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Joint cdf ~. notcae which 1) valid %Dr
any couple (k,¥)

— Definition 1. w
Let

e X, Y random variables
@ a,beR

The joint cdf describes the joint distribution of (X, Y):

F(a,b)=P(X<a, Y <b)
\_/
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Values of interest in terms of the cdf

,—[Proposition 2.}
Let

e X, Y random variables
@ F the joint cdf of X, Y

Then the marginals cdf's of X and Y are given by

Fx(a) = F(a, o0), Fy(b) = F(co, b)
= Lim Fla6)
We also have RS

P(31<XSBQ, b1< YSbg)
= F(a2, b2) — F(ag, bl) — F(al, b2) + F(al, bl)
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Discrete case: joint pmf

— Definition 3. \

Consider the following situation:

@ X, Y discrete random variables

@ X takes values in E;, Y takes values in E;
@ Both E; and E;, are countable

e xeE andy ek

The joint pmf p describes the joint distribution of (X, Y):

pix,y)=P(X=x,Y=y)
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Values of interest in terms of the pmf

,—[Proposition 4.]
Let

e X, Y random variables
e p the joint pmfof X, Y  _, Juwt ol b

Then the mar inals pmf's of X and Y are given by b froren

rotew (\
=Y p(a, b), = > p(a @
beEy ack;

If a1 < a» and b; < by, we also have

P(31<X§32, b1<Y§b2): Z p(il,ig)

a<in<a, b1<i<b
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Example: tossing 3 coins (1)

Sampte space 2
Experiment: S= hltj

Tossing a coin 3 times

Events: We consider

A = "At most one Head"
B = "At least one Head and one Tail"

Random variables: Set

Xl - 1A7 X2 - 137 X = (X17X2)

=)V of A occury Questinn : 0
P dolin: prf for !

Samy T. Joint r.v
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< % (s) g X())

¢ EE) |00 || Chte) C) 1)
(e, k) |Cr0) || Ch,ER) | (O, 0)
Cb,h,€) | C1 1) Ch, he) [Co, 1)
CEr )L Co,0 I Chkh) 1 (0, 0)

A:afmofih, x':ﬂk



s X (3D S X(y)
&, et) |c,0) || ChtEd €1, 1)
(e, eh) (i) || Ch,ER) | (O, 0)
Ce,h €D [ Cr,0) Ch, he) | Co,r)
(Erh)ICO,N Chle,h) 1 (0,0)

Yul: Given by Pe & valies

p(0,0)= Xx:=(go))

(1) = Plk=(5,1)) -

_%
1
T
pllo)= P(x=C0)) - §

p(l,l) c P (%=Cli)) =



Summarieing v a lable

) '3 g %
t s9 vy || 4
”ayg X)_ )
XI N (JZ) p(0,0)= Px=(gor) = 4
(1) = Plk=(10) - 2
Xe N 05( 2 ) T

plior= PCx=0o0)) - §
gL = P (= (L)) = %



ﬂanMa& wih  formuba

P(x, -0) = Lé P x =0, X, =)
= P(x:0,%,-:0) + PCX=0, x3=1)
= % +¥ |< bk

,P(Y‘-’) Z /P(k.. c'(')
it ,§ .}.% p(0,0)= Px=(90)) = 4

( p(o1) = Plk=(,N) < 2
— k4
=12 plior= PCsx=0o0)) = &

Pl = P (Se= (1)) = %



Example: tossing 3 coins (2)

Model: We take
o S={ht}3
e P({s}) = % forallseS

Description of X = (X1, X2):

s X(s) s X(s)
(t,t,t) | (1,0) | (h,t,t) | (1,1)
(t,t,h) | (1,1) | (h,t,h)|(0,1)
(t,h,t) | (1,1) | (h,h,t)|(0,1)
(t,h, h) | (0,1) | (h, h,h) | (0,0)
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Example: tossing 3 coins (3)
Joint pmf for X:

P(X=(00) = 5 P(X=(01)=
P(X=(10) = 5, P(X=(11)=
Marginal pmf for Xi:
P(Xi=0) = ;)P(X:(O,i))
— P(X=(0,0))+P(X=(0,1)
103 1
878 2
POG=1) = 3
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Example: tossing 3 coins (4)

Marginal pmf for X;:

1 3
P(X;=0)=-, P(Xx=1)=-
( 2 O) 47 ( 2 ) 4
Remark:
We have X; ~ B(1/2) and X, ~ B(3/4)
Summary in a table:
X1\ Xz 0 1 || Marg. X;
0 1/8(3/8 1/2
1 1/8(3/8 1/2
Marg. X, |1/4|3/4| 1

Samy T. Joint r.v
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Continuous case: joint density
Agpin ducrcft — anhnuows  boils down P

—_ J‘
—~ Definition 5.1

Consider the following situation:

@ X, Y continuous real valued random variables

The random vector (X, Y) is said to be jointly continuous
iff for "all" subsets C C R? we have

P((X,Y) e () //Xy f(x,y) dxdy

Yee Caé&
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Values of interest in terms of the density

,—[Proposition 6.} \
Let
e X, Y random variables
e f the joint density of X, Y

Then the marginals densities of X and Y are given by
Ireere © w7 nfeguie aer g

f(x) = [ Fx Ny foly) = [ Flx,y)dx

If a1 < a» and b; < by, we also have

a b
Pai < X < a, by < ngz):/Q/zf(x,y)dxdy
ar b1

\. J
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Simple example of bivariate density (1)

Density: Let (X, Y) be a random vector with density
27 1(g00)(X) L(0.00) (¥)

Question: Compute
P(X<Y)
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Securcty check for flny). T4 £
2 o denily ,we should have

(r) {my) 20

() Jpe 4rpde dy = |

Here

Lrg) 2% €™ 4y () 4y (y)
TIF ¢ obvaw Hub £ (zy/ 20







