THE BACKSCATTERING PROBLEM FOR TIME-DEPENDENT POTENTIALS

MEDET NURSULTANOV, LAURI OKSANEN, AND PLAMEN STEFANOV

ABSTRACT. We study the inverse backscattering problem for time-dependent potentials. We prove
uniqueness and Lipshitz stability for the recovery of small potentials.

1. INTRODUCTION

Let ¢(t,z) be smooth and supported in the cylinder R x €2, where Q@ C B(0, p) := {|z| < p} with
some p > 0 is a fixed domain in R"”. We study the inverse back-scattering problem for the wave
equation

(1) (&t2 —A+gq(t,x)u=0, (t,z)eRxR",

n > 3, odd. We show that small enough potentials q are stably recoverable from the data.

Results for stationary potentials ¢(z) have been proven in [5,6,15,18,21,27,28]. Even though
stability (say, of conditional Holder type) has not been stated explicitly there (see also [24] for a
related result), it follows from the fact that the linearization of the problem near ¢ = 0 is essentially
the Fourier transform of ¢, see, e.g., [21]. In terms of uniqueness, the best known result is generic
uniqueness so far.

The inverse problem of recovery of ¢(t, z) from “near-field” scattering data, closely related to the
inverse scattering one but not restricted to back-scattering, has been studied in [1,10,16,19,20,29],
and other works. Uniqueness is known, for example for potentials supported in a cylinder as above,
with a tempered growth in ¢, as shown in [20]. One of the techniques is to extract the light-ray
transform from the data, which relies on forward scattering, and invert it, see, e.g., [25] for an even
more general situation. That transform does not see timelike singularities however, see [12,22, 23]
which makes it unstable. In view of that, the possibility of a stable recovery of g remained unclear.
In [11], it was shown that a similar boundary value problem, with inputs plane waves as below,
and the output measured at a fixed time ¢ = T" in the whole R}, provides Lipschitz stable recovery.
The proof is based on Carleman estimates.

Even though forward propagating rays do not see all singularities, broken rays reflecting from
the interior could, at least on the principal level. Back-scattering provides such a geometry, in
particular. The main reason why one can expect a stable recovery in this case is the following.
Plane waves can only possibly detect singularities conormal to them, which are lightlike, indeed. On
the other hand, a linearization of the backscattering data near ¢ = 0 is an integral over the product
of one such incoming and one outgoing wave. That product, on the principal level, is supported on
the intersection of such two hyperplanes in timespace, which is a delta on a codimension two (vs.
one) hyperplane, see Figure 1, where it looks like a line. That hyperplane has a richer subspace
of conormals and can possibly detect non-necessarily lightlike singularities. Varying the incident
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direction of the incoming wave provides a complete set of conormals. We refer to the discussion in
section 3.3 as well.

We are restricted to small potentials, and as we pointed out already, even for stationary ¢(z),
the uniqueness without that assumption is a well-known open problem. It seems feasible that our
methods could help prove local generic uniqueness (and stability) in line with the stationary results
in [5,6,21].

2. MAIN RESULTS

We describe the scattering amplitude for (1) briefly in order to formulate the main theorem. In
Appendix A, we review the scattering theory for (1) in more detail.

We are sending waves 6(t + s — x - w), where s is a delay parameter, |w| = 1, and t < 0; let
them propagate and scatter, and measure them at infinity at directions w’ and delay time s’. The
scattering amplitude A%(s', W', 5,w), see Definition A.2 and Proposition A.1, measures the difference
between the wave we sent and the scattered one. Taking w’ = —w, we measure the response in
the direction opposite of the incoming one. If we have two potentials, q; and g2, we denote the
corresponding quantities by the subscripts 1 and 2.

To state our main results, we introduce the change of variables
@) Uzs—s” 0,:s+s"

2 2
For the choice of these coordinates we refer to Section 3.3. In short, we think of the data
Ab(s',w', s,w) as the response to the incident wave §(t + s — x - w), carried by the back-propagating
one §(t + s + z - w) (modulo more regular terms) with s and s’ chosen delay parameters. Those
two waves meet at time ¢t = —o’ at the hyperplane x - w = ¢ in the z-space.

By flg(a’,a,w) and flﬁz(a’, o,w), we denote the functions A%(s’, —w, s,w) and Ag(s’, —w, $,w) in
the new variables. Our main result is the following.

Theorem 2.1. Let n > 3 be an odd integer, and let q¢ be a smooth function supported in R x §2,
where Q@ C B(0, p) for some p > 0. Then, there exists € > 0 and k > 0 such that if

HQ1HC’1€(]R><Q) <g, ||Q2||Ck(]R><Q) <g,

then the identity fl% = flg implies g1 = qo. Moreover, under the same assumptions on qi, qo, there
exists a constant Cq > 0 such that

g1 — qZHLOO(]R; L2(Rn)) < CQH/P% - AgHLN(RO/;LQ(SQ_I;HW—U/Q(RU)))'

Note that we could use other norms above using complex interpolation under the assumptions
of the theorem but the price for that is to make the estimate of conditional Holder type, i.e., to
have || A — A%||* above with some p € (0,1).

The restriction to odd n > 3 avoids the non-local translation representation that arises in even
dimensions, see also Section A.

3. PROOFS

3.1. A pseudo-linearization identity. We review the scattering theory for time-dependent po-
tentials in Appendix A mostly following [3,4,20] with some additions as well. We sketch the main
notions below.
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We send a plane wave §(t + s — = - w) to the perturbation, and let it interact with the potential.
More precisely, we are solving

(3) (02— At q(t,o)u™ =0, wlemyp=0(t+s5—2-w).
Recall that p is the radius of a cylinder which contains the support of q. Then we set
(4) Uge = U —O0(t+s—2-w).

The distribution ug, (which is actually a function, see Proposition 3.2) would be automatically
outgoing by Definition A.1, since it vanishes for ¢ < 0. Then we could compute the asymptotic
wave profile u{c’ﬁ(s’,w’;s,w) of ug(t,x;s,w), which would give us the analog of the scattering
amplitude, see section A.4. As in the stationary case, we expect this to be “essentially” the
kernel of the scattering operator minus identity. This is true, indeed, at least when the scattering
operator exists as a bounded one as we show in Theorem A.5. One defines the scattering amplitude
A¥(s' W'y 5,w) by canceling some constant and ignoring some s’ derivatives.

We need to define the time-reversed analog of u~ above, which we will denote by u™ (¢, z; s,w).
It solves

(5) (07 —A+qt,2))ut =0, ulls_sip=0(t+s—2 w).

We want to warn the reader about a possible confusion caused by the terms incoming/outgoing.
The solution u of (3), which we denote by u~ below, is the response to an incident plane wave and
it is neither incoming nor outgoing by Definition A.1. On the other hand, us. = ug, is outgoing.
Similarly, u™ is neither but uf, defined as in (4) but with u replaced by u*, is incoming.

Let ¢1 and g2 be two such potentials, and denote the corresponding quantities with subscripts 1
and 2. We have the following formula, proven also in [26] for n = 3, generalizing that in [21], where

the potentials are time-independent.
Proposition 3.1. We have
(6) (A’i - Ag)(s',w'; s,w) = /(q1 — @) (t, 2)uy (t,z,8,w)ug (t, 2,5, W) dt dx,
where uy solves (3) with ¢ = q1, and uj solves (5) with ¢ = qo.
The proof of this proposition is given in Appendix A, where the necessary notations and back-
ground are introduced.

