A)Fsc = _qra I‘sc|1f<fsfp =0.
By Theorem A.3, I'y. has an asymptotic wave profile Fgc given by

I (s, wss,w) = *653‘2771)/2 / gz - — 8 )z ' — &, 2;8,w)dz

= —cgag,”‘”/z / q(t, )T (t, z;8,w)(t + 8’ —x - ') dt du.
Differentiate twice w.r.t. s, see (43), to get
ut (s, W' s,w) = —05857_1)/2 / q(t,x)u”(t,x;8,w)0(t + 8 —z-w')dtdx.
Definition A.2. The scattering amplitude A¥ is given by
Af(s' W'y s w) = /q(t, r)u (t,x;8,w)d(t+ 8 —x- ') dtdz,

where u~ solves (3).

By the finite speed of propagation, u™ (¢, z;s,w) = 0 for x - w > t + s. Therefore, the integrand
vanishes outside of the region z - (w — w’) < s — s’. The Lh.s. has a lower bound —2p on supp ¢;
therefore,

supp A* C {s' < s+ plw — |} C {s' <5+ 2p}.

Note that A* and ugc =—c, 8§7_1)/ % Af can be reconstructed from each other thanks to that support

property.
Since the perturbed dynamics is a two-parameter group, we need to generalize the notion of the
wave operators and the scattering scattering operator.

Definition A.3. The wave operators Q_ and W4 in H are defined as the strong limits
Q= S't_lzr_n U(Ovt)UO(t>v W+f = tli>m Uo(—t)U(t,O)f; J €RanQ_,

if they exist and define continuous operators. In the latter case, the scattering operator S is defined
by
S == W+Q_.
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This definition also makes sense for f € Heomp with Sf taking values possibly in Hjgc.

Theorem A.5.
(a) The wave operator Q_ : Heomp — H exists and

(53) U(t,00Q_f = 2¢, / u”(t,x;5,w) I 2(RE) (s, w) ds dw.
RxSn—1

e wave operator :H — Hioe exists.

b) Th perator Wi : H — H st

c e scattering operator S : Heomp — Hioe €rists.
(¢c) Th ttering operator S : Heomp — H st

Proof. Choose f € Hcomp, so that f(z) = 0 for |z| > R with some R > 0. Let k = Rf. Then
k(s,w) =0 for |s| > R. For t < —R — p :=to, U(0,t)Up(t)f = U(0,t9)Up(to) f. In particular, the
limit defining Q_ f exists trivially and U(t,0)Q_ f = U(t, to)Uo(to) f. The r.h.s. of the latter solves
the perturbed wave equation and equals Up(to)f = R 1k(- — to,-) for t = to. To prove (53), we
need to show that the r.h.s. of (53), call it v(¢), has the same initial condition for ¢ < ty.

For t < tg, u(t,z;s,w) = 6(t+ s —x-w). Then by (37),

v(t) = 2¢;, / 5(t+5—z-w)d" k(s w)ds dw = (R™VE)1 (- — t,-),
RxSn—1

which proves (a).
To prove the existence of W, in (b), fix first R > 0 and let 15y gy be the characteristic function
of that ball. By (36),

t
1p(0,r)Uo(=)U(t, s) = 1p(0,r) Uo(—5) + 1B(0,R)/ Uo(—0)Q(c0)U (0, s) do.

By Huygens’ principle, 15(9,z)Uo(—0)Q(c) = 0 for 0 > R+ p. For t > R+ p then the integral
above is independent of ¢ and therefore the strong limit 1p z)W exists in a trivial way, defining
a unique element in Hjg.

Part (c) follows from (a) and (b). O

The scattering operator S on H exists (as a bounded operator) under some conditions, see

the references in [19, sec. 3]. Then —c;@i?fl)/QAﬁ(s’,w’;s,w) is the Schwartz kernel of R(S —
Id)R~!. In the general case, we can consider the latter as the Schwartz kernel of the operator
mapping asymptotic wave profiles instead of translation representations, see (38), as shown [19,
Proposition 3.1].

