Outline

© Expected value

=] & = E A
Samy T. Random variables



Expected value for discrete random variables

~ Definition 5. N

Let
@ P a probability on a sample space S
e & = {x;;i > 1} countable state space, with £ C R
@ X :S — & discrete random variable

o p pmf of X

Then we define

EX]=> xP(X=x)=)Y_xp(x

i>1 i>1
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Justification of the definition

Experiment:
@ Run independent copies of the random variable X
@ For i-th copy, the measurement is z;

Result (to be proved much later):

1 n
lim — i = E[X
Jm, 27 = ElX]
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Example: dice rolling (1)

Definition of the random variable: we consider

X = outcome when we roll a fair dice
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Example: dice rolling (2)
G- 1xf 4 0r gt b

Recall: we consider S L)z W’“; G
i3 +2t z

7
X = outcome when we roll a(fair/dice
\f ga»«f(é YFQC&
Pmf: We have £ = {1,...,6} and

1
p(l) =---=p(6) = 6
Expected value: We get
O A
E[X]=> ip(i)= 62/ =3
i=1 i=1
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Example: indicator of an event (1)
_indicator

Definition of the random variable:

Let A event Withw/:ﬂ and set

iA @: % if A occurs

if A€ occurs
fzm.f. ’
v (1=10=PH=P £ (dp)= | ¢+ 0 C! 7)
Pe(y=0)= [ - P(A)= |- P =P
= ?(%)

Samy T.
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Example: indicator of an event (2)

Recall:
Let A event with P(A) = p and set

B 1 if A occurs
AT 0 if A€ occurs

Pmf:

Expected value:
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Outline

E(X) =

= 7 % Py
1,7’
@ Expectation of a function of a random variable

¢y E(x*) £(e)

o = = £ HaAw
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First attempt of a definition

Problem: Let
@ X discrete random variable
e Y = g(X) for a function g

£
How can we compute E[g(X)]?
First strategy:
e Y = g(X) is a discrete random variable

@ Determine the pmf py of Y
e Compute E[Y] according to Definition 5
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First attempt: example (1) e oz
@ FW.]L fol g(x)=Y

@ E

Definition of a random variable X:
Let X:S — {—1,0,1} with

PX=-1)=2 PX=0=5 PX=1)=23
We wish to compute E[X?] Y= X p.mf for ¥
|4m{fox1>.s s ¢ 1 wf)l -

0¥ Y= {O of 0. = Y= 0wy oS
E(Y): 0\5/ = W (Y”) [ W//’@
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First attempt: example (2)

Definition of a random variable Y: Set Y = X2.
Then Y € {0,1} and

P(Y=0) = P(X=0)=5
P(Y=1) = P(X=-1)+P(X=1)=5
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First attempt: example (3)
Recall: For Y = X? we have

P(Y=0)=5  P(Y=1)=25

Expected value:
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Definition of E[g(X)]

,—[Proposition 6.]
Let

@ X discrete random variable
e p pmf of X

o g real valued function g (x) ;Z(@w

Then ?
E () = - g@r(x) M

i>1

Samy T.

Random variables Probability Theory 33/113



let 9)=T
g P (Y=9) Y= (,f

Pix)

=7 7 que) fr(X=%) = ~T
1721 G gn)=Y; (/\/_\3 2 40a) Pr(x= 9(;)
L ho 7 ndlex 771



Proof

Values of Y: We set Y = g(X) and

{yj; j > 1} = values of g(x;) for i >1

Expression for the rhs of (1): gather according to y;

> > yipx)

> oglxi)p(x) =

i>1

izl i g(xi)=y;
D7D
izl i g(xi)=y;
>y P(g(X)
ji>1

Y yP(Y =
j>1
El5(X)]
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Previous example reloaded
E(X) = (0% 02+ 0 xoS+| c0%= 0.5

Definition of a random variable X:
Let X: S — {—1,0,1} with

PX=-1)=2 PX=0=.5 PX=1)=.23

We wish to compute E[X?]
Application of (1):

E [Xz] = > i’p(x)=5

i=—1,0,1
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Example: seasonal product (1)
Z7L X7_5 »f‘\bﬂ o.,t( %JL 5‘»{'\90{(4 W//I be So)o{

Situation: mwlm(ﬂ o probir 04_‘-

@ Product sold seasonally |
e Profit b for each unit sold f X< den X units sold (s-X) unsold

@ Loss ¢ for each unit left unsold\/\/\ Y /
> - _ pro#t bX loss (s-x) L
@ Product has to be stocked in advance AN -

@nits stocked pet ?Wﬁ*f

Random variable:

@ X = # units of product ordered by customers
@ Pmf p for X

Question: @\(KM
Find optima@n order to maximizexprofits
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Example: seasonal product (2) &%)~ (%) >0
'®~ <o

Some random variables: We set .
’:PZ:EO/(’Z’ T E
X = ﬁ_unlts ordered, with pm@
Ys = profit when s units stocked
. ‘V.J\‘me
Expression for Yj: !
o Y,
\ZS =(bX—(s— X)) l(xg_s) +5blixss) T g(x)
o s R
Expression for E[Y]: bl 2 pto - P
i:/o‘/\/,\ 2=0
bi— (s — 1)) (i) bp(f)
=S
~ 2
=0
Probability Theory 37/113
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F(Ms)= ;i(bﬂjw (1 d) Hi)t sL,[1~ jj‘fa_a)]

= sp# Z_[loi—(s_q;)ifst,]?a)
10— —
Li- st+il-sb

= b(2-9) + L(d-s) =(v=32(bx L)

s
=shb+ 2 (x-5) ( b+ L) P(2)



Example: seasonal product (3)

Simplification for E[Y;]: We get

S

E[Y =sb+(b+0)> (i —s)p(i) G~

i=0

Growth of s +— E[Y,]: We have

S

E[Yon] ~E[Y] = b~ (b+0p()
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