3.2. Progressive wave expansion. We have the following progressive wave expansion. Let h =:
ho be the Heaviside function and set h;(7) = 77 /5! for 7 > 0; hj(7) = 0 for 7 < 0.
Proposition 3.2 ( [20]). Let g be a smooth function supported in R x  and u™ be the solution of
(3). Then, for each integer N > 0 we have

N
(7) u (t,s,z,w)=0(t+s—z-w)+ Z aj(t,z,w)hj(t+s—x-w)+ Rn(t,z,s,w),

j=0
where

1 0
ao(t,z,w) = —2/ q(t + 1,z + Tw) dr,

1 0
aj(t,x,w):—2/ O+ @aja(t+712+7w,w)dr, j=1,...,N,

—00

and Ry € C(R; x Rg x S~ HNTL(R?)).
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The latter statement follows from the fact that Ry solves
(07 = A+ q)Rn = —[(0 — A+ @)an]hn, Ryli<—s—p =0.

We get a similar expansion for u* but with a different remainder Ry, and the formulas for a; above
involve integrals from 0 to oc.

3.3. Sketch of the main idea. Using Proposition 3.1, and keeping the most singular terms of u;
and u; only, we get

(8) SAR(S W'y s, w) ~ /5q(t, 2)5(t+s—x-w)i(t+s —x W) dtde,

where 6 Af and dq are formal linearizations, while the other two deltas above are Dirac deltas. The
symbol ~ indicates that the right-hand side captures the leading-order contribution to §A¥, with
possible lower-order terms omitted.

The product of the two deltas is a delta, with the coefficient 2(4 — (1 +w - w’)?)~*/2 on the n — 1
dimensional hyperplane (co-dimension 2) given by the system

9) —tt+rw=s, —t+tz-w=4¢

with s, s’ parameters, assuming w # w’, i.e., staying away from the forward scattering directions.
Its conormal bundle is the span of (—1,w) and (—1,w’). Those are two lightlike covectors, and all
future pointing lightlike covectors look like this. Taking linear combinations, and varying w and
W', we get all covectors. So we are really inverting the k = (n — 1) — Radon transform in R!'*"
(by Helgason’s terminology [7]) over all k-planes; and this is stably invertible. We must stay away
from w = w’ though. On the other hand, the codimension two Radon transform is overdetermined,
so we do not need all of them, and we can avoid the bad planes. Back-scattering only (w = —w’)
is one case where this works.
Consider the back-scattering (w' = —w) problem now. Then (9) reduces to

~tt+zrw=s, —t—z-w=¢s
which implies
(10) x'W:(S—Sl)/2:O', t:—(s—f—sl)/Q:—a',

This is easy to visualize as two hyperplanes in time-space at angle 45 degrees with the t-axis each,
intersecting at a right angle, see Figure 1 below. Varying w, and s, s’ so that s + & is fixed, we

FIGURE 1. On the principal level, we integrate over the horizontal line in the middle,
which is a codimension two hyperplane, actually. The support of the integrand, all terms
considered, is inside the wedge, intersected with the cylinder |z| < p.
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get integrals over all “lines” (codimension two hyperplanes, actually) on the hyperplane ¢ = const.,
which is invertible, slice by slice. The stability estimate we get however treats ¢ and z differently,
in principle.

We need to analyze the lower order terms now. If we linearize near ¢ # 0, and take the lower
order term ag for u; in (7) into account only, then (8) is the main term but we get the following
additional terms:

Bi(s', W' s,w) = /5q(t, r)ar(t,r,w)h(t+s—x- - w)S(t+ s —x-)dtdr,

plus a similar By term coming from uf, plus an even more regular term containing two Heaviside
functions h. Each of Bj, B2 integrates dq over a (weighted) truncated delta on the hyperplane
t+s —x-w =0,ort+s— 1z -w =0, respectively, see Figure 1. In other words, the Schwartz
kernels are deltas on half-hyperplanes. They can be thought of as a superposition of deltas on
codimension two hyperplanes, as in (8), all parallel to the intersection in Figure 1, moving along
the corresponding wing of the wedge there. We just need upper bounds of By, B2, and they can
be done in the same norms as those we use for (8) to get an O(e||q||) perturbation. The & gain
comes from a;. We can treat the more regular terms, coming from a;, j > 1, and from Ry in
Proposition 3.2 similarly, which is a tedious task but doable. An important observation is that
the support of the product ufu; in (6) is contained in the intersection of the half-space above the
lower hyperplane (due to u], see (43)) and the half-space below the upper hyperplane (due to u;),
i.e., on the left of that the wedge in the figure. This is further intersected with the cylinder |z| < p,
so in particular, we integrate in (6) over a compact set depending on the parameters.

3.4. Proof of the main result. Here, we will prove our main result. We begin with a few
notations. Inspired by (6), we set

Q(t’ $) =q1 (tv 'T) - Q2(t’ li)

and
Mq(s,s,w) = /q(t,x)ul(t,x,s,w)u;(t,:n,s’,—w) dt dx.
Writing
uy (tx,s,w) =0(t+s— 2 w) +uy (,z,8w)
uy (t,z,s,—w) =8(t+s+z- w)+ u;’SC(t, x,8,—w)
we get
M = Moo + Mo1 + Mo + My,
where
(11) Mooq(s', s,w) /q St+s—z-w)i(t+s +x w)dtde,

Mioq(s', s,w) /thulsct:c5w)5(t+s’+x-w)dtda€,

Mjyq( s, s, w)

Mo1q(s', s,w :/q (t+s—ax- w)uzsc(tfrs w)dt dx,
/thulsct:nsw)UQSC(t:cs w) dt dx.
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We denote by Mgq, Myq the above functions in the variables given by (2).

Remark 3.1. Let

(12) %= [-p,pl,

where p is the radius of a cylinder which contains the support of ¢q. Note that if o ¢ X, then
(10) does not hold for any = € 2 and w € S*~!, and hence, the line of intersection (a hyperplane)

in Figure 1 does not intersect the cylinder R x Q. Therefore, Myoq(c’,0,w) = 0 for o ¢ . If
o € X, due to the definitions of ufsc and u; sc» it follows that there exists T' > 0 such that the

(t, x)-supports of the integrands in the definition of Mg, Mj;q belong to (=T — o', T — o) x Q.
Next, we will study Mqu. We begin with Mgoq:

Lemma 3.1. Let ¥ = [—p, p]. There exists a constant C' > 0 depending only on n such that

(13) gl oo (r; L2(mn))/C < HMOOQHLoo(RO,;L2(§g—1;H(n—1)/2(26))) < Cllgll poo m; L2(mnY)-

Proof. As explained in Section 3.3, the product of the deltas in (11) can also be written as
/ o
(5(15—1—8—;8)5(8 28 —a:-w).

Mooq(s', s,w) = [Rq(—(sl +5)/2, )] (s —5)/2,w),
where Rf(p,w) = [6(p — z - w)f(z) dz is the Radon transform of f. Using the change of variables
given by (2), we rewrite

Then

MOOQ(U/a g, W) = [RQ(_O-/a )] (07 w)'
For every s, we have the following stability estimate for the Radon transform, see [14, Ch. 2]:
[ sy /C < ARSI g1, prsen-nrz,yy < Clfllas@ny,
for some constant C' > 0. Therefore, choosing s = 0, we obtain
la(=0" Mz2@n)/C < [1Mooa(0”, -, M pasp—;rn-nr2r,yy < Clla(=0", I 2n)
for every o’ with C independent of it. Finally, as we noted in Remark 3.1,
HMOOqHLOO(RU,;LQ(SE’I;H("*U/Q(EU))) = ”MOO‘J”LOO(RU/;B(SQ”;H<"*1>/2(Ra)))’
and hence, (13) holds. O

We need the next lemmas to obtain similar results for Mjog and Myq.

Lemma 3.2. Let ¥ and T' be as in Remark 3.1. Let ay5, hj, and By N be the functions introduced
in Section 3.2 with ¢ = q1 and let Ry n be the function such that

RLN(t,x,t +s—z-w,w)=Rin(tz, s w).