Proposition A.1 ( [2,3], [19]). Let f € C§° x C§°. Let vo(t) = Up(t) f, and let v(t) be the solution
of (1) which equals vo(t) for t < 0. Then we have

V(s W) = (s W) — 00 /R . A s, w)f (s, w) ds doo.
X n

The proof of the proposition is done by taking the asymptotic wave profile of (53) applying
Duhamel’s formula (36) first.

APPENDIX B. A WEIGHTED RADON TRANSFORM

We recall the definition of the weighted Fuclidean Radon transform

R.f(p,w) = / _ w(z,w) f(x)de = /L p(pw + y,w) f (pw + y)dy.

w

where u € C°(R x S 1) is a weight. We will use the next result:
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Theorem B.1. Let Q be an open, bounded set and p € C®°(R x S*~1). Then, there is a constant
Cq > 0, which depends only on 2, such that

HR,ufHLQ(SZ’l;H("*l)ﬂ(Ro)) < Cq Slslp ) l1a(s )l czn-2(@y [ Il 2 (2)
wesS" ™

for all f € C§°(Q).
To prove this, we need the following auxiliary lemmas.

Lemma B.1. Let Q C R" be an open, bounded set and v be a function on R" x R"™ such that for
any fixzed £ € R™, v(-,&) C C™(QY) with suppv(-,§) C Q. Then, the operator V, given by

Vif— ey (x, &) f(z)dx
Rn
satisfies

HVHLQ(Q)—w?(Rn) < Cq gseuan HV('af)HCH(Q)

Proof. Throughout this proof, Cq will serve as a universal positive constant depending only on £2,
which may vary from line to line. Let f € C5°(£2), then

i@ =|[ puon ([ /f Iy dip ) (o €)d

By integration by parts, we obtain

vrols [ [ [ e i

< Cq sup [[v(+,§)llen(n) sup
£€Rn z€ERn

Dy, -+ Dyyv(, §)|dz

/ e F(4) X armp <o ()|

where x4 is the indicator function for a set A. Therefore, we estimate

IV fllzz@ny < Ca sup [[v(, ) llen@) sup 1IFIf Xz <oz
¢eRn z€Rn
< Ca sup [[v(, ) llen@y sup X {2z <o Iz )
¢eRn z€Rn
< Cq sup [[v(, ) llenoyll fllL2 )
EER™
This completes the proof. U

Lemma B.2. Let w C R" be an open bounded set and p, v € C°(R x S*~1). Then, there exists a
constant Cq > 0, which depend only on ), such that

(RL Ry DS, f)r2@n)] < Co sup (s, mem)%pjw Wllgn-r+m@) 1 £l 2@
e 7L7 we n—

for any f € C§°(Q) and multi-index any v with 0 < |y| <n —1.

Proof. Throughout this proof, Cq will serve as a universal positive constant depending only on €2,
which may vary from line to line. Let x € C§°(R") such that x(z) = 1 for x € Q. Then, for
fe (),

[(RLR,Df, f)r2mm)| = |((XRLR DY (X)), frz@en)| < IXRLEDY (X)) L2@n) | f 1| L2 -
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Let us investigate the first multiplier on the right-hand side. By Proposition 5.8.3 in [22], R}, R,

a UDO of order 1 — n with the amplitude given by
plz, 1€V (y, €/ I€]) + plz, —€/IE)v(y, —€/1E)

ey et
Then,
XR,R,DY(xf) = Af + Bf
e (=, &/1€Dv(y, £/18)
= i(z—y)€ P, Y, v
Cﬂ/n/ne x(z) g D} (x(y) f(y))dyd¢
and

x) = Cq /n /n ei(x_y)fx(x)u(x’ _5/’@‘)71 (1 f/m) Dj(x(y) f(y))dyd§.

