Example: time of first success (1)

Experiment:
@ Coin having probability p of coming up heads
@ Independent trials: flipping the coin
@ Stopping rule: either H occurs or n flips made

Random variable:

X = # of times the coin is flipped

State space:
Xed{l,...,n}
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Example: time of first success (2)

Probabilities for j < n:

Probability for j = n:

PX=n)=P{(t,...,t,h);(t,....t,t)}) = (1 — p)" !
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Example: time of first success (3)

Checking the sum of probabilities:
P (U {X =j}) = ZP({X—J}
j=1 j=1

- "21— pY (1 p)

=1
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Cumulative distribution function
Here X @ descrded by oo funchn F: R — 0,3

—~ Definition 1.

Let
@ P a probability on a sample space S
@ X :S — &£ arandom variable, with £ C R

For x € R we define
F(x)=P(X <x)

Then the function F is called cumulative distribution function
| or distribution function
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Outline

© Discrete random variables
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General definition

—~ Definition 2. |

Let
@ P a probability on a sample space S
@ X :S — &£ arandom variable

Hypothesis: £ is countable, i.e

E={x;i>1}

Then we say that X is a discrete random variable

\. J
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Probability mass function
Here X () descrded by a- sequence 4 p(x:),c21}
~ Definition 3.]

Let
@ P a probability on a sample space S

e & = {x;;i > 1} countable state space
@ X : S — & discrete random variable

For i > 1 we set
p(x;) =P (X =x)

Then the probability mass function of X is the family

{p(x); i = 1}
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Remarks

Sum of the pmf: If p is the pmf of X, then

Z P(Xi) =1

i>1

Graph of a pmf: Bar graphs are often used.
Below an example for X = sum of two dice
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Example of pmf computation (1)

Definition of the pmf: Let X be a r.v with pmf given by
6= {OI’IZ, == 5

where ¢ > 0 is a normalizing constant

Question: Compute
Q@ P(X=0)
Q@ P(X >2)
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Example of pmf computation (2)

Computing ¢: We must have
c —=1
2

Thus
c=¢€e

Computing P(X = 0): We have

0
A

P(X=0)=e o= ©
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Example of pmf computation (3)

Computing P(X > 2): We have
P(X>2)=1-P(X<2)
Thus

2
P(X>2):1—e‘A<1+)\+%>
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Cdf for discrete random variables
,—[Proposition 4.] \
Let Tef: Glx)- PUX sz
@ P a probability on a sample space S
e & ={x;i > 1} countable state space, with £ C R
e X : S5 — & discrete random variable

I
ol;_(cdfofXandppmfofX A e
Then
©Q F can be expressed as | S
z

© F is a step function

\.
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