Then, there exists Co N > 0 such that

HMlOQHLoo(RO,;L2(§g—1;H(n—1)/2(zd))) < CQ,NHQHLOO(]R;LQ(]R“))X

N T—o'
X Z a1 ; ‘LOO(RXSnfl;CZn72(Q)) + sup / sup ||Rin(t,-,2t + 20',w)HC2n72(Q)dt

=0 o'e€R J-T—o' weSn—1
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Proof. For the sake of brevity, we denote
N
Ult,z,t+s—x ww)= Za17j(t,x,w)hj(t +s—z-w)+ RNtz t+5s—2 ww).
j=0
Then,
Mioq(s',s,w) = / / qt,x)U(t,xt+s—x w,w)d(t +5 +x w)dtde
n JR
= / / q(t,—(t+ 8w + U, —(t + 8w + y,2t + s + &', w) dt dy.
R Jwt
Using the change of variables given by (2), for any o € ¥, we obtain

Mloq(oja g, w) = /

—T—o’

T—o'
/ Gt —(t+ 0" — oY+ YUt —(t+ 0 — o) + 1, 2t + 207, w) dt dy
UJJ‘

T—o'
- /T , [RU(t,-,Qt-s-zg’,.)Q(ta )] (*t +o - U/aw) dt,

where
Rof(p,w) = / (e, w) f(2)de
T-w=p

is the weighted Radon transform of f with weight u. By Theorem B.1,

| Miog(a’, -, -) I p2sn-1, 50720,
T—o'

< Cq sSup ”(J(t, )||L2(Q) / sSup HU(t’ 2t + 20/5 w) ”CQ"_Q(Q)dt'
te[-T—o', T—0o'] —T—0o’ wesSn—1

We estimate next
T—o' T—o'
/ sup [|U(t,-,2t + 20", w)|| can—2(q)dt < CN/ sup |la(t, -, w)|lc2n—2(qydt
—T—0’ wesSn—1 —T—o' weSn—1

T—o'
+ / sup. ([ Ran(t, 2t + 20", ) | can-2
—T—o’ wesn—1

The last two estimates complete the proof. O

Lemma 3.3. Let Q C R” be a bounded set, o be a multi-indezr, and K = |a| + (n + 1)/2. Let
f € ON(R; x Ry x R?) such that f(t,s,-) has a compact support. Assume that N € N is large
enough so that the equation

(0F = A+q(t,2))u(t,s,2) = f(t,5,2),
fU|t<fsfp =0.
has the unique smooth (as much as needed) solution v. Then
t
(14) [ Dg vl Loy < ngKecf(Herp)/ 1 £(7, 85 ) e mmyd,
—s—p
where
CF =2+ Cxllq(t, )l orn
with some Cg > 0 dependent on K.
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Proof. For non-negative k € Z, we define
EL(t) = ||0o(t, s, ')H?{k(R") + > IVaDJu(t,s, Mizznyn + 10 5, )22 mn)-
[vI<k
Then
OEL(t) =2 ) R(O7DJu(t,s,-),0.D7v(t, ") 2(mn)
lvI<k
—2 > RADJu(t,s,), hDJv(t, s,-)) r2(@n)y + 2R(Dpv(t, 5,7), (¢, 5, ) L2y,
IyI<k
where R denotes the real part of the number. Since
(07 — A)DJu(t, s,x) + D)(q(t, z)o(t, s, ) = D f(t, s, ),
the last identity becomes
OEL(t) =2 ) R(DLf(t,s,-),0.DIv(t,s,") 2mn)
lvl<k
-2 Z R(DJ(q(t,)v(t,s,°)), 0eDv(t, s, ) 2wy + 2R(Opv(t, 8, -), v(t, 8, %)) L2 ()
IvI<k
Using the Cauchy—Schwarz inequality, we obtain
OEL() < ) IIDLf (8,17 2@ny + (24 Crllalt, )l crgn) ) B2 (1).
[vI<k

By integration over (—s — p,t), we obtain
t
BN < Fio + [ B
—s—p
where

t
FE(t) = / 1£(7, 8, )| e (mmyd,s Cr =24 Cillq(t, )| or @n)-

—s—p
Then, the Gronwall’s inequality implies

t
Eb(t) < FR(t) + CF / FE(r)eCs -7 g,
—s—p
Since F¥ is an increasing function,

(15) Bt < F) (15 t

—5—p

eC!;(t—T)dT> < Fsk; (t)eC'f; (t+s+p) .

Due to the Sobolev inequality, it follows that

[v(t, s, e < Cokllvlt, s, ) laxti@) < Caxllvt, s, ) grri@n-
Combining this with (15), we obtain (14).
Lemma 3.4. Let L = 2n — 2. There exists a sufficiently large N € R such that if
(16)

|’Q1”oL+%+3+2N(RXQ> <1
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then,
N

> llax

=0

Lo @xsr-102n-2(@)) < Canllallcrren mxa)

and

T—o'
sup [ sup Rt 204 20 0) e opdt < o]

n—1 — .
n-li3ioN
o'eRJ -T—0o" weSn—1 2 (Rx©)

Proof. The first estimate comes directly from the definition of a; ;. It remains to show the second
estimate. Set

T—o'
A= sup / sup ||R1,N(t7')2t+20-/7w)||C'L(Q)dt‘
o’eRJ-T—0o" wesSn—1

We write

T
A= Sup/ sup HRI,N(t70-/7'72t5w>”CL(Q)dt
o'e€R J—-T weSn—1

T
= sup / sup Z sup HD;RLN](t -0, x, 2t,w)‘ dt
o’€R J-T weSn—1 <L €

T
= sup / sup Z sup [Dg‘Dlsﬁ‘Rl,N] (t—o,z,2t—(t—0')+x- w,w)‘ dt.
a’€RJ T wesn—1 la|-+1BI<L LISY)

Then, we estimate

AL Z 27 sup sup sup sup ‘[Dg‘DLﬁlR17N](t —o 2,2t —(t—0o')+x- w,w))
lo|+8l<L O ERweSt Tl zeQte[-T.T]

(17) < Z 2Tsup sup sup sup ‘[DngsﬂlRl,N](tﬂ?aS —t4z- w,w)‘ )
la|+18I<L teR weSn—1 2€Q se[—2T,2T]

To estimate the last term, let us fix multi-indexes «, 3 such that |a| + |3] = L and note that
(02 — A+ q)DVPIRy N (t, 2, 5,0) = —[(02 — A+ q))arn](t, 2, w)h IV (s +t — 2 w).
Moreover, by employing the derivative definition, it can be verified that
DLB‘RLN(t, z,8,w)|ic—s—p = 0.
We denote
(18) Ay n(Ty2,w) = —[(02 — A+ q)arn](t, 2, w),
Next, we will show that
(19) f(t, s, z,w) :AlvN(T,x,w)hE\'?‘)(s—i—t—x-w)
has a compact support as a function of the z variable. In [20], it was shown that
ajn(t,z,w) =0, forz-w< —pandfor |z —x-wl>p.

Hence, if z - w < 0, for sufficiently large |z|, it follows that a; y(¢,z,w) = 0. If - w > 0, then
hg\l,ﬁ |)(s +t—x-w) =0 for sufficiently large |z|. Therefore, for fixed ¢, s, and w, the function given



10 M. NURSULTANOV, L. OKSANEN, AND P. STEFANOV

by (19) is compactly supported. Therefore, by Lemma 3.3,

sup |D§‘DLB|RLN(75, x,s,w)|

z€Q
K ' (8)
< Cq e (t+s+p)/ [A1N (T, w)hy P (s + 7 = () - )| g ey dT,s
—s—p
where
n—1 K
(20) K= \a|+T+1, Cy :2+CKHq(t,‘)HCK(Rn).
Since hg\‘,ﬁ +5) is an increasing function for all £k =0,--- | K, it follows that

sup |[DEDVIR, n(t,z,5,w)| < C'Q7Keog<(t+s+p) (t+s+p)
€

x sup 1ALN (7, - AP (s 4 ¢ — () - )| e -
TE

This is true for all s € R. Hence, if we choose y € €2 and replace s by s —t + y - w, the last estimate
becomes

sup |[DSDPI Ry (¢, 2,5 — t +y - w,w)| < Co et CH<) (s 44w+ p)

