Tail of a geometric random variable

,—[Proposition 12.]
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Negative binomial random variable (1)
Notation: ~ # Jucced X - protzb. of Jucces)

X ~ Nbin(r, p), for r € N*, p € (0,1)
Vb (1,p) = G(p)

State space:

{r,r+1,r+2...}
el succen during e (-t 1 £ersk Pradds
~

P(X = k) = (f:i) pr(l—p) " k>

Pmf:

Expected value and variance:

E[X] = ;r), Var(X) = r(lp; P)
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Negative binomial random variable (2)

Use:
@ Independent trials, with P(success) = p

@ X = # trials until r successes

Justification:
(X = k)

(r — 1 successes in (k — 1) 1st trials) N (k-th trial is a success)

Thus P
_ - r(1 — k—r
<r B 1) p(1—p)
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Moments of negative binomial random variable

,—[Proposition 13.]

Let

e X ~ Nbin(r,p), for r > 1, p € (0,1)
e Y ~ Nbin(r+1,p)

e />1
eayed way fo comple E(x),
Then V)
EX'|=-E|(Y-1)""!
X = Ze[(v -1y
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Proof (1)

Definition of the /-th moment: We have

ex] =3 #(K 7)ot

Relation for combination numbers:

(e=1) =)

E[x'] = rkirk'l (f) pr(l—p)’

Consequence:
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Proof (2)

Recall: .
E |:Xl] — rZ k/—l (f) pr (1 o p)k—r
k=r

From r to r 4 1:

r k
E Xl _ kl—l r+1 1— (k+1)—(r+1)
X2k ((r+1)—1>p =)

Change of variable j = k + 1:

E {X’} _r i (j— 1) (( Jj—1 ) prH (1 — py )

P =1 r+1)—1

= ;E[(Y—l)‘l]
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Computation of expectation and variance

Consequence of Proposition 13:

E[X] = -

=] =) = £ 9OHQC
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The Banach match problem (1)

Situation:
@ Pipe smoking mathematician with 2 matchboxes
@ 1 box in left hand pocket, 1 box in right hand pocket
@ Each time a match is needed, selected at random

@ Both boxes contain initially N matches

Question:

@ When one box is empty,
what is the probability that kK matches are left in the other box?
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Summary: @nider Xo Mo (W+l, 5 )
Then,

A= N+l + = 2N -k+l
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Conclwion
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