
Simple example of bivariate density (1)

Density: Let (X , Y ) be a random vector with density

2e≠xe≠2y 1(0,Œ)(x) 1(0,Œ)(y)

Question: Compute
P(X < Y )

Samy T. Joint r.v Probability Theory 14 / 85



f(y)= 2e
-

x e2y 1mn+ (x2)1m+(y)
Computation of P(X(X) .

We have

P(X(Y) = J A(x,y)(dy
0x<y<

=9 zeeya
- e

-x( = 1 - e
-

= locee Ok by

= 6
°

22 - (1 - e
-3) dy



Summary

P(X(y) = 6022 (1 - e
-3) dy

= 16
° 22-23 dy - 26

° -3 dy

=

- e+360 + 22
-31

= 1 - 33

=> P(X(y) = 5



Simple example of bivariate density (2)

Computation: We have

P(X < Y ) = 2
⁄

0<x<y<Œ
e≠xe≠2y dxdy

= 2
⁄ Œ

0
dy e≠2y

⁄ y

0
e≠x dx

= 2
⁄ Œ

0
e≠2y(1 ≠ e≠y) dy

= 1
3
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Change of variable: general result

Let
X = (X1, X2) continuous random variable
Density: fX
g di�eomorphism of R2

Y = g(X )

Then Y has a density fY given by

fY (y) = fX
1
g≠1(y)

2
J(y) 1{y=g(x) for some x}

Theorem 7.
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->
invertible + additional condition

g : /2 < I

= "By

= 1 mostof the time



Change of variable in the plane (1)

Density: Let (X , Y ) be a random vector with density

e≠(x+y) 1(0,Œ)(x) 1(0,Œ)(y)

Question:
Compute the density of the r.v Z = X

Y
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Strategy : (i) Get the density of
E,w) = ( , y) = g(x,y)= (z, w) = (y , y)

(ii) Get Az as the marginal density for (E, W)



fxv(,y) = e
-cy) 1m+(x) 1m(y)

Sreplic : Density for (t,Wi= (*, ) .
We

have if z20,wo

fzw(z,wi= fx (g
+ (z

,w))J(z,w) = 1

Moreover

z= z ,
w = y

=> x= y z = wz
, y = w

= g
+ (z

,
w) = (wz , w)

=> fxx(y+(t,w)) = e
(wz+w) 2

- w(z+1)

If z,w = 0



Summary = e
-w(z+)

fzw(z,wi= fx (g
+ (z

,w))J(z,w)

x= zw

Jacobian : y = w

=> 5/z
,
wi = det
&

=det = w

=> fz
,
w(t,w) = e

-w(t+ )w



Step (ii) : Marginal fo

fz
,
w(t,w) = e

-w(t+ )w

fz(z) = (afzw(t,w) da
= 60 we-lim du

0 ... Ens if z0



Change of variable in the plane (2)

Characterization through expectations: Let Ï œ Cb(R). Then

E [Ï(Z )] =
⁄ Œ

0

⁄ Œ

0
Ï

A
x
y

B

e≠(x+y) dxdy

Change of variable: Set

z = x
y , w = y ≈∆ x = z w , y = w

Jacobian:
J = w
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Change of variable in the plane (3)

Computing E[Ï(Z )]:

E [Ï(Z )] =
⁄ Œ

0

⁄ Œ

0
Ï (z) we≠w(z+1) dwdz

=
⁄ Œ

0
dz Ï (z)

⁄ Œ

0
w e≠w(z+1) dw

=
⁄ Œ

0
Ï (z) 1

(1 + z)2 dz

Density of Z :
1

(1 + z)2 1(0,Œ)(z)
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