€

X sup | Ay (. L) (s +y - w = () - W)l e gy
TE

Let

z= sup sup sup (s+y-w).
SE[—2T,2T] yEQ wesn—1

Note that z is constant depending only on 2. Then, from the last inequality, we derive
(21)  sup sup sup |[DEDPIR N](t, x5 —t +y-w,w)| < CQKeCf(”p)(z +p)
z,y€Q teR s€[—2T,2T)

x sup | Ay (7 L)V (2 = () - W)l -

Moreover, we know that
Ay (7 @)hi (2 = () w)

has a compact support with respect to z, which is uniformly bounded in 7 € R and w € S that
is, there is a compact set {2 such that

supp A1 (T, -,w)hg\‘,ﬁl)(z —()w)cQ for all 7 € R and w € S"7 1,

The set  depends only on . Therefore,

(22) sup [ Avn (7, )by (2 = () )l ey < sup [l Avn (s )y (2 = () @) g

< Cq,n sup || A1 N (T, '7w)HHK(Q)'
TER
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Therefore, since
supsup  sup  |[[DEDVIR, N](t, x,5 —t + = - w,w)]
€N tER s€[—2T,2T]

< sup sup sup |[DEDPIRy N5 — 4y w,0)),
x,y€) teR se[—2T,2T)

from (21), (20), and (16), we obtain
supsup  sup sup |[DEDPIRy N)(t, 2,5 —t + 2 - w,w)]
z€Q teR se[—2T,2T] weSn—1

< Can sup sup||Ain(T,,w)llcx @)
weSn71 TER

Since

(23) sup sup [ A (7, )o@y < Covllalomsans ey
weSr—1 7eR

the previous estimate implies

supsup  sup sup HD?DLMRLN} (t,z,s —t+ - w,w)| < Conllallorrzray wxa):-
z€Q teR se[—2T,2T] weSn—1

Then, from (17), it follows that
A< CQ’NquHCL‘*‘nTA%'*‘?‘N(RXQ)'
This completes the proof. O
Now, we are ready to estimate Moq. Similarly, the same holds for Myq.

Lemma 3.5. Let ¥ be as in (12). There exists a sufficiently large k € N such that if

(24) la1llor@xa) <€ <1,
then
(25) 181061 oo 1251 -2 (5, y)) < €00llal Lo (RiL2@ny) -

Proof. Depending on 2, we choose N € N large enough so that the hypothesis of Lemma 3.4 is
satisfied. Let k = L + “51 4+ 3+ 2N. Then, Lemmas 3.2, 3.4, and (24) give (25). O

Due to the symmetry, the same estimate holds for My1q. Next, we obtain a similar result for
Miaq.

Lemma 3.6. Let X be as in (12). There exists a sufficiently large k € R such that if
gl or@xay <€ <1, lazllor@xay <& <1,
then
(26) HMllq”Loo(Ra,;L2(§g—1;H(n—1)/2(20))) < 8CQHQHLOO(]R;L?(]R“))-
Proof. Let N € N be sufficiently large. We set
Q?(t, z,w) = q(t,x)arj(t, z,w)a ik (t, z, —w),
Q](ta ac,w) = q(twr)al,j(t?xaw)?
Qk(t, z,w) = q(t,x)ag k(t, z, —w).
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Next, we define
Al (o', 0,w) // tmw)hgl)(t—l—a +o—x-w)(t+o —0o+x w)dtdr,
Bk]U o,w) // thxw)&(t+a'+a—:c-w)h,(cl)(t—i-al—0+x-w)dtda:,
(o' o,w // Q" (t,2,w)0L Ry n(t,x,0" + 0,w)d(t + 0’ — 0 + x - w)dtde,

(0!, 0,w) / / i(t,2,w)8(t + 0’ + 0 — x- W) RaN(t, x,0" — 0, w)dtdx
T— a’

and
Alll2 (o, 0,w) // i(t,x w)h( )(t+a +0—x-w)d2Ry N(t,x,0 — 0,w)dtdz,
Blllz (o' 0,w / / F(t, 2, W)L Ry n(t, @, 0" + 0, w )hlgl2)(t+a' — 0+ - w)dtdr,
chl2(¢ o, w) / / q(t,2)ON Ry N (t,x,0" + 0,w)02 Ry N (t, 2,0 — 0, w)dtdax

E,l;]b (o', 0,w) // Qk t, w)h( )(t—i-a —‘rO’—.%'-w)th)(t—i-O'l—U+$'w)dtd$~

Then,
~ N
Mq(o',o,w) = Z (Eg?(ol, o,w) + A?O(O'/, o,w) + BYl(o' o,w) + CP(0', o, w))
k,j=0

Next, we note that

k1 -
IEY) € Span{{E1 2}l11+z2l m {07 F A Y v, {05 Bk]}]+l<ml<j}
1<J,t2<

00 00 ILm—l  4lm—I il 4l il pl
aglAj ’ a:anj € Span{{AJ ! Aj }l<j’ {a;n ! Aj7 a;n ! Bj}m>j+l}’
omC ¢ span{{CZ’m_l} } .
I<m
Therefore,

(27) ||M11Q( vl e SP L H-D/2(5,)) S ZMkJ’

where the sum is taking over all j, & < N and the vectors 0 = (v1,72, 71,72, T1, T2, V1, V2, fi1, [12)
such that

m <k7 12,72, T2 <j7

. . n—1
Y1+7v2+3 m+n, 1+1, i+t M1+M2ST,
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and
MY, =[lo3r A3 (0, -, M2, xsn-1y + 10 B (o, -, M pa(s, xsn)

+ 18 A (o, Wiz, xsn-1) + 10y By (o, -, Mz, xsn-1)

AP (@ ) 2z, xsn-ty 1B (0 ) 2w, xsny

+||CHr (o Wiz, xsn-1) + |EM™® (o -, M ir2(s, xsn1y-
As we noted in the proof of Lemma 3.4, 32R1, N satisfies
(28) (at2 -A+ (h)DéRLN(tv €, s, w) = _[(atz - A+ ql)aLN] (ta x7w)h{7\/(8 +t—x- UJ)
and
(29) DLRy n(t, 2, 8,w)|1<—s—p = 0.
The similar property holds for Ry . Therefore, the same steps we used to prove Lemma 3.5, will
give
(80) 1192 A72(0" - Mz, wenty + 19 B+, M g, xsny

-+ HaglA;’Q (o'/’ . ‘)HLZ(EUXSﬁil) + Hagl B;Q (o'/’ . ')||L2(Eg><8271) < €CQ||QHL°°(]R;L2(]R"))

for any o’ € R.
Next, we estimate

1B} (0, 0,w)| < [lag,jl| oo mxaxsn—1)

T
></Q”q(-,x)HLm(R)/T|8;1R1,N(t—o—’,x,a’+a,w)|h§f2)(t—a+x-w)dtdx.

Due to Lemma 3.4, it follows

1B} (0, )| oo (mxsn-1)

< Callgll e ;2 () sup sup sup [Sllp ]’aglRLN(t—UI,CC,U'JFU,W)’-
ceXweSr—1lxeQte[-T,T

To estimate the right-hand side, we repeat some steps of Lemma 3.4. Since 9L R; y satisfies (28)
and (29), Lemma 3.3 gives

sup sup |07 Rin(t—o' z,0 +o,w)|
oeX te[-T,T)

T—o'
SCb/ JALN (- )RR (T + 0 — () - ]l e ey,
—o—ao’'—p

where K = (n —1)/2+1 and A; y is the function defined by (18). Let

z=supl + o.
ocEX

Due to (22),

sup sup |0 Ry n(t— o, x,0' +o,w)| < Cqsup | A1 N (T, W)HHK(Q)
oeX te[-T,T) TER

for some compact Q which depends only on €. Then, (23) gives

T1 _ / / < . <
ilég te[sllng] 07 RiN(t—0',z,0 +0,w)| < CQHQ1||CL+T1+3+2N(RXQ) < eCq,
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and hence,

”B}lTQ (0'/7 - ) HLOO(EXSn_l) S 509 ||qHL°°(R;L2(Q))°
Similarly, this estimate holds also for A7™, C#1#2, and E""2. Hence, from (27) and (30), we obtain
(26). -

Finally, we prove Theorem 2.1.

