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Situation:
o X = lifetime of a radio tube
@ Density of X:
100
F(x) = 2 Laooe)(x)
@ We have b5 tubes in a set

Question: Probability that 2 of the 5 tubes have to be replaced
within the first 150h of operation
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Example: radio tube (2)

Family of events: We define
@ X; = lifetime of tube /

@ E; = "tube i has to be replaced within the first 150h of operation
Probability of E;:
P(E;) = P(X; <150)
150
= / f(x)dx
150 (fx

= 100 —

100 X2

Thus
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Example: radio tube (3)

Model for the set of tubes: Define

Then
and we look for

Conclusion:
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Outline

© Expectation and variance of continuous random variables

o = = £ DA
Samy T. Continuous r.v
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General definition

~ Definition 2. .

Let
@ P a probability on a sample space S

@ X :S — R a continuous random variable
e f = density of X

Then the expected value of X is defined by

E[X] = '/Rx F(x) dx

Probability Theory 10 / 84



Heuristics for the definition

Recall the discrete case:

E [X] :ZX;P(X:X,')

i>1
Continuous case analog: We have

f(x)dx ~P(x <X < x+ dx)
Thus

E[X]

12

ZX;P(X,-SXSX;—{—dX)
f(x)d
/Rx (x) dx

12
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Simple example (1)

Density of X: Consider X with density

f(x) = 2x 1 ()

o = = £ DA
Samy T. Continuous r.v
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Simple example (2)

Recall: We consider X with density
f(x) = 2x 1 q3(x)
Expected value:

E[X] =

Probability Theory 13 / 84



Expression for E[X] when X > 0

,—[Proposition 3.]
Let
@ X continuous random variable
o f density of X

{(LI:O if x<o

—
X >

0
Then N tedl 01( X
ElX]= [ P(X>y)dy

Hypothesis:

(1)

Samy T. Continuous r.v

Probability Theory
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Proof

Expression for the rhs:
/OOP(X>y)dy = /OO</OOf(X)dX> dy
0 0 y

Apply Fubini: Invert the order of integration

/OOOP(X>y)dy - /OOO (/0 dy> F(x) dx

= /Oooxf(x) dx
- ElX

Probability Theory 15 / 84



Definition of E[g(X)]
dowvele = Elgx)= Z gl ) plad

,—{Proposition 4.}

Let

@ X continuous random variable
o f density of X

@ g real valued function

Then

Elg(X)] = [ g(x)f(x) dx (2)

Probability Theory 16 / 84



Simple example — Ctd (1)

Density of X: Consider X with density

f(x) = 2x 1 q3(x)

Question: Compute
E[X?]

Probability Theory 17 / 84



Example - cled Z[}a/: Zx Lon(x)
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Simple example — Ctd (2)
Recall: We consider X with density

f(x) = 2x 1 q3(x)

Expected value for g(x) = x>:
E[X]] = / X3 F(x) dx
R
1
= / 2x* dx
0
2

5

Probability Theory 18 / 84



Proof of Proposition 4
Hypothesis:
We assume X > 0 and g(X) > 0 for the proof

Expression with (1):
ElgX)] = [ Pe(X)>y)dy

- /000 (/{X:g(X)>y} fx) dX) v

Apply Fubini: Invert the order of integration

ele0)) = [ ([ o) e
= [ g0 F(x) ox

Probability Theory 10 / 84



Expectation and linear transformations

,—[Proposition 5.]
Let

@ X continuous random variable
o f density of X

@ a,b € R constants

Then
E[aX + b] =aE[X]+ b

Probability Theory 20 / 84



Proof

Application of relation (2):
E[aX +b] = / (ax + b) f(x)dx
R

= a/Rxf(x)dx—i—b/Rf(x)dx
= aE[X]+b

Probability Theory 21 / 84



Definition of variance

—~ Definition 6.

Let

@ X continuous random variable
o f density of X
o 1= E[X]

Then we define Var(X) by

Var(X) = E [(X — p)?]

Probability Theory 22 / 84



Alternative expression for the variance

,—[Proposition 7.]
Let

@ X continuous random variable
o f density of X
o 1= E[X]

Then Var(X) can be written as

Var(X) = E[X?] — 12 = E[X?] — (E[X])?

Probability Theory 23 / 84
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Simple example — Ctd

Density of X: Consider X with density
f(x) = 2x 1 q3(x)

Expected value for g(x) = x*:

1 1
EX2:/ 2f d:/23d:—
[X7] X (x) dx 2 dx = 5
Variance of X:

Var(X) = EX7] - (EX)? = >~ (5) = 45

Probabity Theory 24/ 84



Variance and linear transformations

,—[Proposition 8.] \
Let
@ X continuous random variable
o f density of X
@ a,b € R constants

Then
Var (aX + b) = a* Var(X)
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Outline

© The uniform random variable
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Notation: - —_—
R [ 3

X ~U([e, B]), with o < B

State space:

X e [z, Al bk Cunclo
o Q wwanr (unctorm ) en
Density: 1/\ Lo, B3
f(X) = 5 N l[aﬁ](x)

Expected value and variance:

E[X] = O”;B C varx) = U 120‘)

Probability Theory
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