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Continuity of the cdf & ° N—> 150

,—[Proposition 16.]
Let

@ P a probability on a sample space S
@ X :S — &£ arandom variable, with £ C R
@ F the cdf of X, i.e F(x) =P(X < x)

Then the function F satisfies
© F is a nondecreasing function
Q limy_ . F(b) =1
Q limy,_ F(b)=0
© F is right continuous
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Proof of item 1

Inclusion property: Let a < b. Then

(X < a) C (X < b)

Consequence on probabilities:

P(X <a)<P(X<b)
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Proof of item 2

Definition of an increasing sequence: Let b, ' oo and
En - (X S bn)
Then
lim E, = (X < o0)

n—o0

Consequence on probabilities:
1 = P(X <)

= P(jmE)
= lim P (E,) (Since n— E, is increasing)

= lim F(b,)

n—o0
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Example of cdf (1)

Definition of the function: We set

X 2 11
F(X) = 5 1[071)(X) -+ g 1[172)(X) + E 1[2,3)(X) -+ 1[3700)(X)

F(x)
F rnon decreasng =
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(/- iP(K <x)
Example of cdf (2) ea F(3)= Px<3)z |

Some information read on the graph (see next page):
P(x=3)= jumpol F atrd - €(3)-F(3-)

F(x) - I =
T
o e o e—
ul L T e—/ — -
i , Px<3)=F(37)
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PCx>4 ) = 1- P(x<d)=1- F4 )- I-%-3
We<x<4) = RRx$q) - P(xs2) =F(4)-F(2)

- =1 - L
- T - 2
Or «Fr «=» «E» E HAC
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Example of cdf (3)

Information read on the cdf: One can check that
° P(X <3)=1

P(X=1)= %

POX > )= 3

P2<X<4)=

Samy T. Random variables
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Summary of whal we will Jee
. For dowele rv, we onpule
P(xe~ ), ECxD, .
Wi pams
For contimews rv, we cmpub
P(xe-~ ) | EZKD
wih | ifegmly




Outline

© Introduction

© Expectation and variance of continuous random variables
© The uniform random variable

@ Normal random variables

© Exponential random variables

@ Other continuous distributions

@ The distribution of a function of a random variable
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General definition

~{ Definition 1.)
E nol counlable anymore

Let eq &= [56) id N

@ P a probability on a sample space S

@ X :S — £ arandom variable, with R
We say that X is a continuous random variable if
— There exists f > 0 such that for "all" B C R we have

e.g P(O<X<15)= Ji& £00) dx
P(X € B) :/ F(x) dx
B

pm_{ o HI& dLJCI/C/@ e

The function f is called
— the probability density function of the random variable X
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Law of X according to f
Type of information obtained with f: We have
b

Pla< X <b) = /f(x)dx
PX=a) = 0 = J {lxdz
cdfl F: Fla=P(X<a) = /_; F(x) dx

x
a b

Figure: P(a < X < b) = [ f(x) dx
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100 - _L ——
ot | 100

Situation:
o X = lifetime of a radio tube
@ Density of X:
100
F(x) = 2 Laooe)(x)
@ We have b5 tubes in a set

Question: Probability that 2 of the 5 tubes have to be replaced
within the first 150h of operation
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Firs yep :  For e rv X, comple
iPC fﬁ(o{"_i\?/)?:o i x <o
= | 4 dx

J 15 100
= 190 x*
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