Proof of Theorem 2.1. Let C be a constant form Lemma 3.1 and Cq be a common constant from
Lemmas 3.5 and 3.6. Let us fix 0 < ¢ < 1 such that 1/C — 3¢Cq > 0. Next, we choose k € N
as large as Lemmas 3.5 and 3.6 require. Then, under conditions |[¢1crmxa), le2llor@xa) < &
Lemmas 3.1, 3.5, and 3.6 imply

~ 1
||MQHLoo(RU,;Lz(sg—l;H(n—l)/z(zg))) 2 5||QHL°°(R;L2(R”)) - 3ECQHQHL°°(R;L2(R”))'
This completes the proof. ]

Remark 3.2. We want to emphasize on some subtle moment in the proof. The integration in (6)
happens inside the wedge in Figure 1, which, intersected with the cylinder |z| < p, is compact. On
the other hand, Myq integrates over the “line segment” (a hyperplane) there only while the other
integrals integrate ¢ inside the whole wedge. In order to absorb the Mjgg, etc., terms, we need
them to be small in ¢, which they are but they depend on ¢ over a set larger than the one needed
in Moog. This arguments still works because we actually extend the estimates to ¢ everywhere in
the t variable by taking a supremum in ¢’ above. On the other hand, if we wanted to establish
local stability, like estimating ¢ for ¢ over a finite time interval having finite time back-scattering
data, that would have been be a problem.

APPENDIX A. SCATTERING THEORY FOR TIME-DEPENDENT POTENTIALS

We recall the basics of the scattering theory for time-dependent perturbations of the wave equa-
tion by restricting it to time-dependent potentials. We follow Cooper and Strauss [3,4], where it
was introduced for moving obstacles, and its adaptation to time-dependent potentials in [20]. Some
of the statements below are new however, like Theorem A.4 and Theorem A.5. This theory is a
natural extension of (a part of) the Lax-Phillips scattering theory. We consider the wave equation

(3) with a smooth time-dependent potential ¢(t,z) supported in the cylinder R x B(0,R). We
assume n > 3, odd to avoid working with the non-local translation representation when n is even.

A.1. Lax-Phillips formalism about the wave equation. The natural Cauchy problem for the
wave equation is the following

(31) (07 = D)u=0, (u,ur)li=0 = (f1, f2).

We convert the wave equation into a system by setting w(t) = (u,u¢); then
0 Id

(32) ou = Au, A:= <A 0).

We use boldface to denote vector-valued functions not necessarily of the type (u,u;) if there is
no background scalar function u(¢,z) present. In particular, w(t) in Definition A.1 below is not
necessarily of that form.

The natural energy space of states of finite energy is defined as the completion of C§°(R™) x
C§°(R™) under the energy norm

1

£ =5 [ (VAP +18P)do. £ = (s
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In particular, the first term defines the Dirichlet space Hp(R") with norm ||V f||;2. When n > 3,
they are locally in L?, as it follows from the Poincaré inequality. The operator A naturally extends
to a skew-selfadjoint one (i.e, i4 is self-adjoint) on H. Then by Stone’s theorem, Up(t) = e/ is a
well-defined strongly continuous unitary group, and the solution of (32) is given by w(t) = Uy(t) f.
The unitarity means energy conservation, in particular.

We define the local energy space Hjoc in the usual way:

Hioe = {f : ¢f € H for each ¢ € C5°(R")}.

By the finite speed of propagation, the Cauchy problem (31) has a well defined solution in Ho if
the Cauchy data f is in Hjo. only. We view those solutions as ones with (possibly) infinite energy
but locally finite one. Then u € C(R; Hioc) and the wave equation is solved in distribution sense.
One can easily extend this to distributions.

A.2. Existence of dynamics. By [9], see also [17, X.12], the solution to

(0F = A+qlt,2)u=0, (uup)li=s = (f1, f2)
is given by u(t) = U(t, s)f, where f = (f1, f2) and U(t, s) is a two-parameter strongly continuous
group of bounded operators with the properties
(i) U(t,s)U(s,r) =U(t,r) for all t,s,r; and U(t,t) = Id,
(i) Ut s)]| < exp{Clt — s|sups< <y, gern la(T: 2)},
(iii) for any f € D(A), we have U(t,s)f € D(A) and

(39 SU ) = (A= QU9 S U)f = ~Ults)(A~ Q).

dt
where Q(t)f = (0,q(t,-) f1) (and Q(¢) is clearly bounded).

The two-parameter semi-group admits the expansion

(34) U(t,s) =Uo(t —s) + Y _Vil(t,s),
k=1

Vi(t, s /d81/ dsg: / dsy,

x Up(t —51)Q(s1) .- Uo(sk—1 — s1)Q(sk)Uo(sx — 8)f, k> 1.

This expansion is an iterated version of the Duhamel’s formula

U(t,s) =Us(t —s) + /t U(t,o)Q(o)Up(o — s)do

where

(35) .
=Up(t—s)+ / Up(t — 0)Q(o)U(o, s) do.

The convergence of (34) follows from the estimate

k k
R AL ])

s<t<t

In particular, we get that we still have the finite speed of propagation property:
supp U(t, s) f C supp f + B(0, [t — s|).

As before, the finite speed of propagation allows us to extend U (t, s) to the space Hjo. by a partition
of unity.
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Finally, notice that when ¢ is time independent, then U(¢, s) depends on the difference ¢ — s only,
ie., U(t,s) =U(t—s) where U is a group. It is not unitary however (unless ¢ = 0) in the space H.
If we redefine the energy norm by

118 = / (VAP + adlfil? + |fof?) da,

(we need to know that it is a norm however, and g > 0 suffices for that), then U(t) is unitary in
HA.

A.3. Plane waves, translation representation and asymptotic wave profiles of free so-
lutions. The plane waves

ot —w-x)
solve the wave equation, obviously. They can be thought of as plane waves propagating in the

direction w with speed one. If we replace ¢t by t + s there, we can think of s as the delay time. The
plane wave above is the Schwartz kernel of the Radon transform

Rf(s.) = [0 —w-a)f@)do = [ f(a)as..

T-W=S

For any density g(w, s) (which can be a distribution as well), the superposition

u(t, x) ::/ (5(t+s—w-:c)g(s,w)dsdw:/ gw- -z —t,w)dw
RxSn—1 gn—1
is still a solution of the wave equation. The expression above can be recognized as the the transpose
R’ of the Radon transform applied to ¢:(s,w) := g(s — t,w). It turns out that all solutions of the
free wave equation in the energy space have that form.
Indeed, in [13], Lax and Phillips defined the free translation representation R : H — L?>(Rx S"™1)
as follows

k(s,w) = Rf(s,w) = cn (=0 TV2Rf + 0 V2R ),

where R is the Radon transform and ¢, = 271(27)0="/2, ¢ = 271 (—27)(1=")/2, The inverse is
given by
(36) R k(z) = 2¢, / <—6§"_3)/2k:(x cw,w), OV k(- w, w)> dw.

Sn—1

The map R is unitary, and (RUy(t)R~'k)(s,w) = k(s — t,w), which explains the name. We also
set

(37) uf(s,w) = (=)D 2k(s,w)

and call u* the asymptotic wave profile of the solution wu(t) = Uy(t)f. This name is justified by the
theorem below, and it is the analog of the far free pattern for solutions of the free wave equation.

Theorem A.1 (Lax-Phillips, [13]). Let u(t) = Uo(t)f, f € H. Then

2
/‘Ut - |x\_("_1)/2uﬁ(|x\ —t, ‘20’ dr — 0, as|t| — oo.

