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Uniform random variable (1)
Notation:

X ≥ U([–, —]), with – < —

State space:

[–, —]

Density:
f (x) = 1

— ≠ –
1[–,—](x)

Expected value and variance:

E[X ] = – + —

2 , Var(X ) = (— ≠ –)2

12
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E[x] for Xe U(C, B3
E [x] = (nx f(x)(k = (1 ifx E[D]

O otherwise

=(in (as #(x) da

= piaxdx
B2 - 2

=

B- =B

=- =
C+ B

- 2



Rmb about
x If xvU[a , B3),

then

-x= ( -x)
= Fluctuations of X are

proportional ro
B -2 = size of the interval



Uniform random variable (2)
Use:

U([0, 1]) only r.v directly accessible on a computer
Òæ rand function

Example of computation: if X ≥ U([8, 10]), then

P(7.5 < X < 9.5) = 1
2

⁄ 9.5

8
dx = 9.5 ≠ 8

2 = 3
4
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->When derive all other rv's
with UE, 13)



Example : If X-4[8, 103) , when

P(7 .
5 < X(9. 5) state space forX

is [8
,
10]

= P(1 . 5 <X(8) + 1P)8 xX (9.5)
= O

= (f(x) ch = 18168 d

= d

= +(9. 5- 8) = -



Bertrand’s paradox (1)

Experiment:
Draw a random chord of a circle with center O and radius r

Question: Compute

p = probability that the chord is larger
than the side of the inscribed equilateral triangle
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circle

↑ randomrd

P6: unspecified model



Bertrand’s paradox (2)

Model 1:
Chord determined by its distance D to the center
D ≥ U([0, r ])

Computation of p under Model 1:

p = P
3

D Æ r

2

4
= 1

2
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·(or) rancoa
ED

Then chorc is longer than incribed equilateral triangle
# Da distance for

equilateralrriangle
- v
z

= (x)dx

= (m = E = + = 2



Bertrand’s paradox (3)
Model 2:

Chord parametrized by ◊

◊ = angle between chord and tangent
◊ ≥ U([0, 90])

Computation of p under Model 2:
According to tangent-chord theorem

p = P (60 < ◊ < 90) = 90 ≠ 60
90 = 1

3
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for equilateral triangle
0 = 60

X

If chord larger than
equilat. Triangle , when

0 z60

-
U70, 90)) computation

+ z !
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Normal random variable (1)
Notation:

N (µ, ‡2), with µ œ R and ‡2 > 0

State space:

R

Density:

f (x) = 1Ô
2fi ‡2

exp
A

≠(x ≠ µ)2

2‡2

B

Expected value and variance:

E[X ] = µ, Var(X ) = ‡2
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XE



Normal random variable (2)

Use:
Quantities which depend on a large number of small parameters

Numerous examples in:
Biology
Physics and industry
Economics
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random
v

↓
stems from
Central Limit Theorem



Normal random variable (3)
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Figure: densities for N (0, 1), N (1, 1), N (0, 9), N (0, 1/4).
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w(M= 0, 1)