By integration by parts, we obtain

B
|Af( | < O /n /n i(z—y)& é‘ouu(xa§/|£’|)€ﬁyi(ya£/|£|)X(y)f(y)dyd§ )
a+p=y
Let ¢ € C*°(R") be a function such that
_Jo i<t
We denote

— / / ei(m—y)f(l _ ¢(£))X(l,)£au(x g/‘&’)gﬁﬂl(yvg/f‘) ( )f(y)dyd£

—/ / ei(x’y)%(f)x(x)ga“(x £/|€|‘)§l|7)151(y /1€ x(y) f (y)dyde.

and

Then, the last inequality implies
(54) [Af(@)| < Ca Y (|Absf(@)] + A% 5f(@)]) -
a+B=y

Let us estimate the L?-norm of Al o, The kernel of Al a5 18 given by

(@)X (), &/[€) Dyv (. /18D ¢
-t

Kaplo) = [ o0 —a(ene X

We estimate

sup / Ko (e, y)|de
yeR™ JR»

49))

1 wesn—1 wesn—1

< Il / go 1= 20)
Hence,

sup / Kop(z.y)ldz = Ca sup [[u(w)l|ze@ey sup [[1(w) sl n.
yeR™ JR" wesn—1 wesn—1

d¢ sup (- w)llgeo@ny sup [lv (- w)lleis gny-

23

is
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and similarly,
swp [ |Kap(eldy=Co sup o)z s 0o
zcR™ JR® wesn—1 wesn—1

Therefore, by Lemma 18.1.12 in [§],

(55) 1AL sfllr2@) < Ca sup [u(,w)||peo(n) sup ()l sy L fll 2@

wesn—1 wesSn—1

Next, we estimate the L?-norm of Ai P f. We denote We denote

€*Dyv(y,£/|€))
BRE

Va,8(y,§) = x(v)

and
vapl€) = [ sy 1 W)
so that
A sit@) = [ et MRS, e

= /n emgqb(g)wf[flvaﬁ](f)dﬁ.
Next, we note that

N

7<n+1

dz < Cq Sgp]VHX(UM(waOHCn+an)
weS"

< |£|n) 1(15/!5\))

Therefore, Theorem 18.1.11" in [8] implies that

[ | [ e D it

<Cq sup |[lp(,w)|lentr @
wesSn—1

<Ca sup |ul, W)@ lF~ vasl 2@

wesn—1
<Cq sup ||p(,w )||cn+1 ||Ua,6||L2(Rn)
wesn—1
Hence,
||Aaﬁf||L2 ®n) < Co w:u})— [1(s W)l o1 (@) 1va,8l L2 ®n)-
By Lemma B.1,

H%ﬁ”L?(Rn) < Cq 5861le HVa,ﬁ('7§)HC"(Q)HfHLQ(Q)

We estimate

«DBy(-,

St I
€] on i)

< Cq sup |[[v(-&)llcntisiq) -
gesn—1

()

sup [[Va,s( E)llen(e) = sup
£ERn

< Co sup || D2 (. ¢/1€))|
£€R™ ¢eRT
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Therefore,

IA2 5fllr2@®n) < Ca sup [|u(,w )||Cn+1((2)€sélp1 (5 Ollentisiay 1f1 22
(S

wesSn—1

Therefore, by (54) and (55), we obtain
[AfllL2@mny < Ca Sup (s @)llner@) sup IvCw)llon-em@) 11229
wesS"—

wesS"—

Similarly, we estimate || B f|| 12y and conclude that

IXE), Ry D (X f)ll 2y < Ca sgleu(ww)chH(Q) SgleV( W)l g1+ 11l 22()-
wesS™ wesS"

This completes the proof. (|
Now, we prove Theorem B.1.

Proof of Theorem B.1. Let f € C3°(©2) and @ C R"™ compact. We denote L = (n — 1)/2 and
estimate

2L
(L pp—— Z 10, Ry fll r2rsn-1) < > N(REOLRufs f)rzn)l.
=0
We note that

R, f(p,w) =0, (/l p(pw +y,w) f(pw + y)dy>

= > C,ﬁ/ D f(pw + y) D’ p(pw + y, w)w*dy.
jal+181=t

Let us set
(2, 0) = P DP (e, )
so that, the previous equality gives
OR,= > CapRy,,D* and RiOR,= > CopRiRy, D
|o|+]8]=1 |ee|+|B]=1

By Lemma B.2, we estimate

(R Ry s D°F, Przey| < Ca sup ||u(w)llgnirq) sup (1D, w)len-viion @y 111220

wesn—1 wesn—1
< Ca sup |lp(w) | Een2qylf17200)
wesn—1
This completes the proof. O
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