Remark A.1. In [13], the factor (—1)"~1/2 is missing from (37), i.e., uf = k. Cooper and Strauss
in [3] found out that this factor must be present in (37).
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A.4. Outgoing solutions and their asymptotic wave profiles. We follow here [2,3]. Given
u(t, ) (and only then), recall the notation w(t) := (u(t, ), u(t,-)), see (32).

Definition A.1. The function u(t) € C(R; Hioc) is called outgoing if limy, oo (u(t),Up(t)g) =0
for each g € C3°(R™) x C5°(R™).

In this definition, w(¢) does not need to be a solution of the wave equation (anywhere). On
the other hand, if u(t, z) solves the wave equation in |z| > p for some p > 0, then, see [2,3], u is
outgoing if and only if for any 7" € R, Up(t — T)u(T) = 0 in the forward cone |z| <t —T — p.

One simple example of non-trivial outgoing solutions (for |z| > p) is the following. Let p €
Ll (R; L*(R™)) satisfy p = 0 for ¢ < to, where tq is fixed. Solve

(38) (02 — A)u=p(t,z) in R x R™

with Cauchy data
(uv Ut)|t:t0 = (07 0)
By Duhamel’s formula,

UG%—/C%U—$M$d& p(s) = (0,p(s. ).

to

The latter is well-defined in Hj,. by finite speed of propagation. The solution for ¢ < tg is just
zero. Then wu is outgoing in a trivial way. Moreover, this is the unique outgoing solution of (38).
Indeed, take the difference v of any two. Then v(t) = Up(t)f, where f is the initial condition.
Then 0 = lim;—,_ o (v(t), Uo(t)g) = (f,g), for any test function g; therefore, f = 0 and then v = 0.
This can be generalized as follows.
Theorem A.2 ( [2,3]). Let p € L] _(R; L*(R™)) and assume that for each t,
t

(39) Tlim Uo(—s)p(s)ds exists in Hioe, p(s) := (0,p(s,")).

——00 JT

Then there exists a unique outgoing solution u € C(R; Hy,.) of (38) given by

u(t) = / Uo(t — s)p(s) ds.

—0o0

Remark A.2. Clearly, p € L'((—o00,a); L?(R")) for any a would guarantee the regularity assump-
tion on p and (39). Also, the assumptions on p in the next theorem are enough.

Proof. The absolute convergence of the integral in HC _follows from the assumptions. To show that

loc
u is outgoing, for g € C5°(R™) x C§°(R™), consider

m@x%@mw:/

—00

t t

a%@—sm@mvawmdsz/"<Ua—@pw»mda

—0o0

The latter converges to 0, as ¢ — —oo by assumption. O

Theorem A.3 ( [2,3]). Let n > 3 be odd. Let p € L{ _(R; L*(R"™)) with p(t,x) = 0 for |z| > p.
Let u be the unique outgoing solution of (38).
(a) Then there is a unique function uf € L2 (R x S™™1) such that for all Ry < Ry we have

loc

mwxw+m<”nﬂm(mv¢,x)

]

2
dr — 0, ast— oo.

/Rl+t<|x|<R2+t
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(b) If p € C§°(R™1),
(40) ut(s,w) = ¢; O~/ /p(w cx—s,x)d.

(c) The map p — uf is continuous.

Remark A.3. For general p as in the theorem, u? is still given by (40) but the derivative is in
distribution sense; by (b), the result is in L2 (R x S"~1). Another way to write (40) is

/uﬁ(s,w)qﬁ(s) ds =c, //p(t,ac)(ag”l)/Q(ﬁ)(w cx—s,x)dtds, Yi(s) € C5°(R).

Proof. Motivated by Theorem A.2, for fixed R; < Ra, set

—Ri+p
f= / Uo(—7)p(r)dr, (t) = Up(t)F.

Ro—p
By Huygens’ principle, v(t) = u(t) for Ry +t < || < Ry +t. Therefore, v does have an asymptotic
wave profile, and v¥(s,w) = uf(s,w) for Ry < s < Ry. On the other hand, we have a formula for
v¥, (36) and (37) which says

vi(s,w) = (1) V(RS (5,w)

_pnne [T o
= ¢, 0, p(z-w—s,x)dS, dr.
— T w=8+T

Ra—p
Then
uﬁ(s,w)\RKKRQ = vﬁ(s,w) = c,:ag”*l)/Q /p(x ‘w—s,x)dz.

Since Ry < Ry are arbitrary, this, combined with Theorem A.2, proves (a); and (b) for p € Cg°.
The proof of (c) is straightforward: use (40) and take Fourier transform w.r.t. s. In particular,
we get that the map p — u? can be extended continuously in those spaces. O

Remark A.4. We call uf in the theorem the asymptotic wave profile of the unique outgoing solution
of (38). Note that there are two cases where we defined such profiles: for free solutions in the
energy space, see Theorem A.2, and in Theorem A.3 above, where u is in the energy space locally
only, and solves (38) instead.

A.5. Scattering solutions. The scattering solutions u~ and ut were introduced in section 3 as
the solutions of (3), and (5), respectively. Since they involve distributions, not necessarily in the
energy spaces (even locally), we proceed as follows. We can think of (u(t,z;s,w), u(t, z;s,w)) as
distribution in the (s,w) Var'iables with values in Hj,.. It is more convenient however to do the
following. Let h;(t) = h(t)t’/j!, j = 1,2..., where h is the Heaviside function; and we also set
h_1 =0 . Then h} = hj_1, j=0,1,2,.... To define u~ eventually, we solve

(41) 0} ~A+qt,2))T =0, Tle—sp=h1(t+s—1z w)

first (notice that hy(t + s — = - w) is locally in the energy space now), set

lee=T—hMi(t+s—z-w),

compute the asymptotic wave profile Fﬁ(s/ ,w';s,w) of Ty, and differentiate the result twice w.r.t.
s to get the analog of the scattering amplitude. In particular, then

(42) u(t, z;5,w) = °T(t,z;5,w), ug(t,x;s,w) = 02 Ts(t, 2;8,w).

will be well defined as distributions.
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In a similar way, one can construct the scattering solutions u* which look like plane waves as
t — 400, instead of ¢ — —oo. They would solve (5). Performing the change of variables ¢ = —t
(time reversal), § = —s, @ = —w, we see that u™ (¢, z;s,w) = @t (—t,x; —s, —w), where @ is related
to G(t,z) := q(—t, ). The regularized version, ', can be constructed as in (41) with the condition
' = hy(—t—s+x- w)fort > —s+ p. The right-hand side of this condition then would be
supported outside R x B(0, R) for t > —s + p. Then we define v and uJ; as in (42).

By the finite speed of propagation property
(43) suppu” (-, ;5,w) C {t+s—x-w >0}, supput(-,-s,w)C{t+s—x-w<0}

Next theorem generalizes Theorem A.3.

Theorem A.4. Let p be as in Theorem A.3. Set
t
u(t) ::/ U(t,s)p(s) ds.

Then u € C(R; Hye) is outgoing, and has has an asymptotic wave profile uf(s,w) given by
u(s,w) = c;ag"_l)m/p(t,a:)u+(t,x;s,w) dt dx.
Proof. By (35),

t t ot
u(t) = Uo(t — s)p(s)ds + Uo(t — 0)Q(0)U (o, s)p(s) do ds

_ / " Ut — $)p(s) ds + /_ too /_ ; Us(t — 0)Q(0)U (0, 5)p(s) ds do.

—00
Then we are in the situation of Theorem A.3 with p(¢) there replaced by
t

(45) B(t) = plt) + pr (1), m@%=@ﬂ/ U(t, s)p(s) ds = Q(t)u(t)

—00

Then u has an asymptotic wave profile uﬁ(s’ ,w') satisfying
(46) ut(s' ') = ¢ 9 V/2 /ﬁ(t, 2)0(t+ 8 —w' - z)dxdt.

The first term on the right-hand side of (44) is handled by Theorem A.3. We analyze the second
term below, which we call u(t). By Theorem A.3 again, its asymptotic wave profile is given by

() =002 [ [atta) |

—0o0

t
Ul(t,x;s,y)p(s,y)ds dy} S(t+s —w' - x)dtdx
(47) i

=00 2 [ K s g)ps,0) ds .
where the last identity defines K, i.e.,
(48) K(s',W';8,y) = / /q(t, ) Ura(t,x;8,y)0(t + ' — ' - x) dw dt.

By (33),
(=0s + A, = Q'(s))U'(t, w3 5,y) = 0,
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where A is the operator defined by (32) and the primes denote transpose operators in distribution
(not in energy space) sense. This equality can be written also as

—9s A, —
( Id y_az(s)> U'(t,x;s,y) = 0.

In particular,
(49) (9% — Ay +q(s))Ur2(t, 25 5,y) = 0.
Differentiate K in (48) to obtain
0.5 s = [ [alt.o)dUialtsmss )b+ o o) do d

because Uya(s, x; s,y) = 0. Differentiate again:
o0
OPK (s, W'ss,y) = / /q(t,x)@fUlg(t, z;8,y)0(t+5 —w' - z)drdt
S

—q(s,2)0(s +5 =’ - y).
Then by (49) and (48),

(50> (652 - Ay + Q(s))K(S/7w/; S, y) = _Q(S7 $)6(5 + s —w'- y)
On the support of the integrand in (48), we have t + s’ < p, s < t. Therefore,
(51) K(Slvw,§5>y)|s>fs’+p =0.

Therefore, K solves (50), (51), which is the same problem solved by uZ (s',w'; s,y), see (5). There-
fore, K = uZ..
Going back to (46) and (45), we see that

ut(s' ') = ¢ 9 V/2 / (p(t,z) + p1(t,z))0(t +5 — ' - x)dwdt
= ¢, 9{nV/2 /p(t, z)) (0(t+ 5" — o' 2) +ul (s Wit x)) dedt

=c, o2 / p(t,2))ut (s, w'st, ) da dt,
where we used (47) and the identity K = u, we just derived. O

A.6. The scattering amplitude and the scattering kernel. Let I" solve (41). Since the Cauchy
data (hi(t+s—xz-w), ho(t+s—x-w)), for say, t = —s — p — 1, is in Hjc, a solution (T',T';) with
locally finite energy exists. Then I’y is clearly outgoing. It solves the Cauchy problem

(81,2 - A)Fsc = —ql, I‘sc|t<—s—p =0.

By Theorem A.3, I'sc has an asymptotic wave profile Fgc given by
It (s W'y s,w) = —658‘5771)/2 / gz — 8 2) (2w — &, 2;8w)dz
= —cgaﬁﬁ‘”” / q(t, )T (t, z;8,w)0(t + 8" —x - ') dt du.
Differentiate twice w.r.t. s, see (42), to get

u (s, W'y s w) = —058‘2771)/2 / q(t,z)u”(t,x;8,w)0(t + 8 —x-w')dtdx.
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Definition A.2. The scattering amplitude A? is given by
Aﬁ(s’,w’; S,w) = /q(t, r)u (t,x;8,w)d(t+ 8 —x- W) dtdz,

where u~ solves (3).

By the finite speed of propagation, u™ (¢, z;s,w) = 0 for x - w > t + s. Therefore, the integrand
vanishes outside of the region z - (w —w’) < s — s’. The Lh.s. has a lower bound —2p on supp g;
therefore,

supp A* € {s' < s+ plw — |} € {s' < s+ 2p}.

Note that A% and ugc =—c, 857_1)/ % A% can be reconstructed from each other thanks to that support
property.

Since the perturbed dynamics is a two-parameter group, we need to generalize the notion of the
wave operators and the scattering operator.

Definition A.3. The wave operators 2— and W, in H are defined as the strong limits
Q. =s- lim U©,0U(), Wyf = lim Uo(~U(L0)f; f€Ran @,

if they exist and define continuous operators. In the latter case, the scattering operator S is defined
by

S - W+Qf.
This definition also makes sense for f € Heomp, where Heomp denotes the subspace of H consisting
of compactly supported functions, with Sf taking values possibly in Hie-

Theorem A.5.
(a) The wave operator Q_ : Heomp — H exists and

(52) U(t,00Q_f = 2c, / u” (t,a;5,0)00 AR (s,w) ds dw.
RxSn—1
(b) The wave operator W, : H — Hioc exists.
(c¢) The scattering operator S : Heomp — Hioc €xists.

Proof. Choose f € Hcomp, so that f(z) = 0 for |z| > R with some R > 0. Let kK = Rf. Then
k(s,w) =0 for |s| > R. For t < —R — p := tg, U(0,t)Up(t)f = U(0,t0)Uo(to) f. In particular, the
limit defining Q2_ f exists trivially and U(t,0)Q_ f = U(t, to)Uo(to) f. The r.h.s. of the latter solves
the perturbed wave equation and equals Uy (to)f = R™1k(- — tg,-) for t = t5. To prove (52), we
need to show that the r.h.s. of (52), call it v(¢), has the same initial condition for ¢ < ty.

For t < to, u(t,z;s,w) = 6(t + s —x - w). Then by (36),

v(t) = 2¢, / §(t+s—a-w)d" I 2k(s,w)ds dw = (R™ k)1 (- — ¢, -),
RxSn—1

which proves (a).
To prove the existence of W, in (b), fix first R > 0 and let 15y gy be the characteristic function
of that ball. By (35),

t
1p0,r)Uo(=t)U(t,s) = 1p(o,r)Uo(—5) + 1B(O,R)/ Uo(=0)Q(0)U(0o, 5) do.

By Huygens’ principle, 1p(9,z)Uo(—0)Q(c) = 0 for ¢ > R+ p. For t > R + p then the integral
above is independent of ¢ and therefore the strong limit 1p(o )W exists in a trivial way, defining
a unique element in Hjg.
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Part (c) follows from (a) and (b). O

The scattering operator S on H exists (as a bounded operator) under some conditions, see
the references in [20, sec. 3]. Then —c,;é?gl_l)/QAﬁ(s',w’;s,w) is the Schwartz kernel of R(S —
Id)R~!. In the general case, we can consider the latter as the Schwartz kernel of the operator
mapping asymptotic wave profiles instead of translation representations, see (37), as shown [20,
Proposition 3.1].

Proposition A.1 ( [2,3], [20]). Let f € C3°(R™) x C§°(R™). Let vo(t) = Up(t)f, and let v(t) be
the solution of (1) which equals vo(t) for t < 0. Then we have
V(s W) = vg(s/, W' — cE@i,TLl)/Q/ Af(s', W' s,w)vg(s,w) ds dw.
RxSn—1

The proof of the proposition is done by taking the asymptotic wave profile of (52) and applying
Duhamel’s formula (35) first.
Finally, we will prove Proposition 3.1

Proof of Proposition 3.1. Start with

Us(t,s) - Ua(t, ) = / UL(1,0)(@Qu(0) — Qa(0)Us(0, 5) do,

which can be obtained by applying the Fundamental Theorem of Calculus to F'(o) = Uy (t,0)Usz(0, s)
in the interval o € [s,t]. Apply Up(—s)f on the right-hand, and take the (strong) limit s — —oo
to get

(33)  UL(t,0)01 _f — Us(t,0)Q0_f — / (1 0)(@1(0) — ©a(0)) [Ua(0,0)_ f] dor

For the left-hand side, and for the expression in the square brackets we will apply Theorem A.5(a).
We take the asymptotic wave profile of (53) next applying Theorem A.4. Then (6) is just that
expression, written as a composition of Schwartz kernels, eventually applied to R f. (|

APPENDIX B. A WEIGHTED RADON TRANSFORM

We recall the definition of the weighted Euclidean Radon transform

R, f(p,w) = / plz, w) f(z)de = /L p(pw +y,w) f(pw + y)dy.
T-w=p w

where p € C®°(R x S"71) is a weight. We will use the next result:

Theorem B.1. Let Q be an open, bounded set and p € C°(R x S*~1). Then, there is a constant
Cq > 0, which depends only on 2, such that

IRl L2 (sn-1s 12 R,y < Ca Sup (s )l g2n—2@)l £l L2(0)
wesS"—

for all f € C§°(Q).
To prove this, we need the following auxiliary lemmas.

Lemma B.1. Let Q C R" be an open, bounded set and v be a function on R™ x R™ such that for

any fized £ € R™, v(-,&) C C™(Q) with suppv(-,§) C Q. Then, the operator V, given by

V.if— efmgy(x,ﬁ)f(m)dx,
Rn
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satisfies
HV||L2(Q)—>L2(R") < Cq gseuu@% ”V('a§)|’0”(ﬁ)

Proof. Throughout this proof, Cq will serve as a universal positive constant depending only on §2,
which may vary from line to line. Let f € C5°(£2), then

JR [y P

By integration by parts, we obtain

viols [ [ [ ey

< Cq sup [[v(+,&)llon(ay sup
£€Rn z€Rn

VIl =

D, -+ Doy (a, €)|d

/ e_iygf(y)X{z:zkgxk}(y)dy )

where x4 is the indicator function for a set A. Therefore, we estimate

|V fllL2@®ny < Ca sup [[v(-, ) llen@) sup [[FIfX(zz<ad] L2
¢eRn z€Rn
< Cgq sup ”’/('af)ch(Q) sup ||fX{z:zk§xk}||L2(Q)
£ERM TeR™
< Cq sup [[v(, ) llen @yl fll 2
¢eRn

This completes the proof. O

Lemma B.2. Let w C R" be an open bounded set and p, v € C°(R x S*~1). Then, there exists a
constant Cq > 0, which depend only on ), such that

(BB DV [, f)r2@m| < Ca sup |[u(,w)llenii@y sup |[v(sw)llgn-remioy 1fllz2@

wesn—1 wesn—1
for any f € C§°(Q) and multi-index any v with 0 < |y| <n — 1.
Proof. Throughout this proof, C will serve as a universal positive constant depending only on £2,
which may vary from line to line. Let x € C§°(R") such that x(z) = 1 for x € Q. Then, for
fe g (),
|(RZRVD7f7 f)L2(Rn)| = ‘(XRZRVD’Y(Xf%f)Lz(R"ﬂ < ||XRZRVD’Y(Xf)HL2(R")”f”L%R”)-

Let us investigate the first multiplier on the right-hand side. By Proposition 5.8.3 in [23], R R, is
a ¥DO of order 1 — n with the amplitude given by

pla, &/1ENv(y, €/ 1€]) + ple, —€/1E)v(y, —€/1ED)

(2m —1) g1
Then,
xR, R,D(xf) = Af + Bf
with
0)=Ca [ [ ey MRS D ()1 (0)
and

Bia) = Co [ [ e DD by ) )y
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By integration by parts, we obtain

B
A C z(x y){ a/J,(CL‘ £/|€DD (y 5/‘5’) dude| .
4@ <00 3 7// )¢ e X(0)f () dyde
Let ¢ € C>°(R"™) be a function such that
_Jo i<t
= {1 €] > 2.
We denote
B
A i€y _ o, &/1€1) Dy v(y, £/1€])
Laf) = [ [ - p(e)iae T RS ) s
and 5
2 i(z—y)& O“u(m é/‘ﬂ)D y g/‘ﬂ)
Ryt = [ [ e i LR ) e
Then, the last inequality implies
(54) [Af ()] < Ca Y (|Absf(@)|+ 42 5f(2)]) -

a+f=y

Let us estimate the L2-norm of Aé« gf- The kernel of Al a5 18 given by
(@)x(nle &/1E)Dyvy, ¢/ €D 4

Kaplay) = [ 1= g X

[k
We estimate
sup/ | Ko p(x,y)|de
yeRn n
§
< ol e / eI i up ) lzm@ny sup 76 0)llorsi ey
|£| wesSn—1 wesSn—1

Hence,

sup [ |Kos(oplde=Co sup o)z s [0 o,
yeR™ JR™ wesn—1 wesn—1
and similarly,
up [ Kasle,)ldy = o sup i)l sup o) e
x€R™ JR™ wesn—1 wesn—1
Therefore, by Lemma 18.1.12 in [8],
(55) 145 5f1l220) < Co sup [|u(w)llzee@ny sup [[v(,w)llcisi g £l 2(0)

wesn—1 wesSn—1

Next, we estimate the L?-norm of Ai P f. We denote We denote

£*Dyv(y, €/I€))
€[l

Va,8(y,§) = x(v)

and

vapl€) = [ sl 1w



THE BACKSCATTERING PROBLEM FOR TIME DEPENDENT POTENTIALS
so that
s [ sty M@l /€]
A pf(w) = [ et XA, ()0t

_ / eim%(g)M}-[}-flvaﬂ](@dg‘,

: =1l

Next, we note that

N

7<n+1

< |£|n) 1(15/!5\))

Therefore, Theorem 18.1.11” in [8] implies that

| [ e e it ieyie o

dz < Cq Sup x5 w) [l entr mny
weS"

< Cq sup |[[u(,w)lleniie-
wesSn—1

<Cq sup |ju(-,w )ch+1 Hf UozBHLQRn)

wesn—1

<Cq sup |ju(-,w )||cn+1 ||Ua,6||L2(Rn)
wesSn—1

Hence,

||Aa ﬁf”L? (R™) < Cq sup |pu(, )ch+1 Hva,/BHL? (R7)-
wesn—1

By Lemma B.1,

|va,sllL2@ny < Ca 58611[[3 V0,8 len@ 220

We estimate

£*DPu (-, ¢/l
sup 115+ E)lomiey = sup |2 LMD o <o sup [0t
geRn geRn § cn (@) geRn cr (@)
< Cq sup |[[v(- &)l ontisiq) -

£€Sn7 1

Therefore,

142 5 fll 2@y < Ca sup [lu(,w)llonri@y sup (v, €)llgnsieiay | Fll 2y
wesn—1 gesn—1

Therefore, by (54) and (55), we obtain

IAflz2@ny < Ca sup lu(,w)llonir@y sup ([0 w)llen-1+mi@) 1Fllz2(@)-

wesn—1 wEeS

Similarly, we estimate || Bf| p2r») and conclude that

xRy By D* (X )l z2@my < Ca sup |[u(,@)lleni@y sup [[v(sw)llon-remi@ 1fllz2@)

wesSn—1 wesSn—1

This completes the proof.

Now, we prove Theorem B.1.

25
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Proof of Theorem B.1. Let f € C3°(2) and @ C R"™ compact. We denote L = (n — 1)/2 and
estimate

IR f13 ("1 HL(R Z 105 Ry f | 2R xsn-1) < Z| (RLOLRLT, f)r2(rm)-
We note that

LR, f(p,w) =0, </l p(pw + y,w) f(pw + y)dy>

= > C,ﬁ/ D f(pw +y) D’ ppw + y, w)w* Fdy.
o]+ 8=t

Let us set
Maﬁ(wv w) = wa+ﬁDﬁu(x7W)
so that, the previous equality gives
OR.= >  CapR,, ,D* and RiOLR,= > CopRi Ry, D"
o +[B|=t o +[Bl=

By Lemma B.2, we estimate

(Ri Ry, s D°f, P2yl < Ca sup ||u(,w)llgnii(qy sup [ DPp(-,w wW)llgn-1+1a1 @) 1 720

wesSn—1 wesSn—1
< Ca sup (- w) | Een2(qy I f172(0)
wesSn—1
This completes the proof